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1 (Strongly) keen Heegaard splitting

1.1 Heegaard splitting

M % compact, orientable 3-manifold & L C; Ug Cy & M @D Heegaard splitting £ 3 5. Bl5,
Cy, Cy 1F M IZHEDAENTz genus g compression-body, TCLUCs = M, 5D CiNCy =0,C =
0,0y =Y EWVWIHIEMZHLTHIDE TS, /22D M NOD surface X DZ &% M @ Heegaard
surface £\ 9,

& ZAZZT,—H, Heegaard surface ¥ ¥ [F UGl THMD genus g (> 2) closed, orientable
surface £ 3 5. ZZT MCG(X) % ¥ @ mapping class group, Hl6 ¥ O TOHCFRMHEERD A
Y PE—HOERIEBROAKTHEEZ ANTHEOLNGE, 35, ZOBRBTHHTE 20,0, &
H—M32HEEZ—2EEL, HIC0,C, & 0,Cy Z[A—HRT 27-DDEMEESR k: 0,01 — 0,C
REETS. $5 L MCA(S)(= MCG(0;C1)) DTE [h] R LTCL & Co % noh: 0.0, — 9,Cs
WX oTHEY &HE 3 Z 2T compact 3-manfold 23§ 5503, ZN%E M, 2 ELZ2ITT3. M,
D Cp & Oy I 20f#1% Heegaard splitting 1272 o TW3 23, 2% C1 U, Cy 2EL ZRIZT 5.
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1.2 Curve complex

¥ % genus g (> 2) closed orientable surface & 3%. Z ZTld Harvey [Harv] IZ &K o TEA SN
7z curve complex C(X) IZOWTHENT 2. (AT T X LD simple closed curve £ £ ZDA Y b
] BRAILIRNZ 2IiTT 5. )

C(Y) DIEAEAR COX) 1 2 DL T simple closed curves DA Y+ E—JEIZHIGL TV 3
Y35, HERBTEE 50,51,...,8, DY _EOHWIZR D 5720 simple closed curves THIETE 3



L&, NS DIEMIZ nsimplex ZiR2 & T 5. ZTD XS 7K simplicies 20 5K X 42 BARE KD
curve complex C(X) TH 3. C(X) IHEFETH 2 Z L IZWHMTAHTE 3 [Lic]. CO(Z) D 25 a,
bITHLTa & b %R path % [ag = a,a1,a0,...,a, =b TETILIZT . CO) LR
PEEREA T 5 Z eI &k D EEEZERC R 5. LIT 2O dy v ELZ2i2T 5. Hib,

dx(a,b) := the smallest number of 1-simplexes in a path connecting a and b in C(%).

c(x)

[ag,a1,...,an] 23 ag & a, ZFESRED path TH 3 & = [ag, a1, ..., as] & geodesic TH B LW
5. %72 COS) Do EE A, B I LT, A, B O min{ds(a,b)la € A,b € B} %
ds(A,B) TRTZIZT 5.

ds(A, B)

[Harv] W. J. Harvey. Boundary structure of the modular group. In I. Kra and B. Maskit, ed., Riemann
Surfaces and Related Topics: Proc. of the 1978 Stony Brook Conf., vol. 97, Ann. of Math. Stud.
Princeton

[Lic] Lickorish, W.B.R., A finite set of generators for the homeotopy group of a 2-manifold, Proc.
Cambridge Philos. Soc. 60 (1964), 769-778.

1.3 Distance of Heegaard splitting

M 7% compact, orientable 3-manifold, C; Us Co Z M @ Heegaard splitting £ §5. Z
Heegaard splitting @ Heegaard surface ¥ @ curve complex C(X) DTEFES CO() DEf
D(C)) BRDE 5128 D 3.

S

D(C;) = {a € CO(Z)|a 1% C;ND disk D boundary 12725 T3 }.

