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O(n?) time algorithms for computing Jones polynomials of certain links

Masahiko Murakamif Masao Harat Seiichi Tani® Makoto YamamotoT

i

[13, 4] THZE SNz 2-bridge links, closed 3-braid links, Montesinos links @ Jones polynomials
ZHET 270D XLOFEIFRE M LIETET, N5 ORTIIIE O(n?) K TH 3 HERT.
ZC T, n i AJI0D Tait graphs DU ET 5.

1 1FC&IC

FH U HEGR Tl A H O BRI DAICZ < OARZEMER T NI N TS, J.W. Alexander
[1] (& Z AR TR HEZR Alexander polynomial ZHEZ L TW2 D, HAZGAETH &[[ U Alexander
polynomial ZHDIEHIHGAE T HMHI SN TS, Jones polynomial [7] (E#EHHDDFHICBNT KO HH
TH2 EIFFENHEEIN TV, LH. Kauffman [8] i& Kauffman bracket polynomial Z 7z EE Y%
SRR L TW A, Kauffman D575 V% & Jones polynomial & O(n) XOZIHKRD O(2°0) [ald
FETEIRENS. T T, nldAJID Tait graphs DELE 9 5. F. Jaeger, D.L. Vertigan, D.J.A. Welsh
[6, 16] i&—f%IC Jones polynomial DFIFHIE #P-hard THSHHEZRLTHED, REDGH, FREURH L
THH2ENTHEIN TS, K. Sekine, H. Tmai, K. Imai [14] l& O (2‘9(\/5)) D7 )V 3V XL %
LTW5.

AR, KA EICEZ YRR & 5T 7256 D Jones polynomial D& #H AT EOWMIEDNEATH 5.
J.A. Makowsky [9, 10] & AJJD Tait graphs OAKIEAVER THIFR E N TV 5857313 Jones polynomials
W2 TEAR CRMARE TH S 2R LT\ 5. J. Mighton [11, 12] 1Z A 1D Tait graphs OABEANE L2 T
H B5%131& Jones polynomials & O(n) KDZIXD O(n?) MIDOZHXDOHE THAMGETH S HZ2/RL T
5. M. Hara, S. Tani, M. Yamamoto [5] l& arborescent links @ Jones polynomials i& O(n) RDOZIHAD
O(n?) MDZIHADHE TRIERRETH 2 F 2R LTV 5. M. Hara, M. Murakami, S. Tani, M. Yamamoto
[13, 4] i& 2-bridge links, closed 3-braid links, Montesinos links ¢ Jones polynomials (& O(n) XD ZIHK
D O(n) BIOZIHXDFHE THAFRETH 5 HEZ2/RL TS, T. Utsumi and K. Imai [15] (& pretzel links
® Jones polynomials i& O(n?) I CEHAEARETH 2 H2RL T 5. Y. Diao, C. Ernst, U. Ziegler [3]
1Z AJID nested closed tangle diagrams @ tangle depths W& EETH %51 Jones polynomials 3%
HERRFECTRIAEMEETH S HE2/RLTED, KT, pretzel links, 2-bridge links, Montesinos links 235
Conway algebraic links @ Jones polynomials l& O(n?) Kl TEIEARETH 5 HZ2/RL TV 5.

AFRTIE, [13, 4] THZEE N7z 2-bridge links, closed 3-braid links, Montesinos links @ Jones polyno-
mials 25159 % 7))L 3V XLOFATHERZ N LE ST HT, ZN5DETHRIE O(n?) K TH 5 Hz
RY.

2 #fm
R3 IZHIDIA T NI BT R n AOHMIPAMRRIE n 2D link TH . 157D link & knot ThH 5.
link diagram 13 link O R3 DS FEHANDHFEK T, RTOZELAUILZAD FNOEHZER: > 7o Rk 2 —
HHTHD. & HEHEIT crossings EPEEN, link diagram LD crossings DL c(i) TET. B
EHEZ 5Nz link I oriented link T 5.

& 2.1 Kauffman bracket polynomial 1& link diagram OEEN BEE A OFFH O —F 0 ZHEATEAN
DEHTHD, link diagram L ZLLFOZEEZET (L) € Z[AF!] NE T,
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(i) (O) =1
(if) (LUO) = (-472 = A?)(L)
(iii) () =A()()+A7H(x)

TTT, O3 crossing DIV knot diagram TH Y, LUOIE L & O DIGHOMENFITH 5. (iii) IcH
WT, 3D0D link diagrams (Z/REN TV AR MO EILIANEE—TdH 5.

iR 2.2 (£ED n ZRD link diagram O Kauffman bracket polynomial DXEE O(n) THREUZ O(2") T
H5.

oriented link diagram L 0 writhe w(L) i3 L @ crossings DFFSDOAF THB. T T TRIFSISEHIN
ICIX 1 DRRICERENS.

EE 2.3 oriented link L D Jones polynomial V(L) &L FORRICER SN S.

V(L) = ((~a)" ) e Zjtt1/?,

)t1/2:A72
T T T LI L O link diagram T V(L) 1& L OED HIZ X SERVHEPHI SN S,

link diagram V5% 5N jz & &, link diagram IC X > T SN FHOSMEEE, R TRVEEIX
He L, BER2HAT 23R 0ICE2RICHERD 20 THED TS, TOLE, THAZ RO
E, 7% crossing ZHAG 9 2 HOGEE FOTEAENIC & D, BlORF 52 EEINICK 2 ORRICERES 5. TD
FRSAIF S D DWW 75 7 % link diagram @D Tait graph EPES. Tait graph O & link diagram
O crossings DEFFEL {75 %.

< @BXX
KX A

1: crossings D= 2: Tait graph &#&ADRFS

tangle 1% link diagram O—57 TILph, LR, FEPH, FERO 4 DOLRZHFD (K3 B . ZmD
e 2 ROMEE RN 575 % tangle I& 0-tangle TH D, LEOEEL LIS LT, 0-tangle & k [Hlfz o> 7z
tangle I& k-tangle TH 5. TN5I integer tangles THO I}, £EKT (K3BH) . a1,...,a, ZEHEL,
Io,,. .. 1., 5B 3 Dk tangle 1& rational tangle TdH%. X 4 DR link diagram % R(aq,. . ., am)
L L, 5 Ok link diagram % B(ay, ..., am) £ 5. 11, Qimysee s Gty Gy, 0 ZERET 5.
110D rational tangles 15K % X 6 OkEZ link diagram % M (aq1, . . ., a1, |-+ |ai, - - - @iy |Ja) & U,
7 Ok7% link diagram % N(au, ey Qi | A, apm,) £ B M(au, e Qg | @i, Ay ) 1
M(an,...,a1m1|~«|a11,...,alml|\0) L9 5.

BB 2.4 a1,...,0m, Q11,0 Qg e e QUL e e iy, 0 2 FERLE T B

(i) e(R(a1,...,am)) :C(E(al,...,am)) = lay| + - + |am]
(ll) C<M(a11a--~7a1m1|""allw--yalmlHa)):|a11‘—|—---—|—|a1m1‘+...+|al1‘+_”+|alml|+|a|

(iil) e(N(a11,-- s Qimy| |, -y Qim,)) = lan] + -+ + |aim, | + -+ an| + - - - + |aim, |



0-tangle 3-tangle (—2)-tangle m WATE m IMEE
Integer tangles Rational tangles

3: tangle, integer tangles, rational tangles

m IMEEL m DAL m IMEEL
) X 5: E(ah...,am)

6: M(ait,...,a1m, | lai, ..., am,|la) 7o N(ai1, .. @im, |- la, ... aim,)

i EE 1 DD crossing D L7Z2 D ED crossing O FEIH S 7AW link diagram OifE U 725870 77
overpass EME5 (X8 ) . link diagram @ bridge number 7% link diagram O overpasses D
£9%. link D bridge number %% ® link DT link diagram @ bridge number Di/h& 9 %. bridge
number ¥ 2 TH 3 link 1§ 2-bridge link T®%. Tait graph G = (V, E, s) ICLL FOEM =TT ve V
MFAET B8k link diagram % 2-bridge diagram & PSS,



(i) G —v & path TH 3.

(il) G — v OWHHEA GITBNT v ICHET 3.

(iii) GICBIF B v DIFEEDIIFE w i LT, Wilisd u & v TH2ETOUDFFHIEEFELL.

(iv) FEDue V- {v} IZRHUT, GIZBIZREN2 THB L E ullHElid 5 2 ROADFFHFIFELL.
(v) v I& loop 727500,

7D 2-bridge diagram LIS LT, R(ay,...,am) = L L5 2RRED] (ay, . .., am) 270D 2-bridge
diagram @ normal representation & WESN. normal representation [ —HE THEWVHFICHEEINLWL. (ITE
@ 2-bridge link (& 2-bridge diagram ZFFDOFENHISN TS [2].

braid X HWCEFHMDOEETH D, FAt 2 ROIKERBICEN > THED 2 KOBOB DR &
LEE5E1ETDORD>TNS (K9IBS . AEED braid I3 LT, SHORZK 9 ORICKATZE
D& braid D closure TH O, closed braid link £S5, 3 KDFMM 5755 braid (& 3-braid THO, ZTD
closure l& closed 3-braid link Td%. Tait graph G = (V, E,s) WlZKiTz720) 2 THEOD graph TH 2
DUF D&Mz iT23 v € V DMFEET S 8E7% link diagram % closed 3-braid diagram & W5,

(i) G—v RHETH%.

(i) GICHT B v DIEEDMRE u ISH LT, filiEs u & v THERETOUDFFHIHELL.

(iii) {EED u e V- {WHIHLT, GICBI B3I 2 THB L% u lTHkid 5 2 ROUDFEEE L.
(iv) v i& loop ZF =750,

LD closed 3-bridge diagram L ICH LT, B(ay,...,am) = L ER5BEEEG (a1,. .., am) BFD
closed 3-bridge diagram @ normal representation &5\. normal representation |&—= THRWIHICHE
TN, ATED closed 3-braid link I& closed 3-braid diagram ZH§D.

I3 ETHEED G =1,...,0, j =1,...,m THLUT m; W 3LLEDAE, a;; M0 THRVLEE,
M(all, ey @iy | lag, - g, ||a) (& Montesinos diagram T& 5. (ai1, .., Gimy |- lait, -« aim, ||a@)

% % 0 Montesinos diagram @ normal representation &5, normal representation (& —& THRWIHICTE

FE Iz, Montesinos diagram Z D7 link 2 Montesinos link & PS5,
> \—- E;\L (l\k/
\ : \ ) \/

L \\ \—_
‘\ v ”\ v
overpass Fi K 7% overpass 3—braid 3-braid @ closure
8: overpass & MiK7% overpass 9: 3-braid & closed 3-braid link

. + (=AY o (At n>0
anil_(_A) = 0 n=20
1— (—A%
_(_A4)71_(_A4)72_“._(_A4)n n<0
4



3 Jones polynomials D&

[13, 4] THEEE N /z 2-bridge links, closed 3-braid links, Montesinos links @ Jones polynomials %559
57)0dV) ALOFL TR Z RN LIES. 20 77)baY)) A LI 2-bridge diagrams, closed 3-braid diagrams,
Montesinos diagrams @ Tait graphs 55 normal representations ZHRJERE THEZE L, Kauffman bracket
polynomials %2 O(n) XDZIHXD O(n) HOFHF TFHET B HEARENTVS. AfiTld, TO7)LIY
ALDBYEOFTRE Z T LIEL, TO7)Vd) XLMN On?) K TR T 2HZRd. BRELT,
2-bridge links, closed 3-braid links, Montesinos links @ Jones polynomials l& O(n?) Kl CRIERNHETH
5. TTT, nidAJID Tait graphs DiIE LT 5.

EE 3.1 ([13, 4]) 2-bridge diagrams, closed 3-braid diagrams, Montesinos diagrams O Normal repre-
sentations 3 ZTNHD Tait graphs M5 O(n) K] TAtEAEETH 5. T T, nl&ANID Tait graphs D
W TH 5.

LU 0ifii{bz(id 2-bride diagrams, closed 3-braid diagrams, Montesinos diagrams ¢ Kauffman bracket
polynomials DHEZR L TW5. TN H Dbz W59 K > T 2-bride diagrams, closed 3-braid
diagrams, Montesinos diagrams @ Kauffman bracket polynomials [&ZRMNCFIETTRETH 5.

B 3.2 ((13]) (EEOBEG] (a1, am) 1S LT, LUFOWLRIHD 1D,

(R(at,...,am))
Aal(iA*Q _ A2) _ (7A)73a1+2Qa1 m=1
_ Avz(—A=3)a1 _ (— A)=3a2t2QQ, (R(ay)) m =2

At (=A== (R(ay, ..., am—2)) — (—A) 3 T2Q, (R(a1,...,am-1)) m >3

A 3.3 ([13]) EEOEED (ay,...,am) LT, LUFO@AERAL D D,

(Blay,...,am))
(—A~2 — A%)(R(ay)) m=1
= A®n(B(ay,. .. am—1)) — (—A)39m+2Q, (R(ay,... am—1)) m 1 2 L EOEE

A (Blay,. .. am-1)) — (—A)"3@+am) 20 (R(ay, ... am_1)) m i3 3O

B 3.4 ([4]) (TEOEEBIOT] (a1, ..., avm, |- i, - awmy) &R a 1K LT, LUFARED .

