A virtualized skein relation for a multivariable
polynomial invariant
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Virtual link diagram @ Jones ZIHZNIZEH L T®D virtual skein relation 7% N.Kamada, Nakabo,
Z @ multivariable

Satoh IZ &> T [4] THNM T N7z, £72 Dye, Kauffman, Miyazawa 238 A U7z virtual link @ invariant
6]).

T& % multivariable polynomial % Jones polynomial D¥EZLTH % ([1],6])
polynomial @ almost classical virtual link (233 % virtualized skein relation (Z2WTHiE T 5.

1 A multivariable poylnomial invariant

1.1 Alexander numbering
PABE, D % virtual link diagram &3 5.
Z Z T, D ®semi-arc 1%, 2 DD classical crossing DEIZd % D @O component, F 7z D @ classical
crossing Zff7z72\Vloop DZ & TH 5. £7-, D ® Alexander numbering & |X D D+ crossing % I

B9 % semi-arc IZH U TIEK 1L IZHBEDIZZ 2EOUTEILTHS.
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virtual crossing

negative crossing
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X,

positive crossing

1: 4% crossing |25 1J % numbering.

Alexander numbering % % DH#ll& U T T O 1.1 &4l 1.2 035 5.

5l 1.1.
1

2: ZEHEUHIZB I 5 Alexander numbering

il 1.2.

3: virtual link diagram @ Alexander numbering.
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TR T D classical link diagram % Alexander numbering Z ;2% X T D virtual link diagram

7% Alexander numbering % £;2 & XRS5 7%\, ] 1.3 1% Alexander numbering % £§7- 72\ virtual link
diagram T®H 5.

5l 1.3.

4: Alexander numbering % #7272\ virtual link diagram.

Z Z T, virtual link diagram D 7* Alexander numbering # 2 & &, D % almost classical virtual
link diagram & \»9. &7z, virtual link L %% almost classical virtual link diagram Z&f2>& &, L %
almost classical virtual link &\ 5.

1.2 cut system

An oriented cut point &%, ¥ 5 D X 512 ZIZ% 5 T Alexander numbering 2% 1 ¥4 X % & 572
M & % $# D semi-arc LD point TH 5.

i+1
5: An oriented cut point.

C % virtual link diagram @ oriented cut point D& & 5. C Zf£5 D »% Alexander numbering
RO L &, C % D @ cut system &\ 5.

Virtual link diagram & cut system Oil% L NIZ/RT .

5l 1.4.

6: Alexander numbering of a virtual link diagram with cut system.

Z ZTHEE L UT, almost classical virtual link diagram @ cut system & UTZEEERENS.



¥ 7z, oriented cut point move £ XX 7D & S 7 local WA TH 5.
I Il
X |Rh1 X R

7: oriented cut point move
Z D oriented cut point move IZBILU T RO Z BRI SN T WS,

£ 1.5. (N.Kamada [3])

D % wirtual link diagram &35 & D O 22D cut system (FHREID oriented cut point move TH
D&ED.

1.3 A multivariable polynomial invariant

(D,C) % virtual link diagram D & D @ cut system C OX7 &9 5.
Z Z T, cut point state diagram of (D,C) &1, D ® 3 XTOD classical crossing % splice L T&
5 7z, oriented cut point % ## 2 virtual link diagram O Z & TH 5.

¥ 2L FORM 2729 & 5 72 cut point state diagram @D loop DEEN S ZNDEHR LT 5.

o () ()

S %3 RTD (D,C) D cut point state diagrams DEH L L7z& &, (D,C)) ZLAFD XS ITEHRT
5.

<<D’ C’>> = Z Ahoc(_A2 B A—Q)ﬂac—ldi‘l(ac)d;?(ae) ... € Z[A:t17 dy,dsy-- ]
oceS

ZZT o= (oD A — splice D) — (¢°D B — splice D)
o == (oD loop D#Y)
7i(0) = ((l) =1 &7 %0°D loop | D)
ThH5.
ZD ((D,C)) TNUTUTOZ LS NT WS,

& 1.6. (N.Kamada [2])
(D, C)) & C DEFUMK S 0,

@16 &0, L\ (D, C)) % (D)) L E<.

Z D& %, D ® multivariable polynomial Xp ZA RO XS IZEHET 5.

Xp = (=A%) (D))
w(D) = (D @ positive crossing D) — (D D negative crossing DY)

Z @ multivariable polynomial Xp (ZDWTHMTFDZ &b hroTWN5S.



EH# 1.7. (N.Kamada [2])
Xp & Dye, Kauffman, Miyazawa O E 7% S 117z multivariable polynomial invariant & —39 5.

& 1.8. (Nakamura, Nakanishi, Satoh [5], N.Kamada [2])
D % almost classical virtual link diagram D& & Xp € Z[AT!] 72 5.