D(Cy) % C; D disk complex EWVER. ZDY E C(X) I2BIF2 D(Cy) & D(Co) DEEMEds (D(C1), D(Cy))
% Heegaard splitting C; Uy, Co D distance £ F\ d(Cy Uy Co) £FH L Z 12T 5. Heegaard split-
ting @ distance (& Hempel [He] IZ X o TEHAZIN, ZDREZ S OBFAEIC L > TEOMIEIEREL
TW5. Hemple (& [He] D TROFERZRL TV 3.

Theorem A ([He, Proof of Theorem 2.7]) ¥ % LRt D@D £ 55, DL ZH % (pseudo-Anosov &
TN B 2 5 RICET B) g € MCG(S) TROEHE T b DHIEET 5.

lim (d(Cl Ugn CQ)) = 0.

n— oo



Theorem A 2> 5EHIZ C(X) OERIIMRRICRSZ Zebh 5.

[He] J.Hempel, 3-manifolds as viewed from the curve complex, Topology 40 (2001) 631-657.

1.4 (Strongly) keen Heegaard splitting

Z DOHEITIX [I-J-K:2018] TEA X7 (strongly) keen Heegaard splitting I DWW THNT 5.

Cy Ug Cy % compact, orientable 3-manifold M @ Heegaard splitting & 5 5. d(Cy Ug Cy) %
FEHF 5 D(C), D(Csy) DILOMH—ETH 2 & &, b RDGEM % A7 T Heegaard splitting
Ci1Us Cy 1 keen THDB WD,

WX dx(a,b) = ds(a’,b) = ds(D(C1), D(C2)) (AL a,a’ € D(C1),b,b" € D(C2)) B
Wiiokholida=d, b=V k5.

¥ 7z Heegaard splitting C; Uy, Cy 23 keen TH D 2D d(Cy Us Cy) ZFEHT % D(Cy) & D(Cs)
D 2 RZEAER geodesic B—HTH 5 & X, O Us Co 1X strongly keen TH B WS, ZIUIBELT
[-J-K:2018] TIRAXDFERARENT V3.

Theorem 1.([I-J-K:2018, Theorem 1.1])
g>3,n>2 RAEED integer @ pair (g,n) I LT strongly keen 7% genus g Heegaard
splitting T distance 23 n £722% X572 b DIFET 5.

i, keen T®H 2 7H strongly keen TIE72\ Heegaard splitting 23fF7ES % ([[-J-K:2018, Re-
mark 4.15]). F£7= HO-HFH (LK, Proposition 2.1]) Tl (strongly/weakly) keen Heegaard
surface M Goeritz group IFHIRE N7z ZEZ L TWVWBE Z DR ENTWVS.

[I-J-K:2018] A.Ido, Y.Jang, and T.Kobayashi, On keen Heegaard splittings. Singularities in generic
geometry, Adv. Stud. Pure Math., 78(2018), 293-311.

[I-K] D.Iguchi and Y.Koda, Twisted book decompositions and the Goeritz groups, Topology Appl.,
272 (2020), 107064.

2  (Strongly) keen bridge splitting

Z DHITIX closed 3-manifolds M IO link L @ bridge splitting ((g, b)-splitting) & Z® distance
B XU, (strongly) keen bridge splitting (DWW THIINT 5.



2.1 Bridge splitting

(Vi,t1) Ugr,py (Va, ta) (XU (L, F)) 53 (M, L) (Xi& L) D (g,b)-splitting TDH % LIZRDFEMF%
AT T 5.

e V3 Up Vo X genus g Heegaard splitting of M,
e LIX F ¥ transverse X2 (ZDLZ P=LNF &355%),

e t; = LNV, & simultaneous 2 dV; IZ parallel 72 b ARD arcs (i = 1,2).

S means

(Vi,t1) U, py (Vas ta)
(g, b)-splitting

2.2 Curve complex of punctures surface

—f%!Z genus g, orientable surface S with ¢ boundary components, and p punctures & % 3.

