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֓ཁ
໰୊ [cf. Y. Taniguchi 2024 (Χϯυϧͱରশۭؒ 2023)]

ͷੑ࣭࣍ (!)Λຬͨ͢ଟॏ܈ϥοΫX =
⊔

λ∈ΛGλ͸ଘ͢ࡏΔ͔ɿ
(!) ͋Δۭؒۂ໘ͷ, Y͖޲෇͚ΒΕͨ͋ΔਤࣜD = D1"D2ʹରͯ͠, ͋ΔX ࡏ৭C͕ଘ࠼
ͯ͠, C(α) !∈ {eλ ∈ Gλ | λ ∈ Λ}Λຬͨ͢΋ͷ͕ଘ͢ࡏΔ. ͜͜Ͱ, α͸ԼਤͰද͞ΕΔހͰ
͋Δ.

D1 D2

!

!
!

!

"
α

Figure: D = D1"D2

ओ݁Ռ

ੑ࣭ (!)Λຬͨ͢ଟॏ܈ϥοΫΛߏ੒ͨ͠.
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໘ۂۭؒ

ఆٛ

໘ͱ͸ۂۭؒ S3 = R3 # {∞}ʹຒΊࠐ·ΕͨίϯύΫτۂ໘ͷ͜ͱͰ͋Δ.

஫ҙ

ຊߨԋͰ͸, ໘͸ۂۭؒ

(i) ༗ۂ޲໘Ͱ͋Γ,

(ii) ֤࿈݁੒෼͸ڥքΛͪ࣋, .ดԁ൘Ͱ͸ͳ͍΋ͷͱ͢Δݩ࣍2

2ͭͷۭؒۂ໘ F1ͱ F2͕ಉ஋Ͱ͋Δ (F1
∼= F2)ͱ͸, F1ͱ F2͕ S3಺ͰશಉҐͳ͜ͱΛ

͍͏.
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໘ͷਤࣜۂۭؒ
໘ۂۭؒ F = F (D)͸ۭؒ 3ՁάϥϑͷਤࣜD͔Β, :ͷํ๏ͰಘΒΕΔ࣍

# # ##

DΛۭؒۂ໘ F = F (D)ͷਤࣜͱݺͿ.
ۭؒ 3ՁάϥϑͷY͖޲ͱ͸, ֤௖఺पΓͰ sink΍ sourceΛͨ࣋ͳ͍Α͏ͳ͖޲ͷ͜ͱͰ͋
Δ. ਤࣜʹ΋ Y͕͖޲ఆٛ͞ΕΔ.

" "

"

Y͖޲ ◦

" "
"

Y͖޲ ◦

" "

"

sink ×

" "

"

source ×

,໘ͷۂۭؒ Y͖޲Λ༩͑ΒΕͨਤࣜΛۭؒۂ໘ͷY͖޲෇͚ΒΕͨਤࣜͱݺͿ.
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ϥΠσϚΠελʔมܗ
ఆཧ [Matsuzaki 2021, Matsuzaki-Murao 2023]

Fi: ,໘ۂۭؒ Di: Fiͷ Y͖޲෇͚ΒΕͨਤࣜ (i = 1, 2).
͜ͷͱ͖, .͸ಉ஋Ͱ͋Δ࣍

• F1
∼= F2.

• D1ͱD2͸R2, R3, R5, R6มܗͱ S2্ͷΞΠιτϐʔมܗΛ༗ݶճͯ͠ࢪҠΓ߹͏.
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ϥοΫ

ఆٛ [Joyce 1982, Matveev 1982, Fenn-Rourke 1992]

X: ू߹, ∗ : X ×X → X: X ্ͷೋ߲ԋࢉ.
(X, ∗)͕ϥοΫͰ͋Δͱ͸ (i) – (ii)ͷ৚݅Λຬͨ͢͜ͱΛ͍͏:

(i) ∀y ∈ X, Sy : X + x ,→ x ∗ y ∈ X ͸શ୯ࣹͰ͋Δ.

