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Complex	induced	by	spherical	curve	
and	RI,	RIII		

Nota1on	
C	:	the	set	of	the	ambient	isotopy	classes	of		
					the	spherical	curves	
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	Nota1on	
C	:=	C/				RI	
[P](∈C):	the	equivalence	class	containing	P	

2 Megumi Hashizume

領域

交差

C
2C

ψ(H)
ϕ(H)
c
∈
|H|
G
|G|
Nodd

M ∈ M
|M |
M
M := {M ∈ 2R|ϕ(M) = C}
Bi

B0

B1

B2

Bn

i
(0 ≤ i ≤ n)
|Bi|
|B1| = 4
|B0| = 8
|B2| = 4
|M | = 3
|R|
Z2

, . . . ,
dim(Imψ) = dim(Imϕ)− 1
Imϕ = Imψ ⨿ (C + Imψ)
̸ ∃
≡
∼=　同相
≃　同位
pictures

On the image and the cokernel of homomorphism 9

結び目の数学 2017講演
Title:
On equivalence classes of spherical curves by Reidemeister moves I and
III

Abstract:
球面曲線に対して，交差の上下の情報を無視した Reidemeister moves
I, II, III (RI, RII, RIII と書く) を考える．２つの球面曲線P , P ′が与え
られて，それらがRIとRIIIで移り合うときに同値であるとみなす．この
同値関係による同値類は無限個あることが知られている ([H-Y], [I-T])．
しかし，そのどの１つも決定されていない．本講演では，単純閉曲線
を代表元に持つ上記の同値関係による同値類に関して講演する．更に，
ある球面曲線が同値類に入るための判定条件に関しても述べる．本研
究は伊藤昇氏（東京大学）との共同研究である．

[H-Y] T. Hagge and J. Yazinski, On the necessity of Reidemeister move
2 for simplifying immersed planar curves, Banach Center Publ. 103
(2014), 101–110.
[I-T] N. Ito and Y. Takimura, On a nontrivial knot projection under
(1,3) homotopy, Topology Appl. 210 (2016), 22–28.

Let P, P ′ be spherical curves. Suppose that P, P ′ are reduced spher-
ical curves. Then the following conditions are piarwise equivalent
(A) P ′ is obtained from P by applying a sequence of deformations of
RI, RIII and ambient isotopy.
(B) P ′ is obtained from P by applying a sequence deformations of RIII,
α, β and ambient isotopy.
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⊔

α
β
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I, II, III (RI,RII, RIIIと書く) を考える．球面曲線とRIとRIIIを施す
ことから誘導される複体を考える．本講演ではこの複体を考えるにあ
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K3:	the	1-complex	s.t.		
							・{v|v:	vertex	of		K3}　　　C	
							・v,v’	(∈C)	are	joined	by	an	edge		
	
										
	
	
	
d3([P],[P’]):	the	distance	from	v	to	v’	
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Result	1	
	P:	a	spherical	curve	
	DP:	knot	diag.	obtained	from	P	by	adding	over/	
							under	informa=on	to	each	double	pt.	of	P	
	Kalt(P):	an	alternaing	knot	which	possesses	DP		
											that	is	an	alterna=ng	diag.	
	K:	a	knot	
	g(K):	the	genus	of	K	
		

	Then,	d3([P],[P’])≧|g(Kalt(P’))	-	g(Kalt(P))|	
RI,	RIII	

	P													P’	　	

N.	Ito	and	Y.	Takimura,		
Crosscap	number	and	knot	projec=ons,	Intrnat	J	Math.	29,	No.	12	pp21.	



Proof	of	Result	1	

Key	deforma=on	

+	

-	

-	



Def	(RI-minimal)	
A	spherical	curve	P	is	called	RI-minimal	if	P	does	
not	contain	a	monogon.	
	
	
	

Fact	1[Ito-Takimura]	
For	any	spherical	curve	P,		
the	RI-minimal	spherical	curve	obtained	from	P	
is	unique	up	to	ambi.	iso.	
	
	

N.	Ito	and	Y.	Takimura,		
(1,	2)	and	weak	(1,	3)	homotopies	on	knot	projec=ons,	
	J.	Knot	Theory	Ramifica=ons	22	(2013),	1350085,	14pp.		

P	 reduced(P)	

Preliminaries	
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d3αβ(reduced(P),	reduced(P’))	
		:	the	distance	from	v	to	v’	
	

Complex	induced	by	spherical	curve	
and	RIII,	α,	β	
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Key	fact	
d3([P],[P’])	=d3αβ(reduced(P),	reduced(P’))	



Lemmas	
Lemma	1	
Α	+	consists	of	β+(1),	RIII,	β-(0).	