WE “g=0,c+p<4”" XlZg=1,c+p <17 DI DOL & S I sporadic THB LWV, F
72 S D simple closed curve o IZDWT “a l&H & — D puncture Z&r S ND disk % bound
T5” XE “a td 0S DH B component IZ parallel ” TH B & X ol inessential THD VWD, F
7z « ?Y inessential TZRWE F o X essential THBEF 5. T ZTiE S A non-sporadic 72 & ZD
S @ curve complex {ZDWTHINT 5. [, S 23 sporadic TH BKED S D curve complex FEFHET
XAMZAUTOVWTIIARETIITZ2 22125 5. DITTIE S LD simple closed curve & Z DA
Y ME—HERXAILANZ 2ITT 5.

C(S) DIHMES CO(S) 1 S EDETD essential simple closed curves DA Y + ¥ —IZHHIG
LTW2E5%. HERLEM so,51,...,5. DS EOHEWIZAH 5740 simple closed curves T
KETx2 %, ZNOHDEKSIX nsimplex 258235, 2D X574 simplicies 2» SR X 1L
3 BAREIRDS curve complex C(S) TH 5. CO(S) D2 a, b THLT a & b 2R path %
[ap = a,ai,...,a, =b] ¥RTZLIZT 3. CO(S) IIFHANEHAEZEA T 2 2 21 & D HEEZER
W27%%. LT ZoiEE ds £FHL 28T 5. [ag,a1,-..,a,] D3 ag & a, ZFESRKED path TH
%Y % [ag,ai,...,a,] V& geodesic TH2 LW, 72 CO(S) DODIAEE A, B ITXHLT, A,
B Ol min{ds(a,b)la € A,b € B} % ds(A,B) TRTZLIZT 5.



2.3 Distance of bridge splitting

(Vi,t1) Uppy (Va,t2) Z L @ (g,b)-splitting &3 %. Z D bridge splitting ? punctured surface
F\ P @ curve complex C(F \ P) OIEHMES CO(F\ P) OHEDHEE DV, \ t;) (i =1,2) ZRD X
SITEDB.

DVi\t;) ={a € COF\ P) | ald V;\t; WD disk ® boundary 127 > T3 }.

D(Vi\ti) & (Vi,t;) D disk compler EWER. 2D % C(F\P) BT 2 D(Vi\t1) & D(Va\ t2)
DR dp\ p(D(V1 \ t1),D(Va \ t2)) % bridge splitting (Vi,t1) Ugr,py (Va,t2) @ distance & F W
d((Vi,t1) Uppy (Va, t2)) (XU d(L, F)) &< ZEITF 5. BATIC bridge splitting @ distance 12
B3 2% E 7 F 7 v X LT T 5.

(Existence of high distance bridge splitting)

e T.Saito, Genus one 1-bridge knots as viewed from the curve complex, Osaka J. Math. 41(2004),
427-454

e Campsi-Rathbun, High distance knots in closed 3-manifolds, JKTR, 21(2002)
e Blair-Tomova-Yoshizawa, High distance bridge surfaces, AGT 13(2013), 2925-2946.

e Ichihara-Saito, Knots with arbitrarily high distance bridge splittings, Bull. Korean Math Soc.,
50(2013), 1989-2000

(Upper bound of distance of bridge splitting)

e Bachman-Schleimer, Distance and bridge position, Pacific J.Math. 219(2005), 221-235
(3S: ess. surface in the exterior of L = d(L,F) < —x(S) + 2)

e M.Tomova, Multiple bridge surfaces restrict knot distance, AGT 7(2007), 957-1006
(F, F': distinct bridge surfaces of L = d(L,F) < —x(F’'\ L) + 2)

e Y.Jang, Distance of bridge surfaces for links with essential meridional spheres, Pacific J.Math.
267(2014), 121-130

(3S: ess. n(> 4) punctured sphere in the exterior of L = d(L,F) < n — 2(= —x(95)))

e A.ldo, An estimate of Hempel distance for bridge spheres, Bull.Korean Math Soc., 52(2015),
735-740

