Continued fractions of even type related to amphicheiral two

bridge links
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1 Introduction

AR, BUERGR IR HEERGL 2 HA L T 5,

[Kd] MIZH 5#ERZ2MET 5, [Kd] D EFRERIZ. 2-bridge link D link symmetric
group [Wh, Hi] DIETH %, ordered oriented link {ZX3 2 link symmetric group &
X, Z®D link @ invertibility ¥ amphicheirality % fft& 7z symmetry 2% 35D TH
%, amphicheirality DA% % Z 554, link @ order X orientation %% X % D IEAE
WZHEZ B M, symmetry @ invariant NORKMOIEF DL E, (72 A 1 KD DEE
T%) ordered oriented link & UL CTDOHDTH S, 50l link symmetric group % D
HDIZIFNL B A ST, 2-bridge link @ amphicheirality DD AIZIFEHT 5, link A3
amphicheiral £ X, mirror image & equivalent D & & W5, HlZIX, 2-bridge knot
D 1 DTdH 5 figure eight knot 4, I&, PAFD Figure 1 ® & 5 (2 amphicheiral TH 5,
D, K oMARNOEIE half twist DE % FK T,
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Figure 1: figure eight knot 4; @ amphicheirality



4, @ Conway form [Co] & C(2,2) TH b, MR DI A 5 EHIZ am-
phicheiral Th 5 2 £ Db s, 24 % _ g £ 0. Schubert form [Sc] 1% S(5,2) T+
ZDHEG 22 =4= -1 (mod5) 7 &% amphicheiral TH 25 Z &LV h 5,

2-component 2-bridge link 65 = C(3,3) DEHE D FRIZBHOWM T2 SEHIZ am-
phicheiral TH 5 Z & h Db, 3+ % = % X0, 62=5(10,3) TEHH, 3*=9=
—1 (mod 10) 7*5 % amphicheiral TH 5 Z &3 0H % (Figure 2),
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Figure 2: 63 = C'(3,3) ® amphicheirality

2-bridge link (¥ 2 D@ 2-string trivial tangle DFITTEZ % link DZ & THh D, 1
DD 2-string trivial tangle ZHE ARG VEDEZHE LTIV, £ 1 DD 2-string
trivial tangle (X, 3-ball DEIRD S? EiZdH B 2 DD string DEERD 4 HE2zEEEL
THEET HHFDHHETH X5, TN% rational tangle 15, rational tangle DK
REFRESUTO 280 H 5,

(1) 2-string trivial tangle % 2 D ® closed loop T twist 3%, (Figure 3)

2 DD string DEFRD 4 D55 18 A ZEEL, D 3 EAEWNZANE DS
L X85, S2 LTHEROD 4 f% 22321201 % simple closed loop «, 8 % K5
WZHUD . NS IZIHR - 7z twist ZHIZIT S T & T rational tangle 2155,



Figure 3: 2-string trivial tangle % twist 9°% closed loop

(2) 2 DD string % 3-ball DEFIZAZ LSBT ICEE S,

LADES 1 DIEAK 22E2HEFITIB>o TRV ADES L S2 BV TE, ZhaER
&9 % 3-ball THEZMDZ LT 5, BHEARADIEAKEZ vy FHITEE, 4THRD (0,0),
(1,0), (0,1), (1,1) 2B $ 5, TLT, 22D EARICEKEZIBET S5, T TR
P, FEWIZET p>0,¢>0 Z2IRET D, ZUDHD string . (0,0) »»oRKRDIEFE
by =2z i, BT BELERIEOMEEE —LiIcLTHbDYE, BTy
DELERIZED, 2EVRUTHEHSTIED S, o TWARWHEARLTEFIZE S 1
DD string ZRHE S, TN rational tangle (2725, Figure 2 12 p = 10,q = 3 D
b5, pg D—APEADE EZIE, FUDICEDELEEZRDLES,

(1) @ rational tangle Z HHJIZBAU 5 Z & T, Figure 4 ® & 5 7% 2-bridge link @
Conway form C(ay,...,ay) 285, a; (i=1,...,m) (0 TRWEKT, o[ 12>
7z twist &2 &KT,
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Figure 4: 2-bridge link @ Conway form C(ay, ..., a;)




(2) @ rational tangle % HHHIZEH U % Z & T, 2-bridge link @ Schubert form S(p, q)
2155,

Am—1 +
m

ai,p,q € Z\{0} (i =1,...,m), ged(p,q) = 1 (|p| > |q]) £F B L Z, LTz f5o,
Theorem 1.1. C(ay,...,a,) = S(p,q).