2 ERREINH
2.1 ERER

virtual skein triple (D, ,D_, D,) &%, D, ® positive crossing p ZRXAERXL72H D% D_,
D, D p % virtual crossing 222726 D% D, & U7z virtual link diagrams ® =D Z & ThH 5.

Vp % virtual link diagram D @ Jones ZIHA & 3 %. N.Kamada, Nakabo, Satoh %% [4] {235\ T
Jones ZIHAUZK U CTIRDBEKREZ R L 2.

E® 2.1. (N.Kamada, Nakabo, Satoh [4])
(D4, D_, D,) % wvirtual skein triple £3 5.
D.,D_ 7 checkerboard colorable virtual link diagram ® & ELL R DXL D 32D,

A¥Vp, + ATV = (AP + A7) Vp,

DTOEH 22D EHETH S.

€ 2.2. (Dy,D_,D,) % virtual skein triple & U,
D, ,D_ % almost classical virtual link diagram @& ELARORDK D LD,

(A% —d)Xp, +(—AS +d)Xp_ = (A° — A% Xp,

SEBH. Dy, D_ I almost classical virtual link diagram T®» 2 DT, D,,D_ @D cut system & L TZEHE
ErLDH. ZDEE, D, IXX8 DL SIT2 DD oriented cut point 721 ZFFD & 5 7% cut system %

b, D, IFZFD X D7 cut system & 5L9 5.
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8: virtual skein triple {251} % cut system

i+1 i+1

i+1 i+1

Sy, S_.S, & TnEFNn D, D_,D, D &=TD state DEL LT 5.
Z Z T, D % almost classical virtual link diagram 7% 51X, D I checkerboard colorable Td % 72 5,
Sy EXK9IZHB K D7 arc DD D F%E L TWD cut point state DES S & ST DIELFH Sy =
SLUuSL Thd. £oT, S, WHIZHD L5k S, DMHES S, & S OILM S, =5 us! T
H5.
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Z 2T, state DI ESE ST LT,
D‘SI ZAha )ﬁo 1d‘r1( )dgz(ac)_” EZ[Ail,dl,dg‘--] re<.
oces’
PURDSANES 5.
((D4]S)) = A(=A% = A7) ((DulS7)) + A™H((Du]S7))
= — A% ((Dy|S})) - (2.1)
FIBkIC,  ((D_|SL)) = A7 ((Du]S})) - (2.2)
¥7z,
di ((D4]8)) = (A+ A7 (=A% = A7) ((DulS))
= —AT((Dy]S})) . (2.3)
FBRIZ, i ((D-|S”)) = =A% ({D,]S})) - (2.4)

& (2.1), X (2.2), & (2.3), R (24) VB &,

(=A% + A7%d1) ((D4)) — (A7 + A%dy) ((D-))

(=A% + A7) (((D4|S4)) + (D4[S]))) — (A7 + A%d1)(((D-|S")) + ((D-]S87)))

(= A3+A 2di) (=A% ((Do|Sy)) — A72dy ((Do]S)))) = (A7 + A1) (AT ((Do]Sy)) — A%dy ' (D))
(A° = A™)(((DolS1)) + ({Du] S))

(A° — A7 6) {({(Dv)) - (2.5)

22T, wDy) =w(Dy)+1,wD_)=w(D,) —1THEDT, A (25) & EHETHSA (2.6) 5

(A°—d)Xp, + (A +d)Xp_ = (A° - A% Xp,. (2.6)

a



2.2 A
ZIZTIREFEDECHDINHE 2 DT 5.

% 2.3.
Dy, D_ % almost classical virtual link diagram D& &, Xp € Z[AT di] £ 5.

Z :'/C“, EXp(XD) id? XD @D dl %ﬁi@b\Iﬁo) A 0)?3;&@%/&\& [J, EXp(XD‘dZ) %:f XD D dz ’i’é.\i?
HD A DIRBOESELTE. ZOLEUTOI ebhb.

% 2.4. (Satoh, Tomiyama [7])
(D4, D_,D,) % virtual skein triple,
D.,D_ % n 5D almost classical virtual link diagram & U7z & LR D 3D,

47, (n : odd)

Exp(Xp,) C
*p(Xp,) 47,42 (n: even)

47, +2 (n:odd
Exp(Xp,|di) C ( )

47, (n : even)
Dy D Dy
10:

HARFIE LT 10 2357 3 5 & multivariable polynomial invariant (ZZNZNATD X 5124 5.

Xp, =A%—A*+1-A""+A°
Xp =1
Xp, =A% — A 14 (—A%2+ A7 D)4,

ZOFERERIE, R23 & R24 2L TWD I ENDRPD.
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