On characterization of a multivariable polynomial
invariant of twisted links
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Abstract

S. Satoh and Y. Tomiyama gave a characterization of a multivariable polynomial invariant
of almost classical virtual links. N. Kamada extended the multivariable polynomial invariant to
twisted links. In this talk, We give some results which are similar to S. Satoh and Y. Tomiyama’s.

1 Preparation

1.1 virtual link @ Alexander numbering

D % virtual knot diagram [1] £ §%. ZZT, DD semi-arc &i& D D 2-DD real crossing DENZ
H % arc £7213 real crossing /=72 loop DZ & TH 5. £/ D D Alezander numbering 1% D
D4 real crossing Z KT % semi-arc 12 LT Fig. 1 OFEM %723 numbering TH 2. (i,j € Z)

KX

Fig. 1: Alexander numbering

virtual link diagram @ Alexander numbering ®f|% Fig. 2 IZ7r3. Z Z T classical link diagram
13T Alexander numbering AJRETH 5.

Fig. 2: Alexander numbering

Z 2T, §ANTOD virtual link diagram %% Alexander numbering %2 ¥ IX[R 572\, Fig. 3 12
Alexander numbering % 77272\ virtual link diagram Of|% /R .

Fig. 3: Virtual link diagram which does not admit an Alexander numbering.

virtual link diagram D 23 almost classical [2] TH2 &5 Z &1, D »% Alexander numbering AJAE
THBEWVWS T THAD. virtual link L 2% almost classical TH 3 WD Z 21X, L 73 almost classical
7% virtual link diagram ZH>Z & TH 5.
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1.2 virtual link @ multivariable polynomial invariant
D % virtual link diagram ¥ 3 3. pole diagram ¥1%, Fig. 4 IZ7"F & 51 edge £IZ pole D
link diagram O Z & TdH 5. Fig. 5 IZ pole diagram D% /R7.

<

Fig. 4: A pole

Fig. 5: A pole diagram

A-splice (%7z1% B-splice) ¥1% Fig. 6 27”7 link diagram @ real crossing IZ51F % local re-
placement ® Z ¢ TH 3. ZIZT Fig. 6 1ZBWVT, L (F4IET) D & real crossing 1281} % local

replacement % A-splice (£ 7z1% B-splice) £\ 5.

A > < A
\ \,
Ve O e
Fig. 6: A-splice and B-splice
D % link diagram &5 %. D @ state &% D D+ classical crossing % A-splice (%7213 B-splice)

L Ti§ 57 pole diagram DZ & TH3. TIZT D D state D loop LD pole DEIZF even TH 5.
map ¢ LI R DS %72 T state diagram @ loop DEEN S Z NDEHRTH 5.

(i) ¢ ( m ) =r, 22T pole \& ZHEIZ 2r D D, KGRI virtual crossing Z & ¢,

(o )= (— )

(b ) = ()

D % virtual link diagram &3 %. D O state SIZDWT, 1S = (S D A-splice D) — (
B-splice D), 4S = (S D loop D), 7:(S) = (L(I) =i &£725 S D loop | DEY) T 5.
D @ double bracket ZLARIZED 5.

(D) =3 A (~A2 - AP e Z[AT dydy ).
S

S D

w(D) = (D @ positive crossing D) — (D D negative crossing D) &3 5. D D multivariable
polynomial ZLLTIZED 5.



Rp = (=A%) (D).
Theorem 1.1. (H. A. Dye, L.H. Kauffman and Y. Miyazawa [3], [4])
D % wirtual link diagram ¥ 3 %. multivariable polynomial Rp & virtual link DAEE&TH 5.
multitvariable polynomial Rp € Z[A*! dy,dy---] \&D2WT, Exp(Rp) % Rp @ d; & E#\WIH
D A DEBOEELTS.
Theorem 1.2. (T. Nakamura, Y. Nakanishi, S. Satoh and Y. Tomiyama [5])
L % almost classical 7% (L) compornent @ wvirtual link & L, D % L ® wvirtual link diagram &3 5.

47, (u(L) : even)
Exp(Rp) C { A7, + 2 (Z(L) : odd)

ZOEHOHIE/RT. D % Fig. 2 12/~ virtual link diagram & LU, L % D %$#D virtual link &3
%. Z Z°C multivariable polynomial Rp = —A710(A* + 1)(A0 + A2+ A8+ A2 +1) &b pu(L) =1
TH2DT, EFZlZ LTS,

1.3 twisted link @ multivariable polynomial invariant

twisted link diagram [6] & 1% virtual link diagram @ arc EiZ Fig. 7 ® X 51 bar Z& A7 diagram
DZ L TH3. twisted link diagram D% Fig. 7 DHEHANRT.

Fig. 7: bar & twisted link diagram

twisted Reidemeister moves 1% Fig. 8 IC/RTRFAEIETH 5. twisted link diagram D & D' 3
AFREID generalized Reidemeister move & twisted Reidemeister move T D &S & &%, D & D' IX[FH
fHETH 2 WS, twisted link ¥ 1% twisted link diagram OFMEFETH 5.

B SRk Sl Sl X?m

Fig. 8: twisted Reidemeister move

ZRIZ twisted link @ multivariable polynomial invariant 7], [8] X DWTEFEKT 5. D % twisted
link diagram ¥ L, D IZX LT map ¢« Z/EFKT 5. map ¢ XL NDEME%EH 72T state diagram D
loop DEENS Z NDEBIRTH 5.

(i) ¢ ( m ) =7, 22T pole i REIZ 2r D D, SHERIE virtual crossing, bar % & T5.