(M(a11,. -y aim, |- law, - ., aim, ||a))

— A“(M(au, e 70‘,1ml| s \alh e ,alml)> — (—A)_3a+2Qa<N(a11, .. .,a1m1| e |a11, . .,alml)>

B 3.5 ([4]) (TEOBEBIOT (a1, ..., avm, | i, ... ammy) LT, LUFOWHERAH D 17

(M(a11,. -y @imy |- lai, oy aim,))
(=A%) l=1/Dm =1
(—A3)an <§(a12, e Qi ) l=1MDmy >2
AN (11, .. @imy |- |G—11s - - - G—1m, )
B —(—A)Bat2Q, (M (a1, arm, | |@—11, o Gm,_ ) 1= 2D my =1
- (=) A=3antai (M (ayy, ... aim, | |@i—11, - - Gi—1m,_, )
—(—A) B9 t2Q, (M (ary, - .., a1, |- ) 1> 2D my =2
(=1)@mi=r A=3atm =t atm (M (ayy, ... Gy, |- a1, - - Gimy—2))
—(—A) B 2Q, AM(ar1, .. Gty o, Q1)) 1> 20Dy >3



R 3.6 ([4]) EEOBRIION (a11,...,aum, |- lan, . am) CH LT, LUFOWHERAIK D 110

(N(ari, .. aimy |- la, - aim,))
<R(a117 .. a1m1)> =1
(Aall AQ) (—A)73all+2Qa“) <N(a11,...,a1m1|"' |al,11,...,al,1ml_1)> l > 273\9 m; = 1
_ (— )a”A 3“””’2<N(011, 1y | @t Gty )
_(_A) 3a12+2Qa 2< (alla-~-7a1m1|"' |al1)> > 2 MDD m; =2
(_1)alnzl 1A 3aim;—1+aim, <N(CL117 A alm1| . |a/ll) A alm1—2)>
—(—A)_ga”’”HQa,ml (N(ai1, s aim, |- lais, -, Gim,—1)) 1 >2MDm >3

PR @ procedures & 2-bridge diagrams, closed 3-braid diagrams, Montesinos diagrams D normal
representations M5 X 5Nz L x, #iE 3.2, 3.3, 3.4, 3.5, 3.6 Db X% HTZD Kauffman bracket
polynomials Z&HRINCETET 5. procedures DFEATHI, 2% Kauffman bracket polynomial I&54 1[5 LA
AR LR,

Procedure bracket_2—-bridge
Input: An integer sequence (aq, ..., ay).
Output: The Kauffman bracket polynomial (R(as,...,am)).
Compute (R(a1));
if m > 2 then Compute (R(a1,a2));
for i := 3 to m do Compute (R(ay,...,a;));

Procedure bracket_3-braid
Input: An integer sequence (aq, ..., an).
Output: The Kauffman bracket polynomial (B(ay, ..., anm)).
Compute (R(ay)) and (B(as));
for i := 2 to m do Compute (B(as,...,a;)), (R(a1,...,a;)) and (R(as, ..., a;));

Procedure bracket_montesinos
Input: A sequence of integer sequences (a1, . ..,a1m,| - |an, ..., am,) and an integer a.
Output: The Kauffman bracket polynomial (M(all, ce Qamy | lar, - Qi || @)
Compute (]/\\4/((111, oy am,)) and (N(aq1, ..., a1m,));
fori :=2tol do
for j :=1to m; do
Compute (M(au, ey Qi | |G, - a45)) and (N(ai1, ..., a1m, | |ai, . .. L))

Compute (M(a11, ..., Qimy |- lan, -« aim,||a));

I 3.7 Procedure  bracket 2-bridge ¥ Kauffman  bracket  polynomial (ﬁf(al,...,am)) ¥
O(c(R(ay, . .., an))?) K THET 3.

SEBH C @ procedure O EITRER DN 2175, Bl 2.2, 24 KO, FED i = 2,....m LT,
Qa,(R(a1,...,ai 1)) & (R(ay,...,a; 1)) 5 O(lag|(|lay| +- - +|ai_1])) BRI CRHERTRETH 5. 1t THl
320, (R(ay)) 3 O(ay]) BT, (R(ay,a2)) & (R(a1)) D5 O(laz|(Jar|+ |az|)) KT, fEED i =

L mISHUT, (Rlay,...,a:)) & (Ras,. .., ai_2)), <fz(a1,.. cai=1)) 25 O(|ail(jar | + -+ + [ai-1]))
B CRHEARETH . K5I E LT, T procedure & (R(ay,...,am)) % O(c(R(ay, . .., an))?) HHET
FHET 5. O

FEH 3.8 Procedure  bracket.3-braid 3 Kauffman  bracket  polynomial  (B(ay,... an)) 7%
O(c(Blay, . .., an))?) FHETEHET 5.



SEBA C @ procedure D EATHRERI DN 2175, B 2.2, 24 KO, [EED i = 2,....m I LT,
Q,h( R(ay, ..., ai—1)), Qa,(R(ag,...,ai—1)) & (R(a1,...,ai—1)), (R(ag,... a; )) M5 O(lai|(Jar]| +

ot g |) BRI CRHEATRETH . Wi 3.2 X0, (R(ar)) 1& O(ay|) BT, (R(a1,az)) 1& (R(ay))
M5 Olag|(lar| + lag])) FERIT, FEED i = 3,....m IKHUT, (R(ay,...,a)) & (Rlay,. .., ai_s)),
(R(ar,...,ai—1)) M O(|ai|(Jar |+ - +|ai_1|)) BRI CEIERTRECH . #i3.2KD, (R(a 2)) (& O(|as|)
T, (R (a2,a3)>6i(§(a2)>b‘5 O(las|(|az|+|as|)) BT, LD i =4,..., mIcHLT, (Rlas,...,a))
& (Rlas,...,ai—2)), (R(as,...,ai_1)) 5 C’)(|ai\(|a2|—|—~-~+|ai_1|))ﬁ\if'aﬁ’(njr%7 ETHB. K> THE

l

3.3 K0, (Bla)) & (R(a)) 25 O(|ay|) BT, FED i =2,....m LT, (Blay,...,a)) &

(R(ay,...,ai—1)), <E(a2,. sai-1)) 5 O(lail (laa] + -+ + lai—a ) BRI CHEIIRETH B, HRELT,
T 0 procedure 1& (B(ay, ... an)) % O(c(Blai, ..., am))?) B TEET 5. O
EIE 3.9 Procedure bracket_montesinos & Kauffman bracket polynomial

(M(ar1, ... a1, | lan, - a|l0)) % O(c(M(arn,- . arm, |-+ lan. ... am,|la)?) B G
T 3.

SEEA T @D procedure DO XATKEM DA Z 17 5. M 22, 24 KXo, [TED =
2,...,l, j = 2,...,m; WX U T, Qu,(M (all,...,alml\-~-|ai_11,...,ai_1m171)>,
Qa, (N (all,...,a1m1|---\ai,u,...,ai,lmFI» = <M(a11,...7a1m1|-~-\ai,u,...,ai,lmiil»
(N(a1,. .. sty | - l@ians s @i ) 5 O(laa|(lan |+ -+ arm, [+ e[+ +aiam, 1)
W T, Qa,; (M (a117...7a1m1|"'|ail7...,aij_1)>7 Qa,,; (N (all,...,a1m1|~~|ail,...,aij_1)> =8
(M(ax1, .- am, |-+ laits - aij—1))s (N(a11s ..., Gim, |- Jain, . aiga)) A5 Ofagl(lan| +
ot arm, | o+ Jaal + oo+ Jago]) RRET, Qo(N N (@11, -y Gy |- A - amy)) &
<N(a11,.. Qi | |a11,.. cim,)) 5 O(lal(lar ]|+ -+ |arm, |+ +laa |+ -+ ai;|)) R TEHERA]
RETH S, EF3TED, (Rlary, ... a1m,)), (Rlaiz, .., a1m,)) & O((lagy|+- - - + |aim, |)?) R CEFER]
BeTHB. o THiI3A,3.5,3.6 LD, {TEDi=2...,1, j=2,....m \<HLT, (M(a,...,a1m,)),
(N(an,...,alml» F (R (a11,-.-,&1m1)>, <R(a12,... a1m1)> M5 O(lan| + -+ + laim,|) T,
<M(a11,...7a1m1|-~-\ai1)>, (N(alh...,alml\---|ai1)> & (M (au,...7a1m1|-~-\ai,u,...,ai,lmiil»,
<N(a11,...,a1ml|~--|ai,11,...,ai,1mi71)> 5 Oaa|(lenn] + -+ + lawm,] + -+ + lai_11| +
+  ai—1im, 1)) R T, (M(all,...,a1m1|~~~|a¢1,aig)>, <N(a11,...,a1m1|~~\ail,aig»

)

& (M(a11,- -y Qimy |- |@ic11s ooy Gimimy_y ), (M(a11, -y a1my |-+ |ai1)),
(N(a11,. .- a1m, |- |@i11, s @Giim, )Yy (N(a11,- . aim, |- lain)) D5 O(awn|(an] + - +
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o+ aim, | + o+ aal + o0+ agi—a]) KERIT, <]\7(a11,...,a1m1\-~-|a11,...,al,,,”||a)> =8
(M(ay1, .. atm, |- lan, - amy)),  (N(ar1s-- s aim |- lais - am,)) D5 O(la|(jars| + -+ +
latm,| + -+ + laia| + - + Jag]) FEITEEAGETHZ. #HRE LT, TD procedure (&
(M(ayy, ... a1m, |- |, am ||a)) %2 O((M(ays, ... a1m, |- |ais, - . ., @i, ||a))?) BB T EHE

9B, O

% 3.10 2-bridge links, closed 3-braid links, Montesinos links ® Jones polynomials & 2-bridge diagrams,
closed 3-braid diagrams, Montesinos diagrams @ Tait graphs N5 O(n?) K CEIENHETHS. T T T,
n & AJID Tait graphs DI TH 5.

4 F&H
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polynomials 25159 2 77 )L 3V XL O(n?) K THIfFS 5 F2/RL T4, TO7)L3Y X LIS
NS EIRIR 2T TR FEEE R TH D, KT TN S D Jones polynomials ZRNZRINCFHRAIRETH 5.
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FUNCTORIAL EXTENSIONS OF KNOT QUANDLES

TETSUYA ITO

1. INTRODUCTION

This paper is a primary report of author’s work about knot quandles. The details
will appear elsewhere in the future.

A quandle is a set () with a binary operation * which satisfies some axioms.
In this paper, we denote the inverse operation of * by *. We call a pair (Q,h)
consisting of a quandle @ and its element h € Q pointed quandle. A morphism
between pointed based quandles (Q, h) and (P, %) is defined as a quandle morphism
f which satisfies f(h) = i. We denote the category of pointed quandles and the
category of quandles by PQ, Q respectively.

For each knot K, one can associate a quandle Qg, called the knot quandle.
It is known that the knot quandle distinguish all knots up to orientation. More-
over, using the (co)homology theories of quandles, the knot quandle provide a knot
invariant called a quandle cocycle invariant [CJKLS],[CEGS].

The aim of this paper is to provide a functor-valued invariant of knots, which
extends the knot quandles and shares many good properties. We introduce the
quandle invariant functor I : PQ — Q for each knot K. This functor is a
generalization of a group-valued invariant of knots, studied by Crisp-Paris [CP]
and Wada [W]. By considering the associated group of our quandle invariants, we
obtain these group-valued invariants.

We construct the quandle invariant functor by three different methods. The first
method use a representation of the braid groups derived from a pointed quandle,
which generalize the Artin representation of the braid groups. In the second method
we use a knot diagram, and define the quandle invariants by giving generators and
presentations. This construction extends the classical presentation of knot quan-
dles. This point of view is useful when we extends the quandle cocycle invariants.
In the third method we provide a geometric construction of quandle invariants as
the fundamental quandle of a pair of topological spaces.

Our main results are summarized as follows.

Theorem 1. Let K be a knot. Then there exists a functor I : PQ — Q having
the following properties.
(1) For the trivial 1-quandle Ty, I (Ty) is the knot quandle Q.
(2) Hi(Ix(Q,h);Z) = Hi(Q;Z).
(3) If (Q,h) is a finite pointed quandle, then there exists a homology class
[K]o.n € HE (I (Q, h);Z) determined by the knot K. [Klg, = 0 if and
only if K is unknot.

This research was supported by JSPS Research Fellowships for Young Scientists.
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2 TETSUYA ITO

The existence of the characteristic class [K]q  implies that we can define a
cocycle invariant using (generalized) quandle homology theories as in the classical
knot quandle case [CJKLS],[CEGS].

We remark that although we restricted our attention to knots, but one can easily
generalize the above main results for links with appropriate modification. In this
paper, we do not give any proofs. However, once an appropriate formulation or
definition is made, then the proofs of main results in this paper is not difficult.

2. QUANDLE INVARIANT FROM BRAID REPRESENTATION

Let (@, h) be a pointed quandle and Q*™ = Q1 * Q2 *- - - *Q,, be the free product
of m-copies of ). For each element g € ), we denote the corresponding element in
Q; C Q™ by q;. The representation associated to the pointed quandle (Q,h) is a
homomorphism pg j, : B, — Aut (Q) defined by

Qe Qrr1 * B
PoR(Ok) 4 Qrr1 — Qi * hpga
% — ¢ ([(#kk+1)
By considering the associated group of ¢ which we will denote by Ass(Q), we
also obtain a representation pf, ; : B, — Aut (Ass(Q*")). This representation is
explicitly written as

ar b Qb
Pon(0) 19 a1~ hesiqehy
¢ — ¢ (iFkk+1)

and coincide with the Artin type representation of B,, associated to the pair (Ass(Q), h),

which is defined in [CP].
For a n-braid 3, we define the quandle invariant I3(Q,h) by

I5(Q,h) = Q" {lpe.n(B)(a) = ¢1q € @}

For a pointed quandle morphism f : (Q,h) — (R,i), we define a morphisms of
quandle invariants Ig(f) : Ig(Q,h) — Ig(R,4) by [Ix(f)](q:) = [f(¢)];- Then the
correspondence /g of pointed quandles to quandles defines a functor Ig : PQ — P.

Theorem 2. If the closures of braids 3 and o represents the same knot, then Ig
and 1, defines the same functor. Thus, the functor Ig defines a knot invariant.

3. DIAGRAMMATIC DESCRIPTION OF INVARIANT QUANDLE

We give an alternative definition of the quandle invariant functor by using knot
diagrams.

Let D be an oriented knot diagram, which is a projection of a knot on the plane
having a transverse double points together with the “over and under” information.
We indicate this information by breaking the under-passing segment. Let A(D) =
{A1,As,--- A} be a set of large arcs, which is an connected component of D.
Each large arc A; is decomposed to subarcs a;1,aiz2, - ,a;x by removing the
double points of D. We call these subarcs small arcs of D, and denote the set of
small arcs by SA(D). For a small arc a, we denote the large arc containing a by A.