(S, S’: distinct bridge spheres of L = d(L, F) < —x(S"\ L))

2.4 (Strongly) keen bridge splitting

ZOFITIE [I-J-K: in prep.] DFERICOWTHINT 5. (Vi,t1)Ur,p) (Va, t2) & L D (g,b)-splitting
3%, d(L,F) 2FBl3 2 D(Vi\t1), D(Va\ t2) DTLOMB—ETH 2 L &, (Vi,t1) Up,p) (Vo,t2)
1 keen TH B &5 . 7z bridge splitting (Vi,t1) Ugp,py (Va,t2) 73 keen TH Y d(L, F) ZHKES
% D(Vi\t1), D(Va\ o) DR EFESR geodesic B—RTH 2 & & (Vi,t1) U py (Va, t2) & strongly
keen TH % &\ 5. M, keen T %23 strongly keen T\ bridge splitting 2fFET % ([I-J-K: in
prep., Remark 4.1)). 252 L TU T OFERNE SN,

Theorem 1.([I-J-K: in prep., Theorem 1.1]) g >0, b > 1, n > 1 Z A TIEED integers (g,b,n)
WXL TRAIE D SLD.

(g,b,n) B% “(g,b) = (0,1)” XIZF “(g,b,n) = (0,3,1)” & Az EKW\WIZHIF distance n ZHfD
strongly keen (g, b)-splitting 23fFET 5.



(g,b) = (0,1) (S3 ND trivial knot ® (0, 1)-splitting ) IZDOWTIXC(F \ P) XZZEAICKS. &
7z (97 b, ﬂ) = (07 3, 1) Oﬁ%é\&i;ﬁ(?b’ﬁi YRYASN
Theorem 2.([I-J-K: in prep., Theorem 1.2]) fEE® distance 1 ® (0, 3)-splitting 1% keen TIZ7R\>.
Remark. Theorem 2 (2B L TROFEDHK D ZD.

Link L %% distance 1 @ (0, 3)-splitting % H D (1€ > T Z DHE ambient 7% manifold 1& S TH
) BT, L 2% non-trivial 2-bridge link @ connected sum T& D 2>2 non-separable T
HBHZTH5.

Remark. 4 [[[J-K: 2015] O TROFMEREZ G2 TV 5.

g>0,b>1,n>2 %ARTHEED integers (g,b,n) IZH L TRHBHD LD,
“(g,b) = (0,1)” XiZ “(g,b) = (0,2)" AR WVWIEHIX distance n ZFFD (g,b)-
splitting 23fF1ET 5.
FIIFoL Z OFEHOHNERD D5 2 Z e BFER SNz, L LD S Theorem 1 13 LELDOFERD
AREIICI2 > TWB Z e ZEFRLTEL.

[I-J-K: 2015] A.Ido, Y.Jang, and T.Kobayashi, Bridge splittings of distance exactly n, Top. and App.
196(2015), 1395-1411.

[I-J-K: in prep.] A.Ido, Y.Jang, and T.Kobayashi, On keen bridge splitting of links, in preparation

3 Ingredient and recipe of the proof

Z OHITIE [[[J-K: in prep.] @ Theorem 1.1 DFFFAD a7 72574 74 7TIZDOWTHENT 5.
BB, ZITUaA7eRhd” LEoTWVWDEDIE g+ b, n BRE2WVE 21X, UTTHNT % Ham CakiA
TE2, LVWOEKTHS. g+b2/hEVEERL n=1 DL %3 ad.hoc RIFEMPBEL IR 5.

[I-J-K: in prep.] A.Ido, Y.Jang, and T.Kobayashi, On keen bridge splitting of links, in preparation

3.1 Ingredient: Subsurface projection

S % genus g, orientable surface S with ¢ boundary components, and p punctures £ L X % S @
essential 7% (15 0X D% component (& S T essential TH 5 X 5 72) subsurface T non-sporadic
KHDr T2, 2oL E CO(S) 55 CO(X) D power set 207 ) ADBH i : CO(5) — 207 (X)
ERDEIERT 5.