(ii) ∀x, y, z ∈ X, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z)Λຬͨ͢.

n ∈ Zʹରͯ͠, x ∗n y := Sn
y (x)ͱॻ͘͜ͱʹ͢Δ. ·ͨ, xy := Sy(x)ͱ΋ॻ͘.

ྫ

• G: .܈ Conj(G) := (G, x ∗ y = y−1xy).

• G: ,܈ N %G: ਖ਼ن෦෼܈. Conj(G)×Conj(N) = (G×N, (x, y) ∗ (z, w) = (xzw, yzw)).
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ଟॏ܈ϥοΫ
ఆٛ [Ishii-Matsuzaki-Murao 2020]

{Gλ}λ∈Λ: ,ͷ଒܈ eλ: Gλͷ୯Ґݩ (λ ∈ Λ).
X =

⊔
λ∈ΛGλ: ,ͷඇަ࿨܈ ∗ : X ×X → X: X ্ͷೋ߲ԋࢉ.

(X, ∗)͕ଟॏ܈ϥοΫͰ͋Δͱ͸ (i) – (iii)Λຬͨ͢͜ͱΛ͍͏:

(i) ∀x ∈ X, ∀g, h ∈ Gλʹରͯ͠, x ∗ (gh) = (x ∗ g) ∗ h͔ͭ x ∗ eλ = xΛຬͨ͢,

(ii) ∀x, y, z ∈ X ʹରͯ͠, (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z)Λຬͨ͢,

(iii) ∀x ∈ X, ∀g, h ∈ Gλʹରͯ͠, (gh) ∗ x = (g ∗ x)(h ∗ x)Λຬͨ͢.

ྫ

(R, &): ϥοΫ.
N = Type(R, &) := min {n ∈ Z>0 | ∀x, y ∈ R, x ∗n y = x} (ଘ͠ࡏͳ͍৔߹͸∞ͱఆΊΔ).
͜ͷͱ͖, R× ZN =

⊔
x∈R({x}× ZN )͸࣍ͷԋࢉͰଟॏ܈ϥοΫͱͳΔ:

(x, i) ∗ (y, j) = (x &j y, i), (x, i)(x, j) = (x, i+ j)
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ଟॏ܈ϥοΫ࠼৭
X =

⊔
λ∈ΛGλ: ଟॏ܈ϥοΫ, D: ໘ͷۂۭؒ Y͖޲෇͚ΒΕͨਤࣜ.

Dͷހ: D \ {શͯͷ௖఺}ͷ࿈݁੒෼, Arc(D): Dͷހશମͷू߹.
DͷX :৭࠼ ࣸ૾Arc(D) → X Ͱ֤ަࠩͱ֤௖఺ʹ͓͍ͯԼਤͷ৚݅Λຬͨ͢΋ͷ:

"

x y

x ∗ y

" "

"

a b

ab

" "
" ab

a b

Figure: X ৭৚݅࠼ (x, y ∈ X, a, b ∈ Gλ)

ColX(D): DͷX .߹৭શମͷू࠼

ఆཧ [Ishii-Matsuzaki-Murao 2020]

X: ଟॏ܈ϥοΫ, D1, D2: ໘ۂۭؒ F ͷ Y͖޲෇͚ΒΕͨਤࣜ.
͜ͷͱ͖, ColX(D1)ͱ ColX(D2)ͷؒʹશ୯ࣹ͕ଘ͢ࡏΔ. ಛʹ, "ColX(D1)͸ F ͷෆมྔ
ͱͳΔ ʢY͖޲ͷऔΓํʹ΋ΑΒͳ͍ʣ.
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ઌڀݚߦ
໰୊ [cf. Y. Taniguchi 2024 (Χϯυϧͱରশۭؒ 2023)]