Let (Q,h) be a pointed quandle and Q™ = Q4 * Qp * - -+ be the free product
of m-copies of @, where each copy of @ is labeled by the large arc of D. For each
q € @ and a large arc A, we denote by g4 the element in Q4 C Q*™ corresponding

10



FUNCTORIAL EXTENSIONS OF KNOT QUANDLES 3

to g. First of all, we define the coloring map ¢, : SA(D) — Q*™ for each element
q € @ by the following way.
(1) For a small arc b which contains the starting point of the large arc B, we
define ¢4 (b) = ¢5 -
(2) At the crossing point z, we put small arcs a, b, V', ¢ as in the figure 1. Assume
that we have defined the value ¢4(b). Then we define ¢4(b’) by
cq(V') = ¢4(b) * hp if the crossing x is positive.
cq(V') = ¢¢(b) * hp if the crossing x is negative.

FI1GURE 1. Small arcs around crossing

Now we associate a relation R(z;q) at each crossing point = and ¢ € Q as

Rz {

Now we define the quandle invariant Ip(Q, h) of a knot diagram D as the quotient
quandle Q*™/ U, ¢ R(x;q).

Theorem 3. A quandle Ip(Q,h) is a link invariant, and it coincide with the
invariant quandle I5,(Q,h).

cq(c) = cq(b) * h4 if the crossing x is positive.
¢q(c) = cq(b) * hy if the crossing x is negative.

This definition of invariant quandle functor is useful to study the homology
group of Ip(Q,h). For an oriented knot diagram D, define a 2-chain (D) €

C5 (In(Q. h); Z) by
(D) = Z 25(33) {(cq(a),hp) — (cq(b), hB)}.
geEQ =
where = runs all crossing points of D and a,b are small arcs as in the figure 2.

a b b’ c
\/ X
b ¢ ¥ Ny
FIGURE 2. Definition of 2-chain (D)

Proposition 1. (D) is a cycle and its homology class [D] € HY (I (Q,h);:7Z) is a
knot invariant. Moreover, [D] = 0 if and only if D represents the unknot.

We denote by [K]g  the homology class [D] and call it the (Q,h)-fundamental
class. If one consider the trivial 1-quandle 77, the Tj-fundamental class coincide
with the orientation class of knot quandle Q defined in Eisermann [E].

Using (Q, h)-fundamental class, now we extends the quandle cocycle invariants
for our quandle invariant. Let X be a finite quandle and ¢ € Cf?(X ;G) be a G-
coefficient 2-cocycle of X. For each ¢ € @ and a morphism p : Ix(Q,h) — X, let
us put p, = pocy: SAD) — X.

11



4 TETSUYA ITO

For each crossing x of D, we define a weight W (x, ¢; p) at the crossing x by
W (z,q; p) = e(x){¢(pq(a), p(h)) — ¢(pe(b), p(hB))}-

where e(x) is +1 (resp. —1) if = is a positive (resp. negative) crossing. The
(Q, h)-extended quandle cocycle invariant is defined as the sum of all weights

o e(D) =Y TITIW@. ¢r) €zG)

P qEQ T

where x runs all crossings of D and p runs all morphisms p : Ix(Q,h) — X. By
definition, the (@, h)-extended quandle cocycle invariant is described as the pairing

®(Qm.6(D) =D {p([Dlgn), [¢]) -

P
Thus, we obtain the following.

Theorem 4. The (Q, h)-extended quandle cocycle invariant ® (g py,4(D) is a knot
invariant and its value depends on the cohomology class [¢] € H%(X; G).

Especially, Ti-extended quandle cocycle invariant is a classical quandle cocycle
invariant of knots defined in [CJKLS]. By the similar method, we can also ex-
tend the generalized quandle cocycle invariant defined in [CEGS] using the (Q, h)-
extended fundamental class.

4. SPATIAL REALIZATION OF QUANDLE INVARIANTS

Finally we realize our quandle invariant as a fundamental quandle of a pointed
pair of topological space. A pointed pair of topological space is a triple (X, A, )
consisting of a topological space X, its subspace A, and a point x € X\ A.

First we review the definition of fundamental quandle, introduced by Joyce [J].
Let N={z€C||z| <1}U{zeRcCC|1<z<5} Wedenote by —) the
pointed pair of topological space (N, 0,5). The fundamental quandle Q(X, A, *) of
a pointed pair of topological space (X, A, ) is defined as the homotopy classes of
the map f:—() — (X, A, ). The isomorphism class of the fundamental quandle

Q(X, A, %) is independent of a choice of a base point , so we simply denote the
fundamental quandle by Q(X, A).

Under some conditions, for example, in the case A is a codimension two em-
bedding, we can define the notion of positive intersections. The positive funda-
mental quandle QT (X, A, *) is a subquandle of Q(X, 4, *) generated by the map

f+—() — (X, A, %) which positively intersects with K at the point f(0).

Let K = ﬁ be a link represented as the closure of an n-braid 5. and @ be a
positive fundamental quandle of a pointed topological pair (X, A, ). For an element
h € Q, we take a map f: —() — (X, A4, *) be a map which represents h. Now we

construct a topological pair whose positive fundamental quandle is isomorphic to

Ik (Q,h).
Let D bea2-disc D={z€C||z|]<n+1}and P ={1,2,--- ,n}. The positive

fundamental quandle Q1 (D, P) is the rank n free quandle. Let g; : —() — (D, P)
be a map as in the figure 3. Now glue n-copies of (X, A, ) along N; by the map

12



FUNCTORIAL EXTENSIONS OF KNOT QUANDLES 5

gi_1 o f and let us denote the obtained pointed topological pair by (Z, S, *). Then
the positive fundamental quandle Q7 (Z,S) is isomorphic to Q*".

For a circle C; (resp. Cjy1) in D which encloses p; (resp. p; and p;y1), we
denote the half Dehn twist along C; (resp. Cji+1) by 7 (resp. 7;11). Let
T, = Ti_ST;lln,iH (See figure 3). Then the homeomorphism 7T; is extended as
a homeomorphism of the pointed pair of space TZ : (Z, S, %) — (Z, S, ).

FicURE 3. Maps g; and T;

Lemma 1. The homomorphism ® : B, — Aut(Q*") defined by o; — (T7). is
identical with the associated braid representation pq p.

Let B : Z — Z be a homeomorphism which corresponds to the braid § and
(M(Z),M(S),*) be the mapping torus of B. Then the total space M(Z) has a
torus boundary 0D x S!. Along this torus boundary, we glue a solid torus so that
{*} x St is identified with D? x {point}. Let us denote the obtained pointed pair
of space by (2, M(S), *). This is a space which realizes our quandle invariant as a
positive fundamental quandle.

Theorem 5. The positive fundamental quandle of (2, M(S),*) is isomorphic to
the quandle invariant I (Q,h).

By this theorem, we obtain geometrical meanings of quandle invariants in special
cases. Let F'@Q, be the rank n free quandle generated by ¢, ,g,, which is a
positive fundamental quandle of (D?,{n — points}). Thus, from theorem 5, we
conclude that Ik (FQ,q;) is isomorphic to the link quandle @ ), where K™ is
a n-parallel of the knot K.
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FEHIED Alexander quandle lcHIF3
quandle % homology EDRE

Briy B (LR BTSSR

i

FEHIE, FFRBNTED Alexancer quandle D quandle % homology #HZ 2 TIE LT & TH S, FFC
iR quandle DY, [7] 12X % the delayed Fibonacci conjecture Wk E %, E 5IT cohomology
HEIEL, ZOAEIT LI5S cocycle RTDRIRE L 2 7. Z LT, AIREAS Alxander quandle M D%
homology #fAY | M| T annihilate TN25HERLTZ. FIET LTV 2+ 8] ZBEI iz,

1 Introduction ERHE=

Quandle &iF, BEX DO ZTc T 2 FHAE TEXR I NS. HIR quandleX X
L C, Quandle (co)homology A J. S. Carter, D. Jelsovsky, S. Kamada, L. Langford, M.
Saito IC K> THEHAINZ [1]. ZDOAFREBT—0D 2,3 XIF 4-cocycle 52 BN & &
classical knot *® 2-knot @ quandle cocycle MERNER TN TV S (Gl (1, 2] F25
M), 96> T cocycle NERZRIHE T % AI1CId, £ D quandle (co)homology ZiRiE L cocycle
e BARIICEE IR T 2 FHITEETH 5. T .Mochizuki I&ABRA D Alexander quandle D
BOD 2- & 3-cocycles DETZIEL TS [5, 6]. —7, R. A. Litherland & S. Nelson
3 AR quandle O quandle homology O H HIES7#E & f2NE 7 FE 2 784 L 72 [4]. &RD
quandle homology I W TIE M. Niebrzydowski & J. Przytycki A% quandle homological
operations Z&%L T4 [7]. J. S. Carter, S. Kamada, M. Saito & X-color {i} & &t
knot diagram & quandle homology @ cycle & DGR E BN TS [2]. D cycle & &
JIT cocycles & D pairing AY, RXIT 2 DERIC knot DARZERE U THHRFEN TN .

2 FERER

D b7zisE Z2, FRERIEET R p MDD Alexander quandle IC351F % quandle # homology
ZIRELIZHTH%. Alexander quandle &%, Z[T*|- it M & “H#HE v xy = T +
(1-T)y LOMTH%. K&, L p 208 & T 27 quandle X &, Pw (£0,1) € Z,
T X =Z,[T|)(T —w) W5 8D Alexander quandle IC[AMTHZHENHEN TS [3].
DY T AiF quandle DEOHTIEEFALN DIRE > > 7 )V7E quandle £V A 5.

EE 2.1. X =Z,|T)/(T —w) % Alezander quandle £$%, TTTZ,>w #0,1"&93%.
e % wDMEET B2 CTDLE, X O quandle % homology BElE HE(X;7Z) = LIy T
Y HL(X;Z) =7 THB (n>2), TTTEI b, BRTHREENS:

bn-‘,—?e = bn + bn+1 + bn—i—?a bl = b2 == b2e—2 - 07 and b2e—1 = b?e =1

1w=0,1EFEL. EVHIDE w=00D¢Z, quandle DNIIETEZET, w =10 E X BHAMH quandle THZ0HTH 5.
*2OFD, we =1 AESENOHREE e EBOTNS.
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HEDETZ, TD cohomology HEEETREL. ERBITTH % cocycle I EARMN7RFIub 2
ATz FIdHI 6.2 THA%.
75 THBEMDO#EAE R Alexander quandle D% homology D27 HEZ 58 < FHM L 7z.

B 2.2. M ZHRM OGS Alerander quandle £ 3 %. BB Z[TH| L LT M =
(1-T)M &5 %. TD&EE homology Bf HY(X;Z) DIEEDITIE M| 5 THAS.

4T HO(X;Z) DEHRESZ, EH 2.2 ZilHT 5.

3 EBEDRE, WKOHDER

homology BFMHAICK W w = -1 DEFICEHLEKS. 2D L E X ZZHE{K quandle
EWVo. (T2 &% the delayed Fibonacci conjecture MR ENS.

% 3.1. ([7, Conjecture 5]) X 72fifl p &9 % itk quandle 9 %. TDEE quandle ¥
homology (& HY(X;Z) 2 Z& Zh THO HY(X;Z) = Zh £75% (n>2), TTTh, &
bn+3 = bn+2 —f-bn, b1 = bg = 0, & bg =1 bliof(ﬁié

Proof. e =2 TH%. R Fy(x) = 30,0, bir' € Z[[2]] ZBIIE, @ 2.1 &Y

bt 4 box? 4 bya® 4 byt x® + 2t 8

Fb(l‘)

= = . E.D
1 — 22— 23 — 24 l—a2—23—2¢ 1—x—23 Q

& T 1-knot *° 2-knot @ quandle cocycle FERICHBWV T 2,34 ROKET Y —HEE
TH3, XORIZE, MK quandle DHANEH TH % F2EKT 5.

% 3.2. X =Z,[T)(T — w) 2 L&D Alezander quandle 3 %. HE L w # —1,0,1 D& X
n=234ICHL HYX;Z) =0 TH%. w=—-10DLEF, HY(X;Z) = H (X, Z) = 7,
TH%. EBIT 4R cohomology HY(X;Z) = 72 THY™, RD cocycle THERENS

bao(a,y,z,w) = (x —y) - (2(2 —w)? — (22 —w —y) — (y —w)?) /p,
Yyq(z,y, z,w) = ((x —2y+ 2P+ (x—2) —2(x — y)p) . (2wp —(2z —w)? — zp)/pQ.

Proof. HitEld w # —1 M5 2e — 1 > 41c & b. BLEIBEDE 6.2 h5bhB. Q.ED

ETATRICEERZIIZT, EH 22 LMHFOMRZ LT 5. EHKIC X > THifS &
Alexander quandle M IZ%f L T%Z® quandle homology AR TH % EARENT VS
[5, Theorm 1.1]. %7z [4, Theorem 1] IC K> T, H,(M;Z) A |[M|" T annihilate N %%
WRENTWS. FEH 221 M| =3 DADIGEE [7) TRENBD, IO TREINT
We:

*3 3K cohomology B HY (X;Z) & Zp WEBITAT [5] THIBNTVS.

2
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% 3.3. [7, Conjecture 16] X 72 X = Z,[T]/(T —w) &S BD Alezander quandle &3
%. TDEE HP(X;Z) X p 5T annihilate TN 2.

CNFER 22 KOHSENTH S, DLEZEETE ANE, &8 2.2 OFFME, BEFORGHE & i
ORI CH D, 2070 LBLHEL THWEEnHAH 5 LbNn%s.

