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1. Introduction
GIRAAZE & %2 v AR THEIICER T 751E %25 L 72 Goussarov-Polyak-Viro @
#wL ([1)) TRDOFIRDI TR (Conjecture 3.C) STV 5.

Conjecture 1 ([0}, Conjecture 3.C) Every finite-type invariant of classical knots
can be extended to a finite-type invariant of long virtual knots.

DX TIE, n =212V TIE base point IZBH T 2#Emmic & D, IELWZ & 23
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Problem 1 ([6]) (1) Clarify a relationship between Gauss diagram formulas as long
virtual knot invariants and Gauss diagram formula as classical knot invariants (e.g.,
Polyak-Viro formula for the degree 3).

(2) How to merge Gauss diagram formulas as long virtual knot invariants into Gauss
diagram formula as classical knot invariants (e.g., Polyak-Viro formula for the degree
3)7

(3) How to transform Gauss diagram formulas as classical knot invariants into Gauss
diagram formulas as long virtual knot invariants?

FTHEDn =313, LELOMEZEEWIRN-DTHRES 5.

Theorem 1 y; (1 < i < 168) % Notation 1O 7 a0 —MxeF5. v, (1<i<23) %
Proposition B ® Gauss diagram formula & U, ¢; (1 <i < 9) % Proposition 0 ® Gauss
diagram formula ¥ 5 5. vZv; DRED 5725 23 x 1681742 L, w % 0; DIRED S
725 9x 1681781 5. ZDEE, 9x 23(THIADB—EMNFEL, Av=w R 5.

E 51T, Propsition DD%RE LT, K3 D Polyak-Viro formulald] iIZBI L TRz 15
7z.
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Corollary 1 Long virtual knot @ Gauss diagram formula vs7 % vs7 := (f37,-) IZ &
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2. REEDIERE

K % knot £ L, Di % K ® knot diagram ¥ 3 %. Dy DI TRWIGATICR: i % 1%
O, MEEREET L. HEALSIEBELEZAZICH-> TEA, RIIDIRLIZ1 ZE|D YT
5. ROREDPFHLOWKRRHOGEIZ2%ZH DY TS. ZORIZL TERRIRXT (B
F) REIDYETS., Tz, KRPEBETIEXIC, BOTWSREEIZie~Y—F2
ZL, 7TH—DMAZXX, iDoiANA»PS T L. 7TH—DFHEINET 3 RXRDOFF=
25, ZoRRICLT, FEMNEELAMNE7e-XKXE2H 5. (IS virtual knot,
long virtual knot IZOWTHEFREZXNS.)
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1: Knot diagram & &5 2H AN =270 MK

Goo ZTIEMEEAN E 70 —NREROELAL T2 o,y ZREM LM E
7R T 5. o DFFFsign(z*) &

sign(z*) = H sign(a)

a: arrow in x*

WEDEDD. v 1L, BEEBEB T G- Z%

sign(z*) if y* = ¥,
0 if y* # o~
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z*€Sub(y*)

WEDEDD. o*(y*) & (o, y) L ELIGEDDH 5. BBICILRL T, Gauss diagram
formula &R, FFEELUELANE 70 —XRE, T EELAFE 7 —KROM L
LTR%:

T(y*) =
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Gauss diagram formula %% Reidemeister move THRE & R B2 7DD+ n&H2EL 1
DIZ, relator ZHET % ([2] Definition 8 ZZ ). ffile LT
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BREDDB.
Theorem 2 b, d (2 < b < d) ZEHErT5. Gy, {x }1€N, Z[G<), g = |G<dl, Gb,d
= {2} bap_1 +1<i<iig: Zﬁb,lﬂgignd 7, Ay +1<i<ig & 5 Oy d(R6162€36465( ,d)) DIER
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D 1" € Opa(Reyeeseses (0, ) TR LT, Yoo i aii () = 0 2 51F, WIS 5%
Reidemeister move (X L T Z i FBBEAZRETDH 5.
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Classical knot DAIZDOWT, 7B —KKXDORT7HICHRIIK D LOBFRADH 5 ([2],
Definition 17). FAXEAHS 4 D Type (SH) relator D—E% Z DERIUCEL D B 2 7=
relator & 2 5. KEDH 3L T D Gauss diagram formula (2XF L, Theorem B & [A]4k
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Notation 1 (y; (1 <i < 168)DE&E) vi =y s =y = v =y % = O
. s . s .

Y = @ yr = 67 Ys = @7 Yo = —@a Yio = +®> Y = _é, Yia = +®7 Yis = —Q)

Yy = +©7 Yis = —@a Yie = +<} Yiz = —@» Yis = +©7 Yig = —@7 Yso = +®’

y;l - *@7 y;Z - +®7 y;{i - *@7 y>2k4 = +®7 ?f2k5 - 7©7, ygﬁ = +©7,

Yor = —©+ s Ysg = +©+ y Ysg = —@— s Ysp = +©— y Yz = —©+ ) Ygg = +©+ )