()= ()

D @ state @ loop [ \ZXF LT, 1 @ bar DD odd THBE X, .(1) =0 &2 5.

twisted link diagram D @ state S IZDWT, 1S = (S D A-splice D) — (S @ B-splice D), 1S
= (S D loop DH), £6S = (S D bar DED odd TH % loop DE), 7;(S) = (L(I) =i &725 S D loop
I DE) &9 5.

D @ double bracket ZLLRIZED 5.

(D) = ZAHS(_AQ _ A*Q)ﬁSMﬁosd?(S)d;(S) . c Z[Ajd’M’ dy,do- .
s

w(D) = (D O positive crossing D) — (D D negative crossing D) &3 5. D D multivariable
polynomial ZLLRIZED 5.

Xp = (—A% ™) (D).

Theorem 1.3. (N. Kamada [7])
D % twisted link diagram ¥ 3 5. multivariable polynomial Xp & twisted link DFEETH 5.

twisted link @ multivariable polynomial Ofl|Z/R3$. D % Fig. 7 127”3 twisted link diagram &
5. 2Ok = multivariable polynomial Xp = —A712M (A* 4+ 1)(A5 + A* - 1) ¥ 42 3.

2 Main result and applications

2.1 Main result

D 7% twisted link diagram & U, by,bg, -+ ,b, % D D bar £ 3 5. ZZT D D bar-edge £1Z D D
2O real crossing ¥ 7z1& bar DfEICH % arc F7213 real crossing, bar ZH7z72 W loop DI & TH 5.
%72 D D twisted pseudo Alexander numbering £ 1% D D45 real crossing, bar Z 3 % bar-edge 12
Xt LT Fig. 9 O %723 numbering TH 3 (4,7, ln, km € Z). T Z T by, kym £1& D D bar by, 1
B4 3 % bar-edge 12X 5 % twisted pseudo Alexander numbering TH 5. & I, ky W LT, FliX n
2725,

.\/,,I_I_l’l,\ 1/"'11;
+lz/z-|—1 >X<
l1+7<31:l2+k2:“‘:lr+kr:n(1§m§7“)

Fig. 9: t wisted pseudo Alexander numbering

D @ twisted pseudo odd Alexzander numbering €& D D% Ly, ky, OFIDS 0odd 12725 D D twisted
pseudo Alexander numbering TH D, D D twisted pseudo odd Alexander numbering 1% D D&%
Ly ke OFIH even 12725 D @D twisted pseudo Alexander numbering T 5. Fig. 10 IZZ DfllZ /R .



n=1 n=2

Fig. 10: twisted pseudo Alexander numbering Dl

D @ twisted pseudo odd Alexander numbering & twisted pseudo odd Alexander numbering (ZXf
LT, UROEMEHE L.

Theorem 2.1. D % twisted pseudo odd Alexander numbering % 5D twisted link diagram ¥ 3 5. Z
DrE D D multivariable polynomial WX LT Xp € Z[AT] B D ILD.

Theorem 2.2. D Z X8 D n(L) T twisted pseudo even Alezander numbering ZHiD twisted link
diagram ¥ § %. The multivariable polynomial Xp € Z[A** M]A2(L)

ZDEMDEI%RT. D1, Dy % Fig. 10 IZ/RT twisted link diagram &3 %. Z 2T D 23 twisted
pseudo odd Alexander numbering Z ;%5 , Dy 73 twisted pseudo even Alexander numbering % ##D.
%72 L % D %F5D virtual link £ 3 %. 2D & ¥ multivariable polynomial Xp, = —A4(A4*+1)(A°0 -
A — A+ A2 1+ 1), Xp, = —A710(AY + 1){ (A% - 34 + 1)A* — (A6 — 248 + 1)M?} 72 ) p(L) =1
TH2DT, EFZlZ LTS,

2.2 application
L % twisted link ¥ L, D % Fig. 11 IZ/”$ L @ twisted link diagram &3 %. Z® ¥ ¥ multivariable

polynomial Xp = —A712(A* 4+ 1)(A% + A%d; — (A* + 1)M? + A*) 2 DT, L 1Z twisted pseudo
Alexander numbering Z#§D twisted link diagram % #7z72>.

D
Fig. 11: twisted pseudo Alexander numbering % #§7z 72\ twisted link diagram

% 7z, twisted link diagram D @ twisted pseudo Alexander numbering (2B L TLL R D proposition
ZHR L.

Proposition 2.3. D % twisted link diagram ¥ L, D % D ® double covering diagram £ $%. ZD
& X D W twisted pseudo Alexander numbering %272 51X, D & almost classical TH 5.

twisted link diagram D @ double covering diagram D O IZDWTEFKT 5. by, ba, -, b & twisted
link diagram D @ bar £ 3 5. D % y #WHOLEANZEZ, D DIEED 2 OD bar IZBWT, bar 25
x BN AT REMDFE TR 5B WL 51T 5. Fig. 12 DX 5112 D @ y #xXI#rd diagram D real
crossing D5 %2 TR TANEZ TR/ HNT: diagram & s(D) &5 5.



i

Fig. 12: D ¥ s(D)

D & s(D) D% bar iIZBF 530f5% Fig. 13 DL S5IKAEET 5. TD K5I LTH SN diagram
D % D @ double covering diagram & 9. double covering diagram D% Fig. 14 IZ/RT .

/\y /\y

] 3

D s(D) D
Fig. 13: double covering diagram

D s(D)

Fig. 14: double covering diagram Dl

ZZT, Fig. 14 O twisted link diagram D & Fig. 15 (Z7RF & 5 twisted pseudo Alexander
numbering ZfD. ZD ¥ X, D @ double covering diagram D & Fig. 15 12/~ & 51T almost
classical TH 5.



s(D)
Fig. 15: D ¥ D ® numbering
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