RIAIC, EHE 2.2 & Alexander quandle FiEDHRTH 5. DF D Alexander TlI 7R i
#i AR quandle X 1K LT, H,(X;Z) » |M| T annihilate N2 LR 5ZWV. HIZE [2,
Example 2.2, 2.5] D5 quandle QS(6) 23 <. |QS(6)] =6 THH ZDH homology 1
H2(QS(6);Z) = 7/247 TH %, HlB 6 T annihilate N7,

4 GBRESE Alexander quandle M IZX9 % HY(M;Z) Digh

AREIOHEE, 8 2.2 ZEIHT 2H THS. M %z Z|T*]-hnkf& U Alexande quandle #§
iwx ANS. £9 chain B CE(M;Z) % n-tuples (Uy,...,U,) € M™ THKT 2 HH Z N
FEL 9 5. 0, 72 zertomap &L, n > 2 I L TRTEDS.

On(Ur,---U,) = Z ((_1)i(T'Ula-"7T'Uz'—laT'Ui+Ui+17Ui+27'-~7Un)

1<i<n—1

— (=)' (U1, ... U1, Ui + Uiy, Uiga, ... Uy)). (1)

0,00, = 0N S. EHI, CH(M;Z) 2, 1<7i<n-1TU,=0&%% (Uy,...,U,)
THEKT 27 MEEE T 5. #59 complex 125 DT, TDO complex & CY(M;Z) &
m<.

3jif%i 4.1. @*%ﬁ&\@ Ty = U1 — UQ, A o e Un—l — Un , Ty 1= Un &jhci, /1, 2/0)
ERE—ETS. O naive AN EZZE L EHICTS (4, 6] TERDNTNS).

Proof. AEH#HE, FER Y —REBTHR CHDMRTHS. £ M WER Z[T, T '-hkt
DT, Hyolt Z[T, T -REEEZ AN S, BiEEX O M = (1-T)M TH205,1-T
2B M OWTEER 5.

RIC pty : CE(M;Z) — CE(M;Z) Z2— 5% M™ — M"™ (z — (0,0,...,0)) THi
KENBEDET D, T TTYXLRERZREZEDS.

DU, Un) = (0,..,0,(T = 1)y, U+ (1= T) 'y, Uppa, ... Uy).

yeM

D) Uy, U) =Y (0,0, (1=T) "y, (T = 1)y, Uy, Ujir, .., U)

yeM

o592 LEERITANOREZGDHENTES:

Y (1 (Gusi(D5 4 = Dig) + (Dioy i = Dol 0)0a) = (—1)" M| (idonarz) — pto)-

1<j<n
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ThHa0o HE(M;Z) DIEEOTE | M| 53l —mEm%, LML CY(M;Z) DESFRD
5(0,...,0) 3FLTHE 0D, AHANKD S, Q.E.D

5 TEH 2.1 LDFIERAAE

X, EH 2.1 ORFHSGEEBRRS. LTFOMTE X = Z,[T/(T —w) ZOi% p ©
Alexander quandle & U, e %z w DN & U, EET 5. £9%H3.3 T HI(X;Z) M p 5 TH
ZZENPEICNA S, 16> T HY(X;Z) $HRRXIT Z,-vector 2 & 75%: DFED b, € Z
MH->T HI(X;Z) =2 TH%. §it>T HL(X; Z) DRIT2PHE T EAUSEEE 2.1 DFEH]
W& %. Z T T Ly- 78D quandle cohomology Bt Hp(X; Z,) ZiN2HICT 5.

%9 cohomology REHC A% 52 %. BB, 1D cohomology H™O(X) &5 %,

Hy(X:Z,) = H"O(X) & ' O(X)  (n>2)

TR Uiz, HUROEE 1 O REEY (i 6.1), AT H”(O)( )%ILC#”J’T’@“%(
). HHC, 20T dim (H"O) (X )) ) b#ECHEICTRE b, = (n> 1) THIHENE
eI 5. 22T A, =% + 9 + 0 o U K,
TR T2DICRD K 5 7% cohomological TEFZR7% 6.2 fi CEET %:

ﬁn_26+4 . Hn—Qe(O)(X) ® Hn—2@+1(0)(X) ® Hn—2@+2(0)(X) N H”(O)(X). (2)
AKX CTIRBH L WERTH LD, TNDFEBTH S HEZR U (H 7 TR, K-> Tai
2.1 DFFANE D . T ONEHCHID , LUROHi Tt LT <,

6 Quandle cohomology BN R TDECh
ETC, [6) IV X = Z,[T)/(T — w) D quandle cochain ZE&KL XS . n > 11X LT

CoX)=1{> ai.i Ul Ur €LUy,... . U]| 1<iy<p—1, > ip=d},
1<h<n
&L CY(X) =17, £9%. coboundary map ZRXCTEHKT %: n>1& feCHX)ITHL,
5n(f)(U1,U2,"' ,Un+1) = Z (—1)i_1f(W'U1,...,W'Ui_l,u)'Ui+Ui+1,Ui+2,...7Un+1)

1<i<n

=Y (DT Ui Ui + Uit Uiga, - Un), (3)

1<i<n

EL G 2T ETS. THLwI=1DEF,(CHX)) CCHX)THY 6,0106, =00
EMNDH5NS. TD cohomology DEFE, ZDIyT2 KT LK.

H'O(X):= @ H}X), :=dim(H"O(X))

d: wi=1
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T5ERDESIC, Fi#D quandle cohomology & DX ISz Rg HMNHIK .
M 6.1. HY(X;Z,) = H ' O(X)@H"O)(X) Th 5. FiT dim(HB(X;Z,)) = e+
1> T, quandle cohomogy #f H{(X; Z,) Z#N\2 21 H"O(X) ZP0Ed uE Kv. FE,

62 () V=c” =1, ThHo =0 for1<n<2e-—2.

(1) ) = 05?,)2%2 + cg],)geﬂ + 0510226 forn > 2e.
REITE (I1) OEOREH G E 2R S . (1) 1&Z OFEHOEH THE 6.7 T/REINS.

6.1 ZEff@: cocycle DEgRICHELZIENTH
cohomology Bf H™O)(X) DRIt E 7% cocycle RTHEALRLE S . KD THBNEZIHEK
2O OHETT B, FFBIHR B, (Unaior, Unai) € Zy[Un-ai1, Un o] ZEFHT 3

(=™ P g0 (Un-2ir+w Up2i)’ = (Un-2i1+Up-2:)" + (1= U} ;1) /p

= > J W -0 Uiy, (mod p).

1<j<p-1

ZLTC, w# —1ICHLT, 2O B, OREBALLS:

Eﬁ—26+3§n<Un—26+37 R H E:; k2k+1 n—2k+1, Un—2k+2)- (4)
1<k<e—1
L w=—10DHAEICE B e, Z2EBEHEX B2 € Z,[U,1,U,) £T 5.
7z, Fo(Up, Uny), G2(Up, Upir) € Zp[Up, Unyr] ZRTHEDS.

F(UpUpn) = > 5 (1=w"9) U2 - U, (mod p)
2<5<p—1
= (w(Un + w_lUn+1)p + (Un = Upgr)? — (1 — w)U,f)/p (5)

G (Un,Upi) = Y 3 G+ D) (I—w™) - UF7 - UL

1<j<p—-2
= (Up+Uni1 )P —0(Up 4w Upi )P = (1—w)UP (10 HUPH ) /p - (mod p).
6.2 Cohomological operation & cocycle MEEiHd

DB U722 2> T, TOHITIE, £3RD cocycle 5 ERD cocycle 72 ik
T 5601723052 XK5. KIZ, TOMAKZ & > M cohomological operation Z/EF T 5. &
FENDABEE 225 K200 d 5 (EH 6.6). wRIZIC, cocycle MT D 3PN E % H 27BN
5. COMITIEHEDOABIC, m=n—2e+4 &L d =d+2p—ep &L
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B 6.3. fms€Cl_) ((X) 7% (m—3)-cocycle LU, Up_3 THINZ LTS, TDLE,
Fes(Ut, o Uns) - Uno - B2 (Up, ..., Uy) € CHH(X),

& n-cocycle THZEMNHENDHNS.

Bl 6.4. frua € ChTi (X) % (m —4)-cocycle &9 %. T2 ERE n-cocycle TH%:
frea(Un, o Una) - B2y (Un—s, Up—a) - B2 (U1, .., Uy) € C(X).

Bl 6.5. fr.o Z (m — 2)-cocycle & U fro(Ur,...,Upno) = fl_4(Us,....,Up_4) -
B (U, Up—) EWVSTEERGET S, §% &R n-cocycle TH%:

Fonoa(Uty o Uncs) - Gy 3 (Un—3.Un—a) - B3y (Upiza, - Un) € Cy(X).

ETC. TD3PFIMERD K S IR B 5 RAD cocycle [HOUERTIDRERR T Z %
U s 24 (X)BZ5 ) (X)e(2571 <X>mcsf:§p_1<x>.E;&3) — Z;V(X),
Qo (frn—a fn—3s fnea - Erng) = (fm—a - Fyi s + fn-s - Un—2 + fris - Gos) - Bl picn
EHEFTRENS, THUd coboundary IS RNV EDES DT, Q,, ERZFHET S:

Qusers s H*O(X) @ H M O(X) @ H*>PO/(X) — H"O(X).

EE 6.6. n > 2 ITHL, Q90 BEARTHS.
FE 6.7. mE 6.1 05 HY(X) & H'O(X) @ H1O(X) Z B0, B Q,  © Q,
(FEIED quandle cohomology HE(X) EDFRML cohomological operation 252 % .

EE 6.8. 1 < 0ICH LT cochian B CH(X) 2 {0} £BL. T2 LEH 6.6 13TED n >0
THIELWT EAVRENS. CVUX) = HO(X) Z, THBME, E->T, EH 6.20 (1)
IRENBHICKRD: C(O)—cge)l—l and &) =0 for1<n <2 —2.

R 6.6 OFFIAIERENCHI L, B8 6.6 DEFEEIBND. Q,, DHERITIEEK D, cohomology
B HO(X) QXD B EN D TEEL, BRI TES. TNEWLT 35,
n—cocycle DS Coc© % n DIRFETHEBEL TV, 7 Coc?® 2 1ez, £

DRI 0 < i< 2 — 1ICHL Coc?©@ BEEAL TS, T Coctt®) = (U, - Eyy, , €
026 (X)) &8 FLTn ORINEX D n-cocycle DEESERTERT %:

ep—p+1

" (0
Coc,” @ (0) .= ={fu-2e F oo By 26+3<n‘f" 2 € Coc,” 21«’}
w,(0)

U {fn—26+1 ’ Un—2e+2 ’ En—2e+3§n|fn 2e+1 € COCn 2e+1

1
U {fr—2et2 Gﬁ—2e+1 : E:—Qe—l—?)gn/Ew 2@+1|fn 2e+2 € COCn 2e+2}
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T T T fogers) By € CP2(X) THBFICIEET 5, ThU Coc ), , DEHD BIF
WINCHON D, T2 LEH6.6 NDROZREES.

% 6.9. H"O(X) & Coc® Dyric & b #EMIICER S NS, & BIT quandle cohomol-
ogy HH(X;Z,) & Coc@ U Cocr ) 12 & > THIBMILICEK E NS, TTT Coc) %
H{ (X Zy) Do BRCEZ 2 FOHR S DREHE T L7 2 b [8] Z#HBE RS0,

7 T 6.6 DIEEA

AEHD T AT 1 71 [6] ICHEDE, TN — KD n I modify L72EDTHS. TOHITIE
n>2lw=1%2EET S, EM6.6 ZEHRT DRIMHEEZOTHMLTHEZS. Nl
DOHEER (6) 2B XK 5. I XD coboundary map §,_o; DEAZEMEZEZ S

M(X) = {gp-1(Ur, .., Un2) T 51 lgp-1 € Cp=20(X), Snai(gp1) = (=1)"(1=w")-gp1}
Z L CTRD coboudary TH|- FzpiZefiiZz & 2 %.
M. o= M /Tm(6,_s;) N M

f € Ci(X) % n-cocycle £§ %, fi € Cy ) (X) % fO U - Uy OFfBETS. $5L
cocycle S&MEMD 6, o(f1) = (1)1 —w™ 1) - fL DEEND SN DT, Y[R

¢:ZMX) — MY X) F(U, ... U) — fi(Uy, ... Uy_s) - UPZ} (6)
5 2%, 3T5ERINREINS*.

®E 7.1, ¢ BHERE 6 H1O(X) — M. (X) ZFET 2, 51 ¢ EARTHS. O
WEAG M) — Z0(X) (gpr -TP | v gp1 - B B HZ25N%.

n—1

EFMD MOX) 5 Z0(X) &0, M 7.1 6, O weight Z—D shift Lz LRI TE 3.
e ML(X) — MY X) 252 K5, gpa(Un,. .., Upoi) - Ul gy € ML(X) 235K
<CZT g]/)—l 7 9p—1 D Ug:;i,lU,%_gi O)'f%iﬁkﬁ—% %{q: é"n—Qi(gp—l) = (_1)n(1 - w_i) "Ip—1

PB Gynia(d, ) = (1)1 —w™iY) - g BHEDDENB DT, ROWEFREZ 5.

n

O;: My(X) — MINX) (gpa (U, Unoi) U gy = Gy (Uns - Unoaicn) U5, )
BET72. 1<i<e—21cHLT. 0 BHERK O, : M,(X) — M, (X) ZkET
%, EHIC 0, RAMTHZ. TOWEMHR MIH(X) — MUX) & (gp1 TV g, +—
9p—1 - E:’_i%_l(Un,gi,l, Uani) 71\)\65’2 %ﬂ%

BRI, 28 6.6 2R T FeIciE, Faod B4 (7) AL % HE R K. ZAhicid
£, KXRD cocycle 5, 6,,(9) = (=1)"(1 —w) - g ZHi/z T LK g ZHELT UL I,
1 6.3, 6.4, 6.5, ZBEICKRD 3HTZF N =TT

* p =3 DL ERYAKRDHYL [6, Lemma 3.17] IC K O/REN, M 7.1 137D modification TH 5.

7
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fm—?) € Cm}f_sfl(X) 7b§ (m - 3) - COCyCleu = g := fm—3 ' Um—2
fm_a € C",L__QLP(X) N (m — 4) — cocycle, = g:= fma-F2 4
n B 3(Up—3, Up_2) I n — cocycle, = g:=f _, -G _,

> T, ROBBMERE NI LICRS:
B Zy o (X) @ 25V (X) @ (25 20N (X) oy, (X)) - Bly) — Mgt (7)

/—p—1 m

& 7.3. WA O, 13 D, : H2O(X) & H210(X) @ H2+20(X) — M, (X)
EHET S, X5, BEAMTHS.