ͷੑ࣭࣍ (!)Λຬͨ͢ଟॏ܈ϥοΫX =
⊔

λ∈ΛGλ͸ଘ͢ࡏΔ͔ɿ
(!) ͋Δۭؒۂ໘ͷ, Y͖޲෇͚ΒΕͨ͋ΔਤࣜD = D1"D2ʹରͯ͠, ͋ΔX ࡏ৭C͕ଘ࠼
ͯ͠, C(α) !∈ {eλ ∈ Gλ | λ ∈ Λ}Λຬͨ͢΋ͷ͕ଘ͢ࡏΔ. ͜͜Ͱ, α͸ԼਤͰද͞ΕΔހͰ
͋Δ.

D1 D2

!

!
!

!

"
α

Figure: D = D1"D2

• [Ishii 2015, Ishii-Matsuzaki-Murao 2020] ϥοΫͷG଒ → ଟॏ܈ϥοΫ,
• [Carter-Ishii-Saito-Tanaka 2017, Matsuzaki-Murao 2023]
ଟॏ܈ϥοΫͱͦͷ 2ίαΠΫϧ → ଟॏ܈ϥοΫ (ίαΠΫϧ֦େ).

• [Y. Taniguchi 2024] ੑ࣭ (!)Λຬͨ͢ଟॏڞ໾ΧϯυϧͷଘࡏΛࣔͨ͠.
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ϥοΫͷG଒

ఆٛ [Ishii-Iwakiri-Jang-Oshiro 2013]

G: ,܈ e: Gͷ୯Ґݩ, X: ू߹, ∗g : X ×X → X: X ্ͷೋ߲ԋࢉ (g ∈ G).
(X, {∗g}g∈G): ϥοΫͷG଒Ͱ͋Δͱ͸ (i)ͱ (ii)Λຬͨ͢͜ͱ͍͏:

(i) ∀x, y ∈ X, ∀g, h ∈ Gʹରͯ͠, x ∗gh y = (x ∗g y) ∗h y͔ͭ x ∗e y = xΛຬͨ͢,

(ii) ∀x, y, z ∈ X, ∀g, h ∈ Gʹରͯ͠, (x ∗g y) ∗h z = (x ∗h z) ∗h−1gh (y ∗h z)Λຬͨ͢.

ྫ

X = Z3, G = S3
∼=

〈
a, x | a3 = x2 = e, xax = a2

〉
.

g ∈ Gʹରͯ͠, ∗g : X ×X → X Λ࣍Ͱఆٛ͢Δ:

{
x ∗g y = 2y − x (g = x, ax, a2x)

x ∗g y = x (֎Ҏه্)
.

͜ͷͱ͖, (X, {∗g}g∈G)͸ϥοΫͷG଒Ͱ͋Δ.
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ϥοΫͷG଒ʹ෇ਵ͢Δଟॏ܈ϥοΫ
໋୊ [Ishii 2015, Ishii-Matsuzaki-Murao 2020]

(X, {∗g}g∈G): ϥοΫͷG଒.
X ×G =

⊔
x∈X({x}×G)͸࣍ͷԋࢉͰଟॏ܈ϥοΫͱͳΔ:

(x, g) ∗ (y, h) = (x ∗h y, h−1gh), (x, g)(x, h) = (x, gh). (x, y ∈ X, g, h ∈ G)

ଟॏ܈ϥοΫX ×GΛϥοΫͷG଒ (X, {∗g}g∈G)ʹ෇ਵ͢Δଟॏ܈ϥοΫͱݺͿ.

ྫ

X = Z3, G = S3
∼=

〈
a, x | a3 = x2 = e, xax = a2

〉
.

g ∈ Gʹରͯ͠, ∗g : X ×X → X Λ࣍Ͱఆٛ͢Δ:

{
x ∗g y = 2y − x (g = x, ax, a2x)

x ∗g y = x (֎Ҏه্)
.