RIII	

+	



Lemma	2	
P,	P’:	spherical	curves	
	

																									⇒		g(Kalt(P’))	-	g(Kalt(P))=1	
	

	β+	
	P												P’	　	

Lemmas	

	β+	

alterna=ng	



Lemma	3	
P,	P’:	spherical	curves	
	
	
	
	
																																		⇒|g(Kalt(P’))	-	g(Kalt(P))|=	0	or	1	
	
																																		⇒	g(Kalt(P’))	-	g(Kalt(P))	=	0		

single	strong	RIII	
	P																												P’	　	

single	weak	RIII	
	P																												P’	　	

Lemmas	

strong	
	RIII	

weak	
	RIII	



Proof	of	Lemma	3	
s(P):	the	num.	of	the	Seifert	circles	of	Kalt(P)	
n(P):	the	num.	of	the	double	points	of	P	

⇒|g(Kalt(P’))	-	g(Kalt(P))|=	
																																																			

|s(P)-s(P’)|	
2	

=	0	or	1	

single	strong	RIII	
	P																												P’	　	

=	

Χ	(P)	=	s(P)	-	n(P)	
	

1-2g(Kalt(P))	
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strong	
	RIII	

|s(P’)-s(P)|	
		=2	

s(P’)-s(P)	
			=0	



⇒	g(Kalt(P’))	-	g(Kalt(P))	=0		

single	weak	RIII	
	P																												P’	　	

Proof	of	Observa1on	3	

weak	
	RIII	 s(P’)-s(P)	

			=0	



			|g(Kalt(P’))	-	g(Kalt(P))|	
=	|g(Kalt(Pm))	-	g(Kalt(P0))|	
=	|Σ	(g(Kalt(Pi))	-	g(Kalt(Pi-1)))|	
	

≦	Σ|g(Kalt(Pi))	-	g(Kalt(Pi-1))|	
	

≦	d3αβ	(P0	,Pm)	=	d3([P],[P’])		
	

Op2	Op1	 Opm		P						P0						P1					・・・     Pm							P’	　	

m	

i=1	
m	

i=1	

RI’s	 RI’s	

Proof	of	Result	1	

=	 =	

reduced(P)	 reduced(P’)	 Opi=RIII,	α	or	β	



K:	a	knot		
a2(K):	the	2nd	coefficient	of	Conway	poly.	of	K	
P:	a	spherical	curve	
Kpos(P):	a	posi=ve	knot	which	possesses	DP		
											that	is	an	posi=ve	diag.	
	
	

K,	K’:	knots		
d△(K,K’):	△-	Gordian	distance	from	K	to	K’		
	

Result	2	

△-move	

N.	Ito	and	Y.	Takimura,		
(1,	2)	and	weak	(1,	3)	homotopies	on	knot	projec=ons,	
	J.	Knot	Theory	Ramifica=ons	22	(2013),	1350085,	14pp.		



	
	
		#	of	strong	RIII’s	of	a	seq.		
				of	length	d3([P],[P’])		
	

≧d△(Kpos(P),	Kpos(P’))	
≧|a2(Kpos(P’))-a2(Kpos(P))|	

RI,	RIII	
	P													P’	　	

Result	2	

⇒	

In	par=cular,		
	
		
		#	of	nega=ve	strong	RIII’s	of	
			a	seq.	of	length	d3([P],[P’])		
	

RI,	weak	RIII,	nega=ve	strong	RIII	
	P																																																						P’	　	

=		d△(Kpos(P),	Kpos(P’))	
=	a2(Kpos(P’))-a2(Kpos(P))	

⇒	



Corollary	of	Result	2		

	

	#	of	nega=ve	strong	RIII’s	
	of	a	seq.	of	length	d3([P],[○])		
	

≧	u△(Kpos(P))	
≧a2(Kpos(P))	

K:	a	knot		
	u△(K):	△-unknoong	num.	of	K	
	



Then,	
	d△(Kpos(P),	Kpos(P’))≧|a2(Kpos(P’))	-	a2(Kpos(P))|	
	

Proof	of	Result	2	

Fact	[Okada]	
K,K’:	knots	
If	K’	is	obtained	from	K	by	a	single	△-move,	
	then	|a2(K’)	-	a2(K)|=	1.	

M.	Okada,		
Delta-unknoong	opera=on	and	the	second	coefficient	of	the	
Conway	polynomial,	J.	Math.	Soc.	Japan	Vol.	42,	No.	4,	1990.		



By	[Polyak-Viro	‘94],	a2(K)=〈						,	GK〉.	
Then,	by	nega=ve	strong	RIII,	a2	is	increased	by	1.	
Hence,		
#	of	nega=ve	strong	RIII’s	of	a	seq.		
of	length	d3([P],[P’])	is	increased	by		
a2(Kpos(P’))-a2(Kpos(P)).	
	

Proof	of	Result	2	

・	

△-move	

M.	Polyak	and	O.	Viro,		
Gauss	Diagram	Formulas	for	Vassiliev	Invariants,		
Interna=onal	Math.	Research	No=ces,	No.	11,	1994.		