DED=D0m#E 71,72 73 25 L. HEND
Qngera=(9) "o @;1 00, 1 ° Py,
L0, KR ERE 6.6 MREHE NIcHIC RS, BEIOHRZ R TIUIRDK E RS,

H2(X) B¢ (Un—2i, Un—2i+1) E“(U,_2,Un,_1)
¢ B0 £
AW \ /" \ ey /\ N\
M A A VA VAV VA
D e
HEP(X) o Up o U014 UL, OFRBERS
N DREE LS
BE 3k
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Lens surgeries on k> £k +n =0 (p)

PHE A
(AR R AT IS )
JSPS Fellow(PD)*

B E

L RZEMFM DT —< TERD K 5 HREEHZ & > Ttz LT\ 5,
DFSCHOHESRM) EDO XS BEUTHDT— Y FHic K> TL > A2z EHH T
2)[L > RZERDHESEMF) L > RZEMHND S3 NDFEUTHDT— > Filih 515851507
2 [T — Y FliD variation D) iz, U Z DL > AZEMZ2E2 KT HIIZWN?
3 RETRY—ERkME LD L > XZERFMOHESRM) £z S3 IR 5T D R0 Y —ERKii ¢7— > Filiz
E% & DIEfaTh?

CNET) OEHE 52 EDIE Berge HICK>TIHOENT Wz, TOWFHERTIE 2) BXU 3) 1B
% RIS B ER IR E 2 R E B TV liWnTe,

1 L XZERFEM

LV ZZEFRC OV TOREARIAZ L LHTHL, Y 2R ERY—HKiiE 95, TOREDI—IREA
DHUH K 28 %, Y 5 K OEIRIHEZIOBRE . BIOER nbd(K) LMY Yy R F—F X St x D?
THDRT T LICK > TH LW ARG S, 7272, TOROHDERTESRIILL NCIEET %, MO HFE
B ¢: St x OD? — 9]Y —nbd(K)] £ 95 & ¢(pt x 0D?) = plu| + N #ilcd K2I1CT 5, ThzEHEN
BROT—VFMiE VS, TTTp, 2T HOBEIRERE DI S meridian & longitude #2279

DX BT—VFic ko TReE Y =B REn Yy —L v XEMIcZEdT %, TOREOY—L
Y ARZEMMODOARY DL > RZE N —T 20 &0 D BTN L ¥ RZERIFIR OB E WA %, ORI 1
EDT— Y FMIC K> T LY A% 25 12D DN 25258 DTEH %, [TROL >V XZ%EM (MU
D 3 JICERRIE) EMEINT—VFifiziTo T LIc k> THRONS T LICHERET %,

FREDEET ¢ DIz plu] +¢[N] & LTBITIEMEZ p/q DFMiHEENS, Uh UEHE ZEEEUCAS
TLES LHIEUTHD p/q FiTL > X% Lip, q) MENTULE S L, BIZAPBTHZBRNTEA TS
HENTWAHZERNTIZE A EDNBEFMICmESNTLE S (Culler-Gordon-Luecke-Shalen O cyclic
surgery theorem) &WIHIERNHZ N5 TH S, £, BEICLTBIRIRNVT 4+ ALZEZST LT
WOME A TTCERRENDIGHE TE S, TNOEMAIZBEUCIE > TEZASHETH %,

KLV RZEM L(p, q) DHAREB XUHREQ Y —REE Z/pZ TdH 2 MZ ORFRITEARREZ T TR E
570 (L(p,q) = L(p,¢') & q¢=¢ mod p 72l q¢' =1 mod p) THUIMD 3 X2 kklk & 187 i
IZLTW3, BIZIE, YA T )V FZBERIRD K 51— fUTHEABENIEIREE & 75 5 ZHARIE 7 OEARTEO M
ST DR E L THWT Bl LTY —EANDMERRZHNWD LT FIENTEDITEILNDH S,
ZOXIFHTL Y AZEMIENEEZ H B D, TeR DERRARDGIARN S > 7 )V (g1 O —d—)V Rz d
DRE) I TITHIENTESZIET TH %,

E&E 1 Y,(K)=L(p,q) Zimizd (Y, K,p) 2ARDESZ L £ %, p1: L — {homology spheres} %2 Hi—hK
SANDEEET D, TOEE pINY) ' Ly ENL

* T OWZEE AR 0 B OFfB) 2321 TV 9 (21-1458),

1
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Y, (K) IS0 R L St x D2 0a7¥—2 V& K L LT, T—YFHORRETHE VS, —/5. Y, (K)
W% L A2 L(p,q) £ % & L(p, q) DFEE 1 Oe—d—)Vnfif% Lip,q) = ViUV, & LTz E &I,
ViDEBLhDATH =T E c kB, TOLE, K & cBREOAY—IFAELEZBHT LT,

(K] = k[d]

LB ke L)pL EERTE D, (K], [d & Hi(L(p,q)) D generator) TDEE, TNHDY—7 Ui
MEEANTOIRNDT +k DREUNH O, Vi, Vo DEVCHFICE>T Lk k 'modp £55%, KXo TRE
0 Y—EREOFINC K > T Y, (K) = L(p, q) DWEBHENIz L &, e b(p, k) == {k,—k, k™1, —k~'} CZ/pZ
WXEIEEREIND, XLV AZEMND linking ZE X 5 LICK > T k? =¢ mod p DD &
BIERLTHEL, &HsL. K, :={tp, k) CZ/pZ|k € (Z/pZ)*} £BL &

m: L3 (Y, K,p) — tp, k) e K,
ELTL Y RZERTFAMDT— 2O 7z, p; %2 (Y, K,p) D i A NDHE LT %,

2 Berge Ofl

RIC Berge DY ZE Z %,

E# 2 (Berge [2]) YV B —d— VD 20REOY—Bki& L, ZO—d— V% U, uU, £
%o, K CY H doubly primitive knot TH 5 &I1& K e —I—)Vlliim U, N U, D LIS TWT, K AW U;
NG BIAREDO T rank 2 DEHMRE (11 (U;) = Fy, TH 3 ) DERITD 1 DICE>T0B EEENI,

EE 1 (Berge [2]) (V,K) ZREQI—EKMIY FEDH S doubly primitive knot £ 3§ %, TDEE, HDH
Bop MAELT, (V,K,p) € L 755, TOEE plde—d—)LEhmhd, onbd(K) KT HHEZTH %,

I simple A5G HDE&£RZT %,

EE 3 (Berge [2]) L(p,q) DHORKETH L Y simple TH 5 &1d, L 1 O —d—)Vnfif ViU Ve D
% Vi O meridian disk D; (V; \ D; 23-ball) I proper(5i5Hid 0D; ICEHE NS ) MDOHIA AR 2R 2D
D arc c1,co DS ciUcy THKENZEDEWNS,

BEE 1 ([2]) EH 1 TR LT LY X2 OXHE O H K 1 simple knot I isotopic TH %o
simple $5 ' H D isotopy $AIZZ DR EQ Y —MTHRE S C LIFfHHEICON D, £oT
{K,}, '€ {doubly primitive knots}
THO, m &HimZ D5
s:{Kp}p, — L t— (Y,K,p) (Y (& doubly primitive knot surgery)
MEENZ, EERNS mos=1id ThH b,

3 WREMF
CCTHUH (Y, K) BB 2FE p lct LT (Y, K, p) € L 223 172 b DREZEA 72 3 DRI %,
EHE 2 (Kadokami-Yamada [3]) (Y, K,p) € L ® Alexander polynomial A (t) l&.

(£ — 1)(t - 1)

M) = 1)

Zit /(- 1)

W19,
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EE 3 (Ozsvath-Szabé [6]) (S%,K,p) € Lgs ITRHLT

Brelt) = (1" + S (-1 17,

j=1

0<ng <ng <<y =d)

AL RO RYASN

COEHIT S® 72 2(2,3,5) ICEZTEKD LD,

FEHE 4 (Ozsvath-Szabé [4]) (S3, K, p) € L1Z. i-th Turaev torsion \IX LT 7,(Sg(K)) > 0 WD 31D,
ZMHE 2(2,3,5) ISR LT —RICK D 3172700 RIS TRZIRNR S,

4 %IL‘\

F#8 1 (Berge conjecture) Y =
primitive knot ICBE %,

COFD 2 DEFEE Berge B TPHELTED, EH 1 OWOEETH D, —MicT— > Fli s(K) DFET
HEK CcYWZ77AN—UCHTHS T &M Ozsvath-Szabé [6] ICK > THIBNT WS, 77 AN—FTH
DANSE L RZEMZRONETEND Y W EROEDLNTIE e K, IR LT 1) E—iicidE
BAEAET %0 ARMNEINE XN ER,

Berge (& [2] T doubly primitive knot DU A FZ{EK L T %, FDRIEZDY X MIHDUNT Rasmussen
MW7 THEELIZEDTH %,

S3ELLIEN(2,3,5) 5, (V,K,p) € Ly £T2 & (Y,K) & doubly

type condition type condition
(LII) =ik + 1(k?); ged(i, k) = 1 or 2 (VILVIII) E2+k+1=0(p)
+(2k — 1)d (k?); d|k+1ﬁ odd Y .
(111) { (24 ) () dlk—1 5L - odd (IX) p=22j*49j+1(j€Z)
k%); d)2k+1 . . .
(IV) p= { (,ng E 2§ di%fl (X) p=22"+13j+2, (j €Z)
[ 2(k+1)d (K); dk+1d:odd
V) p‘{ (k= 1)d (k2); dlk—1d:odd
TOVUAMRFET BT LI, {6(p, k)|(p, k) BDURAPMCEEND } Cson(Lgs) C Lga THOH. KOk
K TREIN TV 5,
FH 2 (S5, K,p) € Los BOIE 7(53, K, p) 1 EOV XA FDENNICEENS.
CCTEEDHBL,

’ (83, K): doubly primitive knot ‘ = ’ (S3,K,p)e L ‘ (Berge’s work)

’ (83, K): doubly primitive knot‘ <= ’ (S3,K,p) € E‘ (Berge’s conj.)

(0. k) {)-(X)} = [ s(e(p, k) € Lso :»] (p, k) (37EFD 2,34 75:?%7’:—9“\

ZTTHL. ] (p, k) WZEH 2,3,4 &7z d \:»] (p, k) €{(D-(X)} PO LD BIE. TD 3 DDOZEIFEFEIEIC
5%, Frc, EiddU Ak S3 ED doubly primitive knot D52 E U AN THB T &IcKB, DED T 2
MRRE NS, Fiz, FidDV A NI LY A% Lp, q) 8 S% LORUTHDOT— > Flin 518 5N572HD
STERITHESRMICE T 5, TT T, P 2 7Z2REU0N Berge conjecture LR, T DFRRIE Ozsvith-Szabd
M [6] DHIT Conjecture 1.12 c‘i?*abflﬂé LDLFELEDTH B, TOTENRITZLELTE Lo ICF
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W L (8(p, k) = s(E(p, k) WL D DA (doubly primitive knot Y S3 ZELHE—DDFETH T %0
E5MIIRFETEEL,

Flo, FHIHETHO MR Y — IX X Tl TWzZniz & 5 83 Tlda< X(2,3,5) Lol v
RZEI DTN s(E(p, k) € Lsa,3,5) £755 b(p, k) DV AL (Ar)-(K) 21 LTz, [12, 9] ZH K, TDEZ
RO V> TV 5,

[0 k) {M)-(X) or (A)-(K)} [ s(2(p. b)) € Lss U Lraas) 5| (0. h) W8T 2.3 ZiliFe

W | (p, ) WIEHE 2,3 729 5] (0, k) €{(D-(X),(A)-(K)} WD D% B, (A1)-(K) & B(2,3,5)
@ doubly primitive knot D5EEEY AN TH D, L(p,q) M X(2,3,5) DFIMiMNSEENE2HDTELRR
HIESRIC TR %,

T DHRDEE B %5 THIHT 2 T L THEMIELWC L 2HENDZ T ENT T THIET B A1
DNETH %, FIEH LT OFZ R TAIHT %,

5 FEEEZTOIHA

FEHOIDICHE | ZT D, 0< K <pZz kD (Z/pZ)* TOMILET D, TDEE, mp=kk' —17%
Wile T m PMEET %o TT T, o= WD pis p | @2l 2 OF 7% JRFIRENE
a; = —m+ #{] < [1,]€l]z|[qj — ki — C]p S [l,k]z}
LEREENS, TTT. L)z & 1,2 OMOBEOEGZEL., [of, 138 o Z 005 p— 1 ORICHER
L?’:ﬁE}:ﬁk%)o c C’Cg = k’(c— q) +1 (I_’_B%\ A(nl,ng,ng,) = d—§+n1k+n2k’+7ng (l_’_ﬁ<o C@{%é& C~li =

Alexander polynomial a;(K) % cyclic IZ Z IZIERLIZEDEEZ S, T9 L7zT &id Ozsvath-Szabs DA
HFR29(K) -1 <phHHRICTES, TTT g(K) XK OEKETS, COEE, ki=p—Kk LT,

A(nl,ng,ng) — A(nl,ng — 1,n3) = Ek/ (712(]/ + ngk/ +ny + 1) — Ek/ (712(]/ + (713 — ].)k/ +ny + ].)
= Ek1 (ngq' — (77,3 — 2)k1 +ni + 1) — Ekl (’ngq/ — (Tl3 — 1)]61 +ny + 1) (1)

S . £ o _ 1 ez

MWD IID, TT T, Ek/(y)—{ 0 [yl & [1,K]2 Thb,

FE 5 (EER) tcKICHLT, ket CZ/PpZM2%k*> +k+1=0 (p) ZililzT &%, TD (p,k) HiE
23 DFMZmTIET LT 5, TDEZE, (pk)E ERdDY XD (I),(IX),(X) & LLIE, [12] D (A) DE
nMcFENS,

FEIEEHE T ak? + bk +1 =0 (p) ZH729 (p, k) I L TAERZT %,

SEBH ak®+bk+1 =0 (p) WD IIDET %, TTT. a,blFIEOEE LT 2, TDEE, ak?+bk+1—np =0
EEOVDEDET D, &koT BEEIEND 0 —da(l —np) = X* LHR2BMET B, p= XD L F
%, TTTD=0b—4a LB, B, X =2anJ +v &L, J>0,0< vy < 2an £EE2¥HTH 5,
EoT p=and? +4J + L2 BRO D, k= =X — g+ 20 by —ak+b=anJ + 2L LB L,
kky = —1 (p) Zid, E5IC, ¢ =abnd + Y — 0 TH%,
CCTh=1RET S, "X (1) Z#EHEEB L.