ZOFEFRIZE D, Conway form & Schubert form 23EED35, [ay, ..., ay,] 225 p/q HIME
—_EDL—FT, plg 5 [ar,...,an) BHE—RE S5\, Figure 2 1IZBWT, C(3,3)
C(4,-2,2) TH 5, C(3,3) » 51 amphicheirality (ZEIEEIZ DN 25D, C(4,-2,2) »
SIELIZIFORLRV, BBAA S(10,3) ZRETHIXI VDA,

C(4,—-2,2) 75 amphicheirality % [EEH 2 fiildi D h ?
NESEDEFTH B,
Assumption |q;| =1 = a;_1a; > 0 & a;a;41 > 0.

Definition 1.2. [a1,...,a,], (a1,...,an) (Ya; € Z\ {0};i=1,...,m) D even type
< Ya; :even (i=1,...,m).

2 Basic properties

2-bridge link (2R3 2 HAFE R 2B 5B,

Lemma 2.1.

(1) 2-bridge knot/link (& strongly invertible. i.e. S(p,q) = S(—p, —q).
(2) S(p,q)* = S(p,—q), Clay,...,an)" = C(—ay,...,—ay).

(3) 2-component 2-bridge link (& interchangeable.

Lemma 2.2.

(1) [a,--.,am] = Dp/q : even type, m : even

—> p:odd, g: even, r: even, s: odd, gr = —1 (modp), S(p,q) : knot, Seifert genus
g=m/2.

(2) [a,...,am] =p/q : even type, m : odd
—> p: even, ¢ : odd, r: odd, s : even, gr =1 (mod2p), S(p,q) : 2-component link,
Seifert genus g = (m — 1)/2 (Figure 5).
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Figure 5: 2-bridge link @ minimal genus Seifert surface

Theorem 2.3.
(1) S(p,q) E 2-fold branched covering (& L(p, q).

(2) p:odd, S(p,q) ZS(p,¢) <= p=1p" & q=¢ or q¢ =1 (modp).
(3) p: even, S(p,q) = S(p/,q') as oriented links <= p = p' & ¢ = ¢ or ¢¢' = 1 (mod2p).
(4) p : even, S(p,q) = K1 U K3 as an oriented link, S(p/,¢') = K1 U (—K>)
<~ p=p & ¢ =qg+p (mod2p) or q¢ =1+ p (mod2p).
Theorem 2.3 & O, AN %25,
Corollary 2.4. S(p,q) : amphicheiral <= ¢*> = —1 (modp).

Remark ¢*= —1 (modp) <= s(¢,p) =0. (s(g,p) I& Dedekind sum)

3 Main Theorems
LR A Main Theorem TH 5 :

Main Theorem 1
L : amphicheiral 2-bridge knot /link
< Im:even & Fa; € Z\ {0} (i=1,...,m)
st. Ya; = a1 & L= C(ay,...,a,) : symmetric form.

K2, L: knot = Ya; : even EHNB Z &N TE 5,
K E 2-bridge link IZHERIRAREICTT 2L IRD LS4 5 -

Main Theorem 1’
p,q €Z\ {0} s.t.porq: even, ¢>=—1 (modp).
< m: even &
fa; € Z\{0} (i=1,...,m) s.t. "a; = amp1i & [a1,...,an] = p/q.



Main Thorem 2 %k 25 7= D#afii % 3 5,
m:odd £ LT, m=2g+1 &9 5%,

Emn ={(a,...,a,) : even type},
Er={(ar,...,am) €&En lar >0}, E ={(ar,...,an) € En | a1 <0},