͜ͷͱ͖, (X, {∗g}g∈G)͸ϥοΫͷG଒Ͱ͋Δ.
X ×G =

⊔
x∈X({x}×G)͸࣍ͷԋࢉͰଟॏ܈ϥοΫͱͳΔ:

(x, g) ∗ (y, h) = (x ∗h y, h−1gh), (x, g)(x, h) = (x, gh). (x, y ∈ X, g, h ∈ G)
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ϥοΫͷG଒ʹ෇ਵ͢Δଟॏ܈ϥοΫʹΑΔ࠼৭
໰୊ [cf. Y. Taniguchi 2024 (Χϯυϧͱରশۭؒ 2023)]

ͷੑ࣭࣍ (!)Λຬͨ͢ଟॏ܈ϥοΫX =
⊔

λ∈ΛGλ͸ଘ͢ࡏΔ͔ɿ
(!) ͋Δۭؒۂ໘ͷɺY͖޲෇͚ΒΕͨ͋ΔਤࣜD = D1"D2ʹରͯ͠, ͋ΔX ৭࠼ C ͕ଘ
,ͯ͠ࡏ C(α) !∈ {eλ ∈ Gλ | λ ∈ Λ}Λຬͨ͢΋ͷ͕ଘ͢ࡏΔ. ͜͜Ͱ, α͸ԼਤͰද͞ΕΔހ
Ͱ͋Δ.

D1 D2

!

!
!

!

"
α

࣮ࣄ

X ×G: ϥοΫͷG଒ʹ෇ਵ͢Δଟॏ܈ϥοΫ.
Dͷ೚ҙͷX ×G࠼৭ C ʹରͯ͠, ͋Δ x ∈ X ͕ଘͯ͠ࡏ, C(α) = (x, e)Λຬͨ͢.

(∵) pr2 ◦ C : Arc(D) → X ×G → G͸܈४ಉܕ π1(S3 −N(F (D))) → GʹରԠ͢Δ͔Β.
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ଟॏ܈ϥοΫͷߏ੒๏
ओ݁Ռ 1

(X, {∗g}g∈G): ϥοΫͷG଒, N %G: Gͷਖ਼ن෦෼܈.
͜ͷͱ͖, X × (G!N) =

⊔
x∈X({x}× (G!N))͸࣍ͷԋࢉͰଟॏ܈ϥοΫͱͳΔ:

• (x, (g1, n1)) ∗ (y, (g2, n2)) = (x ∗g2n2 y, (gg2n2
1 , ng2n2

1 )),

• (x, (g1, n1))(x, (g2, n2)) = (x, (g1g2, n
g1
1 n2)).

͜͜Ͱ, g, h ∈ Gʹରͯ͠, gh := h−1ghͰ͋Δ.

(∵) ଟॏ܈ϥοΫͷఆٛΛຬͨ͢͜ͱΛ௚઀ࢉܭͰ֬ೝ͢Δ.

❀

% % %

"

"
❀

"

"
"

"

"
"
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ओ݁Ռ 1

(X, {∗g}g∈G): ϥοΫͷG଒, N %G: Gͷਖ਼ن෦෼܈.
͜ͷͱ͖, X × (G!N) =

⊔
x∈X({x}× (G!N))͸࣍ͷԋࢉͰଟॏ܈ϥοΫͱͳΔ:

• (x, (g1, n1)) ∗ (y, (g2, n2)) = (x ∗g2n2 y, (gg2n2
1 , ng2n2

1 )),

• (x, (g1, n1))(x, (g2, n2)) = (x, (g1g2, n
g1
1 n2)).

ओ݁Ռ 2

N " G͕ӈ͔Βͷඇࣗ໌ͳڞ໾࡞༻ͷͱ͖, ଟॏ܈ϥοΫX × (G!N)͸ੑ࣭ (!)Λຬͨ͢.