Ala —1,m9,1) — A(a — 1,n3 — 1,1) = Eg, (n2q’ + k1 + a) — Ey, (n2q’ + a) (2)
MDD, TTT. ()W -1THBT L. HIEBLDFHEL T,

pl<nad +a<pl+k & (na—1)¢ <pl <nag +asny= [zﬂ +lorny=0,—¢q,---,—(a—1)q (p)

MDD L L TH 2, X/c1 THBHDIE

Nng = [zﬂ and #0,—¢q,---,—(a—1)g (p) or ng=—-1,—q—1,--- ,—ag—1=k,k—q, - ,k—(a—1)q (p)
4
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BRZ. (2] =k + 12000 37,

An)=A(a—1,n,1) £BL, TTTa=2, LT, LOMWELEM 3ICHBWVT, Alexander polynomial
DFFEOHHEN 1 AR TH BT L2 d & ADHIFLLTDEK S ITIRETE %,

TTTqR 2 Ep TROELSREDTHY, =L b e=bol b o @O IR B B M, Wi
Alexander polynomial DFREDHEHEN 1 ZHA B TLEHIDTq = % =nJ?+25"J+ Wiﬁ_nD - W_Tm
THb, "DOnldATH 5,

D A(-1), A(0), A(1), -, £ 285 TH %, 21THIZ Ak —1), A(k), A(k+ 1), , ETXBBH|T
H5

1 [o]=1]=1]---[=1J0]=1]—=171--- —1\0\—1\~'\~~‘
-140( 1,0 }|---] 00O} 1T |0/

éBbZ‘A(p_q_l)aA(p_q)?A(p_q—i_l)a7gA(p_Q+k_1>7A(p_Q+k)aA(p_q+k+1)7 %)

1T lol=1l=1T---T=1TJ0o[l=1]=17--- —1\0\—1\~~~\~~‘
-1{0} 1|0 |-~} 0 ]O] 1| O0]---

¢0;5&ﬁWf%%o:aﬁ@Wﬁﬂ%iA@—mLA@—m+iy~,A@—m+kuaﬁwaQ%b7w3
750 L7 D ZNEBITIE —1 TH B, CTTT (5] =T THEDT, J > 1 L LTEM TSR
2, BOAKR+1),Ak+2),--- JAlp—q—1) L Alp—q+k+1),Alp—q+k+2),--- ,Alp—1) &

[L[o]--Joft]o]---foft]o---JOJ1[Of--- -]

z&%ﬁWT\ﬁuxamAq%ba%wéa:5f1f@b%muﬂfuo%&ﬁo

TTT.oy=10LE, L0 = 8 e i 5 USRS VA B n =1 8780, p =272+ J+1,k =
JTHO, TOHE (2J+1,J)- b—F AECHD p-surgery TIFH5N 5, £leon=192 & 2k2+k+1=1p
THO. 2k +1,k)- F—F AKETHD p-surgery THHN5, K> T, DHIANEZELZDIE y>50D, n>3
THBHT NN B, (v EFETHO. p OEBIHADELENS 4 TH> T 1R5HRBZHMIZTNH T
H5b, )

SEREDORE m I LT,

m(k +1)¢ + 2m = mpn

ﬁ&@ﬁ?ﬁxogmgnJQK%\%n<¢f%60&of{%?}mﬂk+nﬁﬁbﬁﬁo
o, [2] =272 41 THEN5, FCKIIT (4,5) BT Ak +j — 1) DIEZANTRICT S L

10 [-1]-1
110 [ 1[0 [
1 0

001 ][]0 - —1(0[ -1

=10 1] [-1]0]-1

Li5%, TTT. TORZ LD FAHHCHL T & T, Alexander polynomial DRI a;(K) ZEFICHIA
TWVWB T LICHYTZ T LIHRET 5, T LTS THS LEM 3 D&M BREZSVWATHEMN £
COBAITHD > TNE T bbb, KICWDTDRMEDBHNZ M DN THTNL T EICT S,
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(2] :J—i-[%] Thb, oT . n<y+2n+1e2n—1<yDLE, [ =J+1L%
%, TOLE, TD A+ jk) D&

[\ [—1JoJ 1 [ [J-1[J[J+1[J+2][ ] |
0O [ t]Oo]-1]--] 1 JO0] -1 ] 1 [-1]--
1 [—1(o[ 10| - 0] 1 | -

: o | . |o
: ol 1 o] o

J 0] 0 [ 1] 0 | -
J+1 0] 0 [0 1 0 |-
J+2 1] -1 | 1] -1 [ 0 |1

b, BH3INE a; DOLMNDRENL i DA BT LI -1 & 1 AR EIWICHENS, LML, 4. LOED
S5BC(0,§) = +1L,1)D5 (4,5) = (J+1,J+1) ETHICHZ L, 0 2R E 1 L 1MLATNS, T
NUTEH 3 DFEMHFICEDRVD, 5 a;(K) ZFEBNICIERTWS Z EZ2BWHT & TOEDAIIE K OfF
w9 L UTay(K) a01(K),- - ap_g(K) TUABDEEV, 5T, TOHA.

—§+(J+I<:J%)k’+k+1:g (0)
WO NI T8 e 5750, TNEEWT, n =7y =21 DM55N%, DD, p = 14J2421J+8,k = 7J+5
THB, Thid[12] TOHFED A, ITHNST 5,
RIS, y+2m+1 < 4 THBET B, DED, [51] = JTHBET B, TTT —nJ < m O
LE g < 2mTHBEND, TOXSIE mITHLT [M} = mk + 1)+ J RO TD, Fie.

[F] = [27 + 55 + ] =20 + [BF] = 27 DURD D0 JUT A(i + jk) DKT, j = 0 DI % —F Fi

B -1<ikj<0&9%, TOLE, EM 3 2MIERNIRNZHD L

_.J 0 1 o1l---1---
—JH+1| =1 =10 [=1][=-1] - -1 [ =1 =1 [0 [-1
—J+2 ol 1|0/ - 0 Sl
) . 0
—1 ol o] o] - 0 1 0 0 0] o0
0 10 | =1=1] - 0 1 [0 | =1 [=1]-1
L g/fi J-rtjof 12 - JJ=2]J-01[J |J+1] -]

DESEH5B (J+1,0) D5 (J+1,—J+1) OREIH —1 & —1 PN DHD 0 BE TN THED B> TV 3,
DX IR TZ Nz DITiX
n 1 2n —vy—1

Zlle TIN5 RV (T TIEMmOAE B#E), XL Ez LT,
(v+ 1) (v +3)
2(y—5)

MWDV De n lFHFE. KD, vy 34 TE->TIREZAEOED. v=2n-5,2n—9 Z{HHICEIHRT S &,
ENBEMZTI- TR0, BRI,

n <

v+ 13 << (v+1)(v+3)

2 2(y—5)
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B2 (7,n) 2 RDFUE KOD T ORGSR 4 < 17 DD IH, L R L 155 n L0
RT7EHFET T ET, (v,n) = (9,11), (13,11) 72 HERE 3 DZMEIiT29, D ZICTHUE Berge DU A+ D
(IX) & (X) IEXHg BT EMbhnd, [

COMATERTTh=1&¢ a=2 LoD D a € N,b € Z ITH LTI ZDEMIC 752 % YA U &
3 A ERB S C LIETE BT TH S,

6 HiET
TOXIBEMFEESTHFEEIECOREEF LIz e, SILAKK, (EARRRICEHNZLET,
AWFZE ORISR BRI (21-1458) I K> TV & T,

7 BUBOHEITO[13] DEENDHRE
WEAEFE DRSO H OECA T O “L > RZEMM 535N KRER Y —EKii/e b NI A\DIT AV b
FIRE 1 ([13]) Mg Z & D RER Y —EREICE doubly primitive knot WFIET 20 ?

FRE 17169 %, L(31,10), k = 16 &ML 2 & DZ kA LD doubly primitive knot @ 31-Dehn surgery
ZLTHR5N%,

fic® L(43,10) % L(55,31) & ZNZ N Mazur type D homology sphere W+(0,6) (A = —2) BX T,
WT(0.9) (A = —2) @ doubly primitive knot IC{G> T2 FMNIC K> TIHESON S, TORIFE [1] 1K B, KT
Z 5D homology sphere D bt — I — LT 2,

L > 22D simple knot % Tl L T T & % ZHAD AhFGHE X E D X o BRiE & DO ?
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On the knot Floer homology of some satellite knots

Yuanyuan Bao *

Department of Mathematics, Tokyo Institute of Technology

In this note, we make use of some ideas in [3] to study the knot Floer homology of a class of
t-twisted satellite knots K", with companion knot K C S® and pattern knot P,., r € Z>q and
t € Z. We prove that the knot Floer homology of K tP " has two features: The Alexander grading
of the knot Floer homology of K’ tP " is determined by the pattern P,; The homology itself on the
top grading is determined by the filtered chain homotopy type of CFK (83, K) when [t| >> 0.
As an important application, we calculate the Seifert genus of KtP " forallt € Z.

1 Introduction

P. Ozsvath and Z. Szab¢ [10] defined a homology theory to oriented closed 3-manifolds, known
as the Heegaard Floer homology or Ozsv/zigl—Szabé homology. Precisely, the associated chain
complex to a 3-manifold M is denoted C'F'(M), and its homology H F'(M) is proven to be
a topological invariant. When considering a knot K in the 3-manifold M, P. Ozsvath and
Z. Szabé [9], and J. Rasmussen [11] respectively noticed that K induces a filtration to the
complex C'F'(M), and they proved that the filtered chain homotopy type of the filtered chain
complex is a knot invariant. When M = S3, let F(K, m) C CF(S?) be the subcomplex of
filtration m, m € Z. Then we have:

0C-CF(K,m)CF(K,m+1)C---C CF(5).

The associated chain complex is @(53, K,m) = F(K,m)/F(K,m — 1) and its homology
is denoted HF K (S3, K, m). The homological grading of the homology group is renamed
Maslov grading, and the new grading induced from the filtration is called the Alexander grading.
The group
HFE(S* K) = @ HFK;(S% K, i),
1,JEL

where 7 and j are Alexander grading and Malsov grading respectively, is called the knot Floer
homology of K. The Ozsvath-Szabé 7 invariant is defined as:

7(K) = min{m € Z|i, : HF(F(K,m)) — HE(S?) is non-trivial }.

Given a knot K C S® and a non-trivially properly embedded simple closed curve P C T,
where T is a solid torus, we let K} denote the ¢-twisted satellite knot with companion K and
pattern P. Let A (T") denote the symmetric Alexander-Conway polynomial of K. It is known
(see [4]) that

AKtp(T) = AK(Tp)-AOtp(T). (1)

Here O denotes the unknot, and p = [P] € H;(T,Z). It is proved in [7] that the Euler charac-
teristic of the group OFK (83, K) coincides with Ag (T).

In this note, we study the knot Floer homology of (53, K) for some given patterns. Our
one purpose is to see how the relation (1) is reflected on the level of knot Floer homology.

This subject has been studied by M. Hedden in two cases. The (p,pn + 1) cabled knots
were studied by M. Hedden in [2], where he showed that the Floer homology of the cabled knot

“Email: bao.y.aa@m.titech.ac.jp
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depends only on the filtered chain homotopy type of C/‘FT((S?’, K) for [n| >> 0. In [3] M.
Hedden completely calculated the knot Floer homology groups and Ozsvath-Szabé 7 invariants
for the Whitehead doubles. For other research related to this topic, please refer to [5] [1].

We first define the patterns to be used in our note. Let us consider the 2-bridge link
C(-2,-2,---,—2) in Conway’s normal form with n terms of —2, which will be refered as
C'(n) for short. We embed C'(2r),r > 0 nontrivially into the standard solid torus T as in Fig-
ure 1. These embeddings are chosen here to be the patterns, denoted .. When » = 0 for
example, the pattern P gives rise to the Whitehead doubles.

Adding a full-twist

Figure 1: The left figure is the 2-bridge knot C'(2r) in Conway’s normal form. Inside the block
marked with an odd (even, resp.) number is a negative (positive, resp.) full-twist. The midde
figure illustrates the way that we embed C'(2r) into the solid torus T. The right figure is an
explicit example of the embedding when r = 1.

In this note, we extend M. Hedden’s ideas in [3] to study the knot Floer homology of Ktp T
As aresult, we get that the top Alexander grading of OFK (53, Ktp ") is 7+ 1, which is fixed by
the pattern P,, and the group OFK (83, K[, + 1) for |t| >> 0is determined by the filtered
chain homotopy type of CFK (83, K).
Theorem 1.1. Let K C S® be a knot with Seifert genus g(K) = g. Then there exists an integer
T > 0 so that fort > T > 0, we have

HFE.(S3, K r 1) =7t72972 T OF P,
*( G )— (r+1) *—r—l( ( 72)) )
i=—g

9 2
— ~ 2 (K)—2g—2 2 (K e .
HFR($% K+ 1) = Tor @280 @z @ [HFera (P )]

i=—g
where Tor is empty or denotes some torsion part of the homology, and the subindices of 7 are
Maslov gradings.

The convension here is that if any power of a summand in the right-hand of an equation is
negative, we simply move the term to the left-hand of the equation and convert the power to
its opposite value, just as we usually do for multiplication of numbers. Recall that the Seifert
genus of a knot can be detected from its knot Floer homology (refer to [8]). Using Theorem 1.1,
we can determine the Seifert genus of Ktp " for any ¢ as a corollary, the proof of which will be
omitted in this note.