Y33 = 7@7 Y3q = 7@7 Y35 = +€Ba Y3g = +€Ba Y37 = 7@7 Y3z = 7@7 Y39 = +@7
s ¥ - ¥ - ¥ -

yZO = +€B7 yZI = —@a ?JZQ = —@a yZ3 = +€Ba yZ4 = +€Ba yzlk5 = —@a yZﬁ = —@
¥ et ¥ st ¥
Yir = D Yig = +@ Yig = &) Ys0 = & Ys1 = & Yso = & Ys3 = Qv Ysa = &

y§5 = ©7 y§6 = ©7 y%? = ©7 y:%:S = Oa y%Q = Q? yio = ©> yél ©7 y>6>:2 = @7
yis = Oa Yoa = O, yis = ©7 yia = @7 937 = @7 Yes — @7 yig = @7 yzo = @7
?/11 = %7 yzz = %7 yzg = %7 914 = %7 915 = %7 Yz6 = %7 917 = %7 yzg = %:
Y9 = » Yso = » Yg1 = y Yg2 = ) Ygg = s Ysa = » Yss = » Yse = )
y% = @a y§8 = @a y*gg = @7 ?igo = @, *931 = @7 *ySQ = @> 353 = @7 3{554 = @7
Yg5 = @a Yo6 = @’ Yo7 = » Yog = » Ygg = @v Y100 = @a Y101 = @» Y102 = @a
Yios = ©> Yios = @a Yios = €Y Yios = E Y Yior = @Y Yios = E Y Yioo » Y110 = @7
Y11 @7 Y112 @7 Y113 = ®, Y114 = ®7 91;15 » Y116 ®7 Y117 ®7 Y118 = ®7
Y119 ®> Y120 ®7 Y121 = ®7 Y122 = ®, Y123 = ®7 Y124 ®> Y125 = ®, Y126 = ®>



Yior = ® Yios = ® Yiog = ® Yiso = ® Yig1 = ® Yigo = ® Yis3 = ® Yiga = ®
Yigs = ® Yise = ® Yisr = @ Yiss = @ Yigg = @ Yiso = @ Yim = @ Yisg = @,
Yiaz = @ Yisa = @ Yias = @ Yise = @ Yiar = @ Yiag = @ Yiag = @ Yiso = @
Yis1 = @ Yise = @ Yisz = @ Yise = @ Yiss = @ Yise —@ Yisr = @ Yiss :@
Yisg = @, Yieo = @a Yigr = @7 Yige = @a Yies = @ Yigs = @ Yies = @ Yies = @,
Yier = €% Yies = ()

Notation 2 Type (I) relator % 1221f, Type (WI) relator % 96 &, Type (SII) relator
% 246 EED 5. BARERIZ B 2 TSRV E 0.

Notation 1 & Notation 2 {Z& LT, Theorem 2 %@ 3 % ¥, long virtual knot @
FERASNS.

Proposition 1 9#®d Gauss diagram formula
U3i(-) = <f3ﬂ" V1 <i<T), Oa() = <f2,i, (i =1,2)
VFIRAZ 72 2R E 3 LT D long virtual knot @ Goussarov-Polyak-Viro HIREANZE & & 72
3. 22T, fr(1<i<T)¥ fo; (i=1,2) EXTEZINS !
e @ GrRTDTD D B D DR
+2@+@+@+@+@—@+3@+2@,
o= @ SO DD DR D
o= Pt DT DT DD D DD DD
8% ®
him- @t PO DO D BB
fo= B DTOTOTIDTOTD O DD
TOTRTOTD TR R TR T XD
f3,6 =4 7@+4+@+@—@—@—2@+@+@_4@_@
RO e®
b =D DD+ O-D- DB D
Jo1 = 7@-1- ,@—l— +@+ +@, and
f2,2 = 7@-1- 7@—1— +€B+ +@.
Notation 3 Type (SII) relator D—#BEHE D B 2 72 186 HED 5. BRI FRIRI 5]
B OB &,

Notation 1 ¥ Notation 2 ® Type (I) relator, Type (WI) relator ¥ Notation 3 O
Type (SIM) relator IZF LT, 8 %Z1TS ¥ classical knot DAZEENE SN 5.



Proposition 2 211#® Gauss diagram formulas

V3:(+) = (fa, Y1 <0 < 21), voi() = (fou, ) (i = 1,2)
\X classical knot FERE K%, TIT f3,; (1<i<21) & fo,(i =1,2) IFXTERZ
ns:

= B DO DB R D

hai= P DB DD DO VR
fs= D D@D OO D DB ®
ha= B~ D@D DD DD

o= D= D DD DD D DD
hoi= D= DD DD DD D

fr =Rt BB TR TR QT AR 2D
he=-@-D-O-D- DD DB DD DD
LR % Yo R Vo R Vo Rl Yo R YO RN Ve R Yo R Vo R YO RN YO RE VS,
Pu=@Q+@TP - BB D

JERTEE =D @ @+@+@ YoREY%

f312 1= —@+@,

f313 = DT T

fara =R+

s =@~ DO~ D

J3,16 := —@—@—F@‘f‘@,

Jaa7 = —@+@,

J3.18 3:@—@—@4‘@7

fin =@+ @D DD~ D
J3.20 1= @ — @,

J321 = S

Jo1 = 7@4— ,@ﬂL +@—|— +€B, and
fro= P+ Pt Pt D
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