(eCOS) T2 WE L X ODXHDEIZ ¢ D S I2BIT 3 isotopy FHDHTHR/N
THb95. ZOL=E

a; (i=1,...,n) Z LNX @ component £F 5. VWX 90X Uaq; D X IZBIT S regular
neighborhood @ boundary component @ 5% “9X IZFE4RWVH DT X T essential
TH2BHD” D union & () MNP T EITT . TDLE:

TX (f) = U;L:Iﬂ'o(ai).



)

¥ () = {my,ma}

mx WELTUTD XS REERPH SN TNS.

Lemma 1 ([Masur-Minsky:2000, Lemma 2.2]) mx (& 2-Lipschitz T®H %. > T, XA D 3LD.
C(S) N®D path [ag,a1,...,am] L Ta,NnX #0(i=0,1,...,m), £525. TOELZ 7x(ag)U
(@) U U (am) @ C(X) 2B 3 EEE 2m LUFTH 5.

Lemma 2 ([Masur-Minsky:1999, Prop. 4.6]) S & non-sporadic £ §%. Z®D& ZRDEMZHT-

TEM >0 DFET S .
V pseudo-Anosov h € MCG(C(S)), ¥y € CO(S), ¥n € Z,

ds(h™(7),7) = ¢[n].

[Masur-Minsky:1999] H.Masur, and Y.Minsky, Geometry of the complex of curves. I. Hyperbolicity,
Invent. Math., 138(1999), 103-149.

[Masur-Minsky:2000] H.Masur, and Y.Minsky, Geometry of the complex of curves. II. Hyperbolicity,
Hierarchical structure, Geom. Funct. Anal. 10 (2000), 902-974.

3.2 Recipe: Unique geodesic
Z 2T ZHEA geodesic A3 unique 12725 X 572 geodesic ZMEN T 27D DFIEEMNT 5.
WZ ¢ % S ND essential simple closed curve TRDEMEE-T X 52D T 3.
(A) ¢1% S T non-separating, XX

(B) ¢1% S T disk with two punctures % bound § 5.

Z DR, “0 1T associate L7z subsurface” X # XD X I IEFET 5.

M (A) A THRHE, X == (S % £ T cut LTIFHN 3 surface).
&M (B) A THRIE, X := (S 25 ¢ 2 bound § % disk with two punctures ZHUD FRNTIF 5
N3 surface).



Remark (Forcing simple closed curve)
FHROBEDD &, ROFEEDED VODIZEB IO Z Z e ZEELTEL (Lemma 1 O RF
TEINLFME L AR TW R E W),

m (€ CONS)) 2 X ¥XboRWAELIE, m=0THb.

Z D ¥ ERD proposition DK D LD,

Proposition. (Extending geodesic with uniqueness)
[Co, 01y ln_1,0n] & C(S) TELT DM (1), (2), (3) Zifi/zF path &5 5.
(1) by & £,,_1 ZHhES geodesic X [€o, b1, .., ln_1] ITFR B,
(2) lp—1 FERLDOSEMA (A) XZ (B) Wiz,
(3) diamx (mx (€o), mx (€n)) > 2n, 7272 L X & £,,_1 T associate L7z subsurface &9 5.
ZDEE ly & b, TS geodesic 1& [lo, b1, ..., ln_1,0,] WCFRS.
Remark

% [lo, 01, - .., ln_1) \& Proposition DM (2) AT LT 5. ZOK Lemma 2 ZFHT 22k
WED, &M B) AT OB L, ZHMKT LN TES.