Corollary 1.2. For any non-trivial knot K C S® and t € 7, the Seifert genus g(KtPT) of the
satellite knot K1 isr + 1.

2 Compatible Heegaard diagrams for satellite knots

Definition 2.1. A doubly-pointed Heegaard diagram (simply Heegaard diagram) for a knot
(M, K) is a collection of data (X, « = {a1, a2, , g}, 8 = {1,062, , By}, 2,w), which
satisfies
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1. 3, is an oriented surface of genus g, called the Heegaard surface, and it splits M into two
handlebodies U7 and Us.

2. « and [ are two collections of pairwise disjoint, linearly independent essential curves in
>4 such that attaching 2-handles along « and 3 curves respectively specifies the handle-
body U; and Us respectively.

3. There exist two arcs a and b in ¥, with common endpoints z and w such that a N v = ()
and b N B = (. The knot K is isotopic to the union a U b after pushing the arcs a and b
properly into the handlebodies U; and U respectively.

We first construct a Heegaard diagram for (5%, P,.) (see Figure 2). When r = 0, i.e. the
case of Whitehead doubles, the construction is shown in [3]. In general, let p, /g, denote the
absolute value of the slope of the rational tangle, (B3, T}.), inside the rectangle in the middle
figure of Figure 1. Namely p,/q, = [2,2,- - ,2], the continued fraction of 27 + 1 numbers of
2. As a trivial 2-string tangle in a 3-ball, there always exists an embedded disk in the 3-ball to
separate the two strings of the tangle 7;.. The rational number p, /q,, the slope of the tangle,
gives rise a way to find a splitting disk, but we will not describe it here. Let 3, C 9B? be the
boundary of the splitting disk. Let {A, B} and {C, D} denote the sets of endpoints of the two
strings respectively in 7). (see Figure 2).

T yqr Y, Y Pr

Figure 2: The right figure illustrates the Heegaard diagrams H D(S3, P.) and HD(S' x 52, P,.).
The left figure is the case when r = 1.

We attach two one-handles to B> along the feet A, D and B, C respectively. The resulting
manifold is a genus two handlebody, and its boundary is denoted 2. We claim that a Heegaard
diagram for (S3, P,) is

HD(S37 PT) - (227 {Oé, )‘Pr}a {ﬁ?‘mu}v 2, w),

where the curves i, « and Ap, are shown in Figure 2. Here u is a meridian of P,. Attaching
a 2-handle along the curve « leaves us a solid torus, which is T. Suppose the pair (up,, Ap,)
is the meridion-longitude system of T, and Ap, N up. = {0}, we can get a Heegaard diagram
for (S' x S2, P,) by replacing the curve A\p_ with the curve pp_ in the Heegaard diagram
HD(S3, P,). Precisely, it is

HD(‘Sl X Szypr) = (X, {a,upr},{ﬂr,u},z,w).

We observe that the intersection 3. N Ap, contains g, points, labelled y1, - - - , y,, from right
to left. The intersection of 3, N up, contains 2p, points, labelled a1,a_1,--- ,ap,,a—p, from
bottom to top. See Figure 2.

Then we consider a Heegaard diagram for the companion knot K:

HD(SB7K) - (Egy{ahCVQv e 7ag—laluK}7 {/817ﬁ27 o 7ﬁg}7z,7w/)7
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i,

——

Figure 3: The left figure is the local picture of both HD(S?, K) and HD(S}(K), jug). The

middle one highlights the meridian pp, and the longltude Ap,, of the solid torus T. The right
figure illustrates the boundary sum of two closed curves along the tube.

where j1x is a meridian of K, and the positions of points 2’ and w’ are shown in the left figure
of Figure 3. We require that s NUY_; 3; = px NB1 = {xo}. Such kinds of Heegaard diagrams
exist for any knot in S (see [7] for more details). In addition, one can draw a framed longitude

Ak of K with framing ¢ in the Heegaard surface X, such that A g N Ul 1 ozz = (). The longitude
Ax can be arranged to have one intersection point w1th Lk, and we denote A N px = {0}.
Let S7(K) be the 3-manifold obtained by t-surgery of S® along K. Notice that S?(K) is
a rational homology sphere when ¢t # 0. We may assume that ¢ # 0 except in Corollary 1.2.
If we regard px as a ratlonally null-homologous simple closed curve in 53( ), a compatible
Heegaard diagram for (S} (K), pux ) is obtained by replacing px with A\x in HD(S3, K):

D(SE(K)7/'LK) = (297{a17a27 T 7ag—17)‘K}7{/817/827' T 769}72”71'0/)'

Here the placement of the point z” is shown in Figure 3.
As aresult, a Heegaard diagram for (S3, K ) is given by

D(SguKtPT) - (Zg+27{ava17a27 o 7ag—17)‘Prﬁ)‘K7,U'PTﬁ/~’LK}7{ﬂlvﬂ?) o 7/8g751“7,u}727w)7

where X442 is the connected sum of ¥, and X5 by attaching a tube from the point 6 to the
point ', and A\p Ak (up fiux, respectively) is the boundary sum of Ap, and A (up, and pg,
respectively) along the tube described above.

3 Relation between }Tﬁ((s?’, K" r+1)and }Tﬁ((SL?’(K), LK)

In this section we study the knot Floer homology chain complex (C{F?( (83, KI™), 5) associated

to HD(S3, K tP ™). First of all, we show that the generators are assorted into two classes. In order
to get more accurate classification, the Alexander grading differences between certain pairs of
generators are studied. As a result, we obtain a parallel result to that of Section 3 in [3], which
is, staying in the top Alexander grading, there is a natural identification of the chain complexes

CFK(S® KPrr+1) = D CFK(S3(K), ik, 1),
{s;€Afline(H, (S} (K)))}

where Affine(H;(S?(K))) is an affine space of Hy(S7(K)). The curve juf here is a rationally
null-homologous curve in S7(K), and the corresponding knot Floer homology is introduced in

[6]. The chain complex is denoted CFK (S}(K), pk)-

First of all, we claim that the generators of the chain complex CFK (S3, K ) are splitted
into two classes of the forms

1. {z,4i} x p € CFK(S% P,) x CFK(5%, K), i =1,2,--- ,q,.

2. {z,a;} x q€ CFK(S' x S2,P,) x CFR(S}(K), ix), j = £1,£2, -+, 4p,
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The claim above is based on the following arguement. Recall that the generators correspond
to (g + 2)-tuple of intersection points between « curves and (3 curves of the Heegaard diagram

HD(S3 K tP "). In this Heegaard diagram, we first choose the intersection point for the curve p

and (3., which are two 3-curves of HD(S3, KtP "). Notice that the intersection point x € p N «
has to be chosen since it is the unique choice for u. For the curve (3., we can either choose an

intersection point in {y; }~, = B, N Ap, Ak, which constitute the first class, or an intersetion

pointin {a; }Jii’ 1 = BrNup, fik, which make up the second class (See Figure 2 for illustration).

The intersection points of the other v curves and (3 curves can be naturally collected to form

generators of CFK (53, K) and CFK (S}(K), jux) respectively.
Then we calculate the Alexander grading differences between pairs of generators. The
proofs of Equations (2) and (3) are similar to that of Lemmas 3.2, 3.3 in [3].

Lemma3.l. 1 Suppose {z,y;} x pp,{z,yi} x p; € CFK(S3,P,) x CFK(S3,K) are
two generators of the first class, then

A({z,yi} xpy) = A{z, vi} x py). (2)

2. Suppose {x,a;} x q;,{z,a;} xq; € Cﬁ;’?((Sl x 52, P.) x @(SE(K),MK) are two
generators of the second class, then

A({z, a5} x qi) = A({z, a5} x q))- (3)

3. For each generator q € Cﬁ:'T((Sf(K), LK) we have
A({xaaj} Xq) _A({xva—j} Xq) =1, “4)

A({:Ea aj} X q) - A({$7 ak’} X q) = A({ZL‘, aj}) - A({$7 ak’})a &)
for1 < j,k < p,. The Alexander grading in the right hand of (5) is the grading in the
complex CFK (S' x S%, P,).

4. There exists a generatorp € 0/1?7((53, K) and a generator q € C/F7((Sf (K), puxc) such

that
A({z,y;} xp) — A({z,a—;} x ) =0, (6)
Jor1<j<gq.

Before going further, we state some observations to the Alexander-Conway polynomial
Ac(2r41)(T) of C(2r+1), and to the complex C/'F?((Sl x S%, P,), whose homology is defined
to be the link Floer homology of C(2r + 1) in 3. Let det(L) := 2/~ |Az(—1)| denote the
determinant of an [-component link L C S3. We state the following lemma.

Lemma 3.2. [. det(C(2r + 1)) = 2p,.

2. The differential of the complex C/'F?((Sl x S2, P,) is trivial.

On the other hand, since the link C'(2r+1) is a fibered alternating link, the highest degree of
the polynomial (¢!/% — ¢~/ Q)AC@TH) (T'), which corresponds to the top Alexander grading of
OFK (83,0(2r + 1)), is 7 + 1, and the coefficient of the corresponding term is 4-1. Therefore

rank(ﬁ((S?’, C(2r +1),7 + 1)) = 1. That is to say, in the Heegaard diagram H D(S* x
S2. P,), there is one any only one intersection point, denoted a #(r)> I pp, N Gy corresponding
to the top Alexander grading r + 1. Therefore this gives rise to a map

[ Z>o — Zxo
r e f(r).

From Equations (2) to (6) and the discussion above, we conclude that there are at most
2r + 3 Alexander gradings on which the chain complex CFK (S3, KtP ") is non-trivial. The
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chain complex on the top Alexander grading, the grading r + 1, is generated by {z,a} X
CFK (SP(K), ). Therefore, the following identification exsits as groups:

CFK(KF r+1) 2 CFK(S3(K), ux).

Moreover, as stated in [3], the above identification can be extended to the level of complex as
follows.
Proposition 3.3. Let K be a knot in S>. Then

HFE(S® K" r+1)= S HFE(S}(K), i, 5:)- (7)
{sieAfﬁne(Hl(S?(K)))}

Proof. The proof is the same as that of Theorem 3.5 in [3]. ]

4 Studying }Tﬁ((S?’, K r+1) when [t| >> 0

In this section, we will mimic the proofs in Section 4 of [3] to calculate OFK (93, K, tp m,r+1)
when ¢ is sufficiently large. First of all, we recall a theorem from M. Hedden [3].

Theorem 4.1 ([3]). Let K C S® be a knot. There exists an integer T > 0 such that for t > T
the following holds for all m.

HFK*(S?(K)7/1’K73W) = ﬁ*+d_(m)(F(K7 m)) EBf/1?1>1<72n’LJrCl_(m)(}7(}{7 -m — 1))7

CF(5%) CF(S°)

—_— 3 ~ —_— —_—
HFK, (S24(K), K, sm) = HF*—d+(m)<W) ® HF*—2m—d+(m)(m ,

where dy(m) = (t — (2m £ t)2) /4t.
Proposition 3.4 and Theorem 4.1 imply a relation between H F K (53, K f ",r 4+ 1) and the
filtered chain homology groups of C F'K (53, K), but no relation about Maslov grading is men-

tioned. In order to solve the problem, we first restate a lemma in [3], which studies the Maslov
gradings of some generators.

Each generator in {z, y; } x C{F?((S?), K) is of the form {x, y1 } x {x¢, z} for some (g—1)-
tuple z = (21,22, ..., 29-1) Where z; € ; N By ;)41 for 1 < i < g — 1, for some o € 1,
while each generator in {z,a;} x C/ﬁ((Sf(K),uK) is of the form {x,a;} x {x,,z} for
some point z), € (51 N AgfAp,. We call the regular neighborhood pg x I C X4 of g
the winding region of the Heegaard diagram H D(S?(K), k). We can assume that for the
longitude curve Ak of framing ¢, there are ¢ intersection points in 31 N A #Ap, supported in the
winding region pux X I. For convenince, let {x| |—t/2] < k < |t/2],k # 0} denote the set
of these intersection points, where | x| is the integer such that 0 < % — | x| < 1. We arrange that
the point z;, with £ > 0 (k < 0) stays in the right (left) of the point x.

Now we recall Lemmas 4.5, 4.6 in [3]. We modify them to our context as follows.

Lemma 4.2. Let k > 0. Fort >> 0 we have

gr({z, ago)} x {zr,2}) = gr({z, y1} x {zo,2}) +1,

gr({z,apo)} x {z—k,2}) = gr({z, y1} x {wo,2}) + 2A(z) + 1,
while for t << 0,

gr({z, apo)} x {zr.z}) = gr({z, 1} x {zo,2}),

gr{z, ago)t x {z—k,z}) = gr({z, y1} x {zo,2}) + 2A(2).
Here A(z) denotes the Alexander grading of {xo,z} in the complex C/'F?((SS, K).
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Sff(r) yﬂr—l)

Figure 4: The left figure illustrates the domain ¢, from ay(,y to ay(,_1). The right figure is a
petagon obtained by cutting ¢ ¢(,.) along the curve a.

On the other hand, there is a Whitney disk ¢ (,y connecting {z,a 1)} X p to some gen-

erator {x, a,} x p forany p € @(S?(K), ix ). See the shadowed domain in Figure 4. We
assert that a,. = ay(,y without proof. We can calculate to get that

gr({x,af(r)} X p) - gr({x7af(r—l)} X p) =1

Combining this together with Lemma 4.2, we get the follows relations by the additivity of
Maslov grading [10]. For t >> 0 and k£ > 0 we have

gr({x, af(r)} X {xkvz}) = gr({x, yl} X {1:071}) +r+1,

8
gr({,agn) % {2-5,2}) = gr({z, i} x {z0,2}) +24(2) +7+ 1, ®

while for t << 0, we have
gr({a.ag) x {on2}) = gr({e.n} x {ao,2}) + 1. o

gr({z,apey} x {x_g,2}) = gr({z, 1} x {wo,2}) +2A(z) + 7.

