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1. GRAPHS

A digraph GG = (V, A) is a pair of a set IV and a multiset A, where A consists of ordered
pairs a = (u,v) of elements u,v € V. An element of A is called a directed edge or an arc
of G. If a = (u,v) is an arc of G, then w is called the tail of a, and v the head of a, denoted

a1 a1 as

by t(a) and h(a) respectively. If a sequence ¢ = (aqaz - - - ay) satisfies h(a;) = t(a;,1) for all
i=1,2,...,0—1, then cis called a path of GG, and ¢ is called the length of ¢, denoted by |¢|.
Further, if h(a,) = t(a1), c is said to be closed. Let C be the set of closed paths of G, and
Cy the set of closed paths of length ¢. A prime closed path is a closed path which cannot be
written in the form d* for a shorter d € C. We denote by P the set of prime closed paths of
G.

Let ¢ = (ayas - - - as) € C. The cyclic rearrangement (agag - - - agay ), (asay - - - ajas), . . .,
(agay - - - ap_sap_q) of c is also a closed path of lenght ¢. We write ¢ ~ d if d is a cyclic
rearrangement of c. This binary relation ~ is an equivalence relation on C'. We call it the
cyclic equivalence. Let [C] = C/ ~ and [P] = P/ ~. An element of [C] ([P] resp.) is
called a cycle (prime cycle resp.).

2. IHARA ZETA FUNCTION AND ITS EXPRESSIONS
The following formal power series

ZG(S) = H 1 —1S|'Y|

v€E[PG]

is called the Thara zeta function of GG, denoted by Z(s). It is called an Euler product expres-
sion.

Example. Zg, (s) = (aras) ~ (aa1), (arasa1az) = (ayas)?

1—s2

For G, (a2a1), (asarasas), (asarazasazas), (asar(azas)?), . .., (asarasasasay - - - azaq), . . . ..

Thus it might be difficult to calculate Z¢,(s). However we can calculate the zeta function
using a matrix as follows.
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a1 a1 as

G1 v2 s G2

Definition. Let us consider the map
f:AxA— {0, 1} : (a,a') — 5h(a)t(a’)-
Then we have the edge matrix of G M (0) = (0(a,a’))aaca-

Theorem [Hashimoto].
1

Z = :
&%) = Qo7 = sMo@)
This expression is called Hashimoto expression.

Example.
0110 a1 as
1000
Mo, 0007 o X a0
o110 " & Vs G2
1
Z6.(8) = 7053

Definition. Ny: the number of closed paths (not necessaily cycles, not necessarily prime) of
length ¢ in G.

Theorem.

Za(s) = exp ( %513) .

>1
This expression is called the exponential expression.

a1 a1 das
G1 Vz 3 G2
4 6 8 10

o 2 S S S S
logZGl(s)—logl_SQ_s +§+§+Z+?+...
N1:07N2:27N3:O7N4:27N6:27N8:27N10:27H'

Ny : (CL16L2)7 (a2a1), Ny : (a1a2)2, (a2a1)2, Ny : (a1a2)3, (a2a1)3.

a1 a1 as

Example.




32510

8s°
log Z¢, (s) = log = 25" + 25 + — 5 + 45 + +---

1 —2s2
N1 =0, No=4, N3=0, Ny=8, Ng =16, Ng=32,---
Ny : (a1as), (asar), (azay), (agaz),

Ny : (a1a2)2, (GQCM)Q, (a3a4)2, (a4a3)2, (a1a3a4a2), (a3a4a2a1), (a4a2a1a3), (a2a1a3a4)

3. WEIGHTED ZETA FUNCTIONS

Let G = (V, A) be a digraph, and R a commutative Q-algebra. The map w : A — R is
called a weight, and (G, w) is called a weighted digraph.

Example. (G1,w1) @ wi(ar) =t, wi(az) =1 —1t.
(G27w2) . wg(al) = t, (UQ(CLQ) =1- t_l, WQ(CL3> = t_l, (,UQ(CL4) =1-t.