Outline of the proof of Proposition
[mo = Lo, m1,...,mp_1,my = L£,] & by & £, D72 path 3 5. £FXD Claim KD 3L

DI ERT.
Claim. i st. m; =,

Proof. 2D X 5% m; BEIELE o/ T5. ZOLELRME (2) XDETO m; 3 X XD
ZeDbh s, ZOHEFEL, Lemma l KD, RORNEXDKD LD L2 5.
diamx (7x (bo), mx (£n)) < 2n.
LA L, THESEN (3) KFET 5. (RIEAA#%)
YL EDHEFDH L, RD X 51T Proposition DFERA% complete 35 Z 2 TE 3.



[mo = Lo,m1,...,mp_1,my = €] & by & £, Z&D7%< geodesic £F 5. Claim &b m; =4, 4
B EIR 0 BIFAET % Proposition DM (1) & i=n—1"T [mg=Llo,m1,...,my_1] =
o, 01, ly1]) ETRDBZEDOND, 2D Y m, =L, KDIEBHIZ Proposition DiEamAIALD 3L
DI BN, (RIEAA#%)

FuiT)

JmE A geodesic DY unique 1253 & 5% geodesic DIBARK :

[0, 1] 75 HiFE L T Proposition ¥ ZDEHKD Remark Z#EDELEHT 2 Z ik b, (FED
n (> 1) WX LT geodesic [€y, 1, .., 4] Tly & £, ZAES geodesic 1& [lo, by, ..., 0,] ITIRZ XS
BRYEDHBFIET DI erbrd.

3.3 Construction of strongly keen bridge splitting
Y. : genus-g, closed, orientable surface

P: the set consisting of 2b points in X
&L [lo, ... 0] ZHIETCH L7 C(X\ P) @ geodesic £35. ZD& X

(W, thg): genus-g handlebody with b trivial arcs (i = 1, 2)

L D; ZROED K51 W, icHdiAEhiz disk &5 5.

Wi D,

I OWL\ (UH) ¥ £\ P % 0Dy 25 by WSS 2 &5 ICA—WF 5. 70w, \ (UH) &
OWa \ (Ut)) DR k T £, 25 0Dy ICHIET 2 X5 BOZEET 5. L LTHIH=X
TEEREE M RO link L 2350 5. RIS (Wh,Ujt]) U, (Wa, Ujtd) 1& L @ (g,b)-splitting 1272 -
TW3. 2Ot %, ZoNCHNS disk complexes 1 C(X\ P) DFT—RICIIXD X SITHZ %
A9,

D(Wy \ Ut)

ZOBITIE [lo, 1, - - -, L] V& d(W1, Uit Uy (Wa,Ujt))) ZEB L TOWRWI LICERET 2. 22
T (W, Ujt]) Uy (Wa, Ujt]) ZRD & 512 deform L TR 5.



(Wi, U;t]) DPIERA B RDKD & 5 7 genus (g — 1) handlebody with (b — 1) trivial arcs
(Vi t¥) R ZHI LT, Hlld homeomorphism h; Zffio THDHEL TR 2E R 5.

Pull out a genus g handlebody
with (b— 1) trivial ares (V;,t)

*
(Vi, 1)
Glue in (V;,tf) by a

different homeo. h;

& Z AT -7 [Ichihara-Saito:2013] 1& 1.3 #iCTHIST L7z Theorem A DFEHIZH T Hempel
DMT o Toifam & AR D FEHEDY bridge splitting IZR L TR DIZDZ L ZRLTWS. ZOfERZMS
& h BROAFEA 2T Lo ICendZerbrd.

davi\e: (01, i (D(Vi\ £1))) > 2
dovy\tz (K(ln-1), ha(D(V2 \ 13))) > 2
ZO&EGEEMFS ¥ C(X\ P) AD disk complexes lFXD XS ICETEEINE Z e Bbhr 5.

ZHUIRIET % (g,b) splitting & strongly keen TH 2 Z e ZEKL TWV5.

[Ichihara-Saito:2013] Ichihara-Saito, Knots with arbitrarily high distance bridge split-
tings, Bull. Korean Math Soc., 50(2013), 1989-2000.