(∵) ੑ࣭ (!)Λຬۭͨؒ͢ۂ໘ͱͦͷਤࣜ, .ͷϖʔδʣ࣍৭Λ༩͑Δʢ࠼

ܥ

N " G͕ӈ͔Βͷඇࣗ໌ͳڞ໾࡞༻ͷͱ͖, ଟॏ܈ϥοΫX × (G!N)͸ͲΜͳϥοΫͷ
G଒ʹ΋෇ਵ͠ͳ͍ଟॏ܈ϥοΫͰ͋Δ.

(∵) ϥοΫͷG଒ʹ෇ਵ͢Δଟॏ܈ϥοΫ͸ੑ࣭ (!)Λຬͨ͞ͳ͍͜ͱ͔Βै͏.
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ϥοΫͷG଒ʹ෇ਵ͠ͳ͍ଟॏ܈ϥοΫ
ओ݁Ռ 2

N " G͕ӈ͔Βͷඇࣗ໌ͳڞ໾࡞༻ͷͱ͖, ଟॏ܈ϥοΫX × (G!N)͸ੑ࣭ (!)Λຬͨ͢.

(∵) N " G: ඇࣗ໌ ⇒ ∃A ∈ G, ∃B ∈ N s.t. [A,B] = ABA−1B−1 != e.
D: ԼਤͰ༩͑ΒΕΔۭؒۂ໘ͷ Y͖޲෇͚ΒΕͨਤࣜ.
C : Arc(D) → X × (G!N): ԼਤͰ༩͑ΒΕΔX × (G!N)࠼৭.

α

C(α) = ([A,B]−1 , [A,B]) != (e, e) ∈ G!N .
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ϥοΫͷG଒ʹ෇ਵ͠ͳ͍ଟॏ܈ϥοΫͷྫ

ྫ

X = Z3, G = S3
∼=

〈
a, x | a3 = x2 = e, xax = a2

〉
, N = Z3

∼=
〈
a | a3 = e

〉
.

g ∈ Gʹରͯ͠, ∗g : X ×X → X Λ࣍Ͱఆٛ͢Δ:

{
x ∗g y = 2y − x (g = x, ax, a2x)

x ∗g y = x (֎Ҏه্)
.

͜ͷͱ͖, (X, {∗g}g∈G)͸ϥοΫͷG଒Ͱ͋Δ.

N " G: ඇࣗ໌ (∵ x ∈ G, a ∈ N ʹରͯ͠, ax = a2 != a)
X × (G!N) =

⊔
x∈X({x}× (G!N))͸࣍ͷԋࢉͰ, ੑ࣭ (!)Λຬͨ͢ଟॏ܈ϥοΫͱͳΔ:

(x, (g1, n1)) ∗ (y, (g2, n2)) = (x ∗g2n2 y, (gg2n2
1 , ng2n2

1 )),

(x, (g1, n1))(x, (g2, n2)) = (x, (g1g2, n
g2
1 n2)).
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ϥοΫͷG଒ʹ෇ਵ͠ͳ͍ଟॏ܈ϥοΫʹΑΔ࠼৭
X = Z3, G = S3, N = G. X × (G!N): ओ݁Ռͷߏ੒๏ͰಘΒΕΔଟॏ܈ϥοΫ

D1 D2

• "ColX×(G!N)(D1) = 1458, "ColX×(G!N)(D2) = 1242.
• Y : ϥοΫͷG଒ʹ෇ਵ͢Δଟॏ܈ϥοΫ ⇒ "ColY (D1) = "ColY (D2).
• ϋϯυϧମ݁ͼ໨ͱͯ͠,
N(F (D1)) ∼= N(F (D2)) ∼= (छ਺ 2ͷࣗ໌ͳϋϯυϧମ݁ͼ໨).

• ∂(F (D1)) ∼= ∂(F (D2)) ∼= L6n1.
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͝ਗ਼ௌ͋Γ͕ͱ͏͍͟͝·ͨ͠.
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