&= U529+1, 5i = U gzj;ﬂ
g=0 g=0
YEBrE BFE (AL)-(A6) ITX D AERT2HEAL TS

AZCEE | Ag=ATUA; CEu, A=|JA,

g=0
(A1) : A7 ={(2)}, Ay ={(-2)}.
(A2) : (a1,...,an) € Ay +— (am,...,a1) € A,.
(A3) @ (a1,...,am) € A7 +— (—a1,...,—ay) € A;.
(Ad) : (a1,...,am) € AF <= (a1 +2,02,...,am, —2,2) € AT,
(A5) : (a1,...,a;m) € AF <= (2,0,01,...,ap, —a — 2,2) € AS,,, Where a # —2.
(A6) @ (ar,...,am) € Ay «— (2,a,a1,...,0m,—a,2) € A;+2-

a=(a,...,ay) €&, Cla)=Clay,...,ay) DEL5ZHND,

Main Theorem 2
ac &, C((a): amphicheiral <= a € A.
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Example
(1) ag=(29+2,-2,2,...,-2,2) € £f, L, = C(ay).
1 g

ap=(2) Ma, = (4,-22) 2 By e ar
L,=C(29+1,2g+1).
(2) Aii— = {(4’ -2, 2)? (27 _274)}7

AT ={(6,-2,2,-2,2), (4, -2,4,-2,2),(2,-2,2, —2,6),
(2,—2,4,-2,4),(2,a,2, —a — 2,2) (a # —2),(2,a,—2,—a,2)}.



4 Problems

Bz, B F 0L Onf#EEZZITTH L,

Problem 1 (A1) Z iz X% 5 L A E 259 7 ¢* (modp) ZIREDDH?
Problem 2 Main Theorem 2 FHDOZEIEH - I HRITER SN0 ?

Problem 3 even amphicheiral form (A4 ®Jt) & symmetric form ORIOFHERIZ E D &
SNZTRB DM

Problem 4 Main Theorem 2 OffZGERIGEHIZH 5 57?5 BT HITH % fili > 72 ZK Tl
T AREL - BGER 72 A3, link D E X, linking number % %2 U T, algebraically split
(linking number 0) D AHEM: % HEBR 9 5 72 812 Alexander polynomial Z{#-> T\ 5,

Problem 5 Problem 4 (ZBJ# LT, #HEwiZHEWT (FHRZREERENT), link DK
73 %0°° linking number (ZX &S SR IZAIA ? link DAL 5. permutation (2%}
e E T, ZED orbit THARB Z 21X TEZ 5, —7F. linking number (& even form 72
o5, AHEONTHERSND D, B LHRLERIZD 2057

Acknowledgement #iHDIES % 5.2 T W2 72\ 72 BRGH RO FAEEH D /5 %2 12 &%
BLUET,

amphicheirality DNA TOFHHIZINE THEN L TE £ L7 [Kd ODNEZD
HEDIEF—ELFHE LU EFEATUZ, BHHIE 2-bridge knot/link @ symmetry 1§ Z 31 %
@ﬁ%éhﬁ<éhfmf\%E%@ﬁ%%&of%%ﬁﬁtﬁimmt%%u@ut
25 TY, BEGESBIBFIZH LWV EIZES> TEWE LD, 2D %2{EZ 5 DI
LWeHEEUTWE LR, S @%%%ﬁaaa \o =Dk, HF[J5FEK [Jb] D
HAZFEREL €, WAMBBE D BURBOFEZ o722 225 [Kd] OFERZBWEZ L,
FROMED D B LK =06 TY, 72725MHb, [Kd] DEFERTH 2 link symmetric
group DFETIEH D FHATU 7z, M5 KECEGER CIXERED MR Z H-> T
DT [KL, SW], 2 XD DOFELROMPMERTIED D £3, BREHN S, HEcH
DR IZEGER TR L BEDFHIEL EAX5TL &5, LU Euclid BAE 2000 4
A EDE S BRFADEL D & 2 THEDFRA RN E B RO B VWEHLEXTVET,
A ZTHHDOFIFRIEBHEAT I,

AR PR R (P EE R A AR, R ED S AR VY bW EE L, &
ERIA VP TRTREEEZZSRNTTY, 3OMHILT, HIZHEE LT &,

EEESEAE LD (1) Seifert surface DR YD FiD* 5 symmetry D3R A 72N 7
PEMIZEA K D (2) Main Theorem 1 (ZBEIZ H 555 TH 5 [Sa2l,
PERIEAE & D (3) (1) FIFR. symmetry 2352 % diagram Rz K10 72\ [Sal, Sa3),

TUL 7,

DARG, FIAHBEALL [Wa] (2 [Kd] iIZ2W T T W2720W2Z bbb £ L7z,
Main Theorem 1 D HEd 3 <HH 303, EGHDFEHD & 5 SCERA R 272 5 72
T, RO CWrZ&EFE L,
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