@

The matrix A is called a weighted adjacency matrix of (G, w) if Ag = (@up)upev,

) w(a) ifa=(uv)ecA
(A,, is the set of arcs from « to v) , where a,, = 2acAu, (@) (u, ) u

0 ifa=(u,v) ¢ Au
Example.
4
0 t
AG1 -t 0 V@z G
! t-1
0

The same thing as in §2 applies to weighted case ! i.e., We may consider the weighted
zeta function Zg(s;w).
1 B 1
det(I — sAq(w))  det(] — sMg(w))

Za(s;w) =



Ngw ¢
= eXp (:E::——%%—ZS ) .

>1

1 1
E le. Z, =
xample. Zg, (s;w1) = det(I — sAg,(w1)) 14 (—t+1t2)s?’

{ t -1

o1 X
V@z 1 Vi Vo Vs G2

1 1
det(I — sAg,(wa)) 1+ (2-t—1)s?
Moreover, we can have the same result as in the ‘matrix weight’ case. Let :

O:AxA— Mat(R) : (a, a’) — (5b(a)t(a/)Q(a’).

Za, (8;we) =

The edge matrix M¢(§2) whose (a, a’)-entry is the block matrix Q(a’) for @’ = (v, v}), and

the adjacency matrix is :
a€Auv u,vEV

Example.
Qa)  Qas)

O Q(ag) Q(ag) O 9) Qal 19
e @ =" 00 g | AG2<Q><9<a2> 0" Q<a3>)

O Qas) Qas) O O Yau) O

Set :
=) trQ(c)
ceCly
Theorem ([1], [4]).
1
H det(1 —5|7|Q( ) det(I — sMg(Q))

vE[Pe]
1 N(Q)
T det(l —sAg(Q)) P (Z EE ° )

>1




4. THE KNOT GRAPH AND THE VOLUME OF A HYPERBOLIC KNOT

Let Gk = (V, A) be a knot graph of a knot K. For the detail of the knot graph, see [2].
We define the Alexander weight as follows:

Letw: A — R=Q[t*] be

gsign(vi) if a = (v;,vi41)
w(a) = w(?}iavj) = {1 . 2fsign(vi) ifa = (Ui Uj)-

Then we call the map w the Alexander weight. See the next figure.

Vit ( V; \%i Vi+1
1-1 ¢!

1
+Vi Vi

~

U
1

~

Example. The knot graph for the trefoil is G; and it for the figure eight knot is G5. Suppose
w is the Alexander weight.

k>

Then we have :

1 1 1
6(59) = G T sdg @)~ 1+ cir @ Zoliv) =105
1 1 1
Za, (s;w) = = Zay(Lw) =

det(] — sAgy(wa)) 1+ (2—t—1)s? —t+3—71

Similarly, we have the twisted Alexander polynomial using the matrix weighted zeta func-
tion !.

Ak 7p(t) -

det (@ (3)) o (= okl

det ®(z,, — 1) ~ det O(z,, — 1)

Theorem ([4]). Let Gk be the knot graph for a knot K, and suppose that €2 is the twisted
Alexander weight for G . Then

L
A, (t)

1 1
Il Sit—am) = aat v @)

YE[Pay]

= ZGK(l; Q) =




_ 1 _ No(2)
T det(I — Ag () P ; ¥

Let €2, be the twisted Alexander weight for the knot graph Gx of a hyperbolic knot K,
which corresponds to the lift of the holonomy representation p,, : m (FEx) — SL(n;C).
Further, we set g (t) = tr (Ag, (2,))* € C[t*!] (k=1,2,...,d) and

J(t) = ( - QI<t)7 _1!CI2(t)> _2!(]3(t)a SRR _(d - 1)'Qd(t))
By using above expressions, we have:

Theorem ([4]). Let K be a hyperbolic knot, and let {(# 1) € S*.

Vol($*\ K) = 47 lim iglog f: By ((¢)) |

n—oo M =0 k"
where Bj, is the Bell polynomial and m is the number of vertices in the knot graph G.

Remark. In the previous work [3], we have obtained a similar formula for a fibered hyper-
bolic knot.
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