Equations (8) and (9) allow us to apply the proof of Theorem 4.2 in [3] to our cases. We can
fix the grading difference, and get the following lemma.

Lemma 4.3. Forallt > T > 0, there are isomorphisms of absolutely 7.-graded abelian groups:

m=|t/2]
HFE.(S* K" rel) = €D {HF*,T,l(F(K, m)) ® HE 1 (F(K, —m — 1))} :
m=|—t/2+1]
m=|t/2] — —
— — C’F(S3) — C’F(S3)
HFK.(S3 K 1) = HF, ,(—= HF, ,(—————)|.
(57 —t’r_'_ ) @ (F(ij))@ (F(K,—m_l))
m=|—t/2+1]
Proof. The idea of the proof is the same as that of Theorem 4.2 in [3]. ]

Since |¢| is sufficiently large, so we assume that |t| > ¢ and apply the adjunction inequality
[9] to Lemma 4.3, which becomes equivalent to the following lemma.

Lemma 4.4. Let K C S® be a knot with Seifert genus g(K) = g. Then for allt > T > 0 there
are isomorphisms of absolutely Z-graded abelian groups:

— I — 2
HFK*(S?)?KtPTaT + 1) = Zz;—zély)_Q |:HF*_”‘—1(F(K7 m)):| )
m=-g

TR (a3 1P ~ pt—2g N [ — = a3 2
HFR.(S*, K r +1) = 20 HF._,(CE(S%)/F(K,m))

m=—g
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Here we state a lemma, which is similar to Lemma 5.3 from M. Hedden in [3].
Lemma 4.5. Let K C S® be a knot with Seifert genus g(K) = g, andt > T > 0 as above.
Then
HFK.(S3 K", r4+1)=HFK.(S* KT, r4+1) ifx#rr+1,

rk(HFE,(S3, K r +1)) = rk(HFK,(S®, K75 r + 1)) — t — 27(K),

rh(HFER,1(S3 K r + 1) = rk(HF K41 (S%, K25 v +1)) + ¢ — 27(K).

Proof of Theorem 1.1. Applying Lemma 4.5 to replace ﬁ(ﬁ(S?’)/F(K, m)) with ﬁ’(F(K, m))

in Lemma 4.4 completes the proof.
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2 BFRRARU,(sl) DURVKRY TREEE

COfMITIE, BFERE Uy(sly) DRV Ry PREFGEERHFNTS. TTHhHIERD
BRI S.

{ite= qi =1, A{itgn={itli =1} {i—n+1}, {n}!={n}ken,
[ilg = {ite/{1}e,  [nlg! = [n]gln —1]g -1, ;] = {itgn/{n}q!;

i € Z,n > 0. NEIThICET ZBANENEIRZ Q[[h]] L£T. ETFEMER Uy(sl) &
X, FRaYHIVIC H E F THEREN, BER

K—-K!
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q=exph, K:qH/Q:exp—
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A(F)=FK '+1®F, &F)=0, S(F)=-FK.

il R-115 & ZDWITIERTEABNS.

R=D(Y ¢#""VFOKge), R =D (D (-1)FD @K ),
>0 >0

L

FIK h
= D=qi"® —xp(“H@ H),
ilq! 4

e=q *(qg-1)E, F® =

i>1 UFR=Y,0p®08s R =Y, ar® 0 £BL. URVIEEZOMITERTE
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Quantum (sl,, AV,) link invariant
and matrix factorizations

Kiz RRUF (BRI Z e BRI AT SR
200941 2H2 3H, B-WHKY

1 BElk&iE

L & (RBEIE 2 i 72) /e b (FREURMIEIC IS T 2 B ORIGZ R > 7o) BONRES
DB TR (decategorification) EFHIND” BUWWHEBGRNMATT 5 E D2 F 5. RidHE
LDOHITH 5.

0Z2BGCHRRDER L Z2EZXS. BEEDITn € Loy D C EANT MVZEBOE C-Vect D
TRV, = (e1,e9,....en) NDENR ¢ 2FZZD. TTTe (i =1,...,n) & nXT\7 FVZERFOD
KL 9 5.

¢ Lisg —C — Vect

n— 1V,

Fi% ¢ 3 EL 2T L T BEIETH 5. KItid ¢ I U TROEKRT RV BRI > T
W5, BlICEEBRENIBEENDZDTV, OMHZEZ 2 LMW TES. V, OFERENS
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CVect DHT o & ® L LTHBEINDG. X 5IC,Zs ZRFHE U RBEE — Z R D%
BLEEZD. TOERGZHMSEK(CVect) (C-Vect DIEADIE Kom(C-Vect) DKRE b E—
[E) DFFARD & 5 75BN D % .

I Z K(C — Vect)

0 1
n=m—= (. 50-=V,>V,—»0-—..)

H14 ¢ 132 Buler £ (XoTDAMH) LI BEIILTH 5.
(i x & well-defined THBIEE S DU TRDIRETHS.)

ROFRIIECZT S5 EDHERERTHS.

(B1) fBUEIEZ R DIEEGDOHDOFRIIE DD 5 5¢ 2RV 5 HAICRONS. FEDOHTELX
PR T EIIERICINEET H 2 Y, BRONGHRZ R DO Tt Rl 2k T L DIih
BATHY, FANBRICELNS.
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(B2) EAZEIADEDOHICELAEETE UL, A DIt DB ¢ (1) DHRET T —D Poincaré
ZHNA z(t) F 2 DEFAETHS. T THIFEEDREINIBET 2 IENEHTHS. D
F0x2(-1)=2TdH%.

2 RHBREOI—DESE

Khovanov [3#8AHHDNZERTH % Jones ZIAN J(q) &2 H 2 EERDOEONRTE(L L. Z
LT, TOHEEKDARED Y —HY & Reidemeister £ TARLRRERY —THASH EZREHL
7z, TOHREE T —D Poincaré ZIHIL J(q,t) (& _ED (B2) DEKT Jones ZIHA DR FLICZ>
TED J(g,-1) = J(q) Ziilzd. B LI NI Jones LI J(q, t) I Jones ZIH J(q) Tl
D CERDSTAEAEDNTEHTE S EHILENTVS. LEEW>T, YVa— Y XZIHADE
ftzHWcgETE J(g,t) 3ERDOH 2 m L LR > TS,

Jones ZIUIETHE U, (sly) & T D 20t 7 MIVERB VL ICHET 288AHE IR TDH
5, —fRIC, OB U, (g) & T DOBEKIRE V) ITHFEd %18 HE RIS U TR
WKL TE RV EEZBDIEARTH S. FE Khovanov & Rozansky (& U, (sl,) £ DT
VRV, ICHBEY 28 A H B4R (HOMFLY ZIH) 21 75Kk (matrix factorization)
DERDE O TRE(LZ L.

CNE TR S DL R 2RI LT U, (sl,) ETDEARBTIZB AW, (i =1,...,n— 1) I
9 B i%HHE T AR (A HOMFLY Z2IHX) 2175 L OEIARDE DO TEEd 5 C &I
DA TE . Folt, DS TRIX (B2) O Z 5 & tictaff HOMFLY 2R A8 b L .3
ZROMAHH (AH) ZIHAANLZBZER LI THS. 90O HOMFLY 2GS
ZITHNRFAEO¥RZER LTz, TORER T —0 Poincaré ZIHAZ IEHE L THE(T HOMFLY
ZHA ORI Uz, B HOMFLY Z2HH TR OB TR > R TH I EFEE N
172N TIEINHTEEEDMRTE 5.

3 Koszul {75EFt

C THh B DEIEIFAD A TQuantum (sl,, AV,) link invariant and matrix factorizations,
NIRRT, SRR 2T BERRANIZERL, 2009 4E 10 A (arXiv:0906.0220). | I DWW #ERH T
2.

Khovanov ‘R E T ¥ — (Jones ZIHXDEL) TIEREAFR T b IVZER Qo] /(x?) T DRI
X5 (R?2 DZE D SY IHIGL Tz, UL U HOMFLY-PT Z I T2 2RY R ST 3 fiff
FHEEDHN, OB ERN G2 DK S IETRIR T 2 03 TH - 7z. Khovanov &
Rozansky [FRM AR TH 2 3 T K72 KEAT Koszul 175K FE & w5 RER 5 TR
WTEB T EEFALE.

AR Z RECREBUSINRE Z (2] ) (2?) THZMTHNRFALDREE GO 2 HICQ L THZEDS. £5DLED
& ZARBCREATIORE Z[x) ) (2?) CiliamZz D % & RET T —IC torsionZ /rZ BN S DT X 0 FH R IEHRNE S
N5, TR Z Z L TEERd UL K DFElAERMME 5 N2 D TR EHL DS THAS. LAMLZ |
T IS LD RS .
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E# 3.1 (Koszul {T5EF1t)
TN ZIHRER R = Qz1, 29, ..., xy) (2 (BB 2 F5D ) OFRKEEDZIHN o, b & HHIPR
JnBE M IS U T Koszul { TR FAE K (a;b) 0 IERXTERE NS 25K(A1H.

e 0 —> M'{1(degb — dega)} b0 —o M'{(degb — dega)} LA

CTTM =M (i=0,1) CHOEXEZEL, Ei%a, bI13FEE LT M OILIClEHT 5. ffH
DLy

(22— M{}(degh — dega)} > 11 )
EHEELENS.

B & PHE N B BEADBETH 3,2 JEDY T b {m) LEZHDEZ 3BT (1) IR TE#E
ns.

K(a;b)y{m) = (Mhﬂ%ieﬂﬂém%b—&gw+nﬂ4iawﬂm}),
K(a;b)y (1) = K(=b;—a)y.

“OD Koszeul (AL M, N W52 5N2% TV VIVEEM RN BME5NS. WAWVWAK
Koszul {THH b2 7 > VIV L TELNE EDE MG ET HEMFT ZNWTHRERY—% /-
X (B2) OFEMKRTORHEZITS. LLFDOBEORSEOERZERD T UL AR, 72V IVEDESE
2RISR L BEIFEIERETH %.

fned 3.2
(1) 0 TIRWEBEE c IR LT

K(a;b)ar ~ K(ca;c 'b)as.

(2) K(a;b)ar (1) ~ K(b;a)ar {5(deg(b) — deg(a) )}
(3) ai, b, O (1 =1,....,m) ZZIHAB R OFRLZ A, M ZHH RINBEE T 5. 2L
ai, ..., ayp D ROIFRFPZR U, RO 72Tz L TW0Wb LT 5.

i ib'—w

CDLE,
kaﬂmM_&kx%H)

(4) (Khovanov-Rozansky \Z X 2 EBDO—fRIL) R =Qlz] Z 2 = (21,29, ....,7) TEREINEZ
BER, a5, b (1 < i < k) ZEBICy = (Y1, Yo, oo, Ym) BIMZA THERE NS ZHRER R[y| DFFRZ
KBTS, M 7ZHE Ry Mt 5. 2HASa="(a1,as,...,a), b = (b, ba, ..., by
B ROEMZTZ LT3 LT 5.

2 RIMMBHIEIEZFF D LB SR 0 R I TEHENMAEL T2 EDEZHB RINEEEES. DXO R
MEEE LT M ~ b R{a;}, 2T T {a;} & a; € ZOXE T b,

3ay, co, apm MR DIEAFITH 2 E1E, TXTD i ITDVT ay, ...y a; ERFER R/ (Qis1, ors @) ICBOTERFT
BV (DEDEDE S R/ (ais1, ... am) DILERZEESTEH 0 LEBHEV) DD (a1, ...,am)R # R
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(i) S aibi (=:w) € R,

(i) B3 j BFELT, b(z,y) € Rly] B b;(0,y) # 0 ZHiT=d
TDLE,
]
K(a;b)y =~ K(éé b) a6, 0

T TAE RS EID BRUTF.

4 Quantum (sl,, AV,) link invariant

FREDTTHRFAEDEZ W T2 A FLicdh S [Quantum (sl,, AV,) link invariant | Z &+
td%. TORFAZREH EFK, ABHEK, ITHEERKIC K > TERAFRXIC X 2 K8ER
KRDGAENTEY, TNzt LcigAEAZE%Z (B2) DREZ AW TE Lz Lk

i .
i—1+k

<\//> Z k+-7ia,k(q)< ko > ar(q) € Qlg.q ']

11 79 i3 11 79 i3 14

‘ 2 o 11— 1
1941 11—l — 1
2 19 q

1 i1

< DM DREFRAND 5.

O RO 3l DHA G D E > T FIKIOBIEM TR E NS T3, Lich->
OO 3RS LTI IR EZ2ER L, N6 2RO GbES T L (7Y
WEZ LS L) THAGDE S TFRINZITTHIRHETROE S 2 T 829 2.

5 —ibENAmZEAEREM

@H3{mifrﬁl@ﬁliulﬁt%ﬁ%%ﬁ5%@2\%&%1?%%7@“% xy,; B2k (k € N,
PRAT) DEBT k=00 F Tz, =187F%. X ) % mAAHOZR 2 (1 <1< m) DI &

ERR

XE:?) = (951,1‘: T2y ey xmz)
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IEEI DA (mq, ma, ..., my) EIRAFDH (i1, 49, ..., ip) LT, REZL}Z,ZLZ,M,)mk) # Xill
L X QI B TREME N B ZTHRBIL T 5.

~—
—~
o~
¥
~—

(m1,ma,...,my) __
= Q[xl,il s 1‘2’1'1, ey 1‘m1,i1’ ceey "El’ik, Ig’ik, ceey xmkyik]'

(1,82,5-051%)
EE 5.1
s(m)(m € Z) ZIFAFENTH LT 1, BEEICH LT -1 Iz & DL T%. [EEHDY]
mmm%ﬂmga%i$®wum%muwﬁw/aXﬁgﬁym%$$>w:LMU@zﬁ
FAWANISPAAF L IEATEERY

l

H(1 + x4 -+ gj‘mk‘jik)s(mk)
k=1

X{rme) g X (s ORI 2m OHIHART 5D 55 HIRXLET 5.

m,(41,i9,.i1) (41,02,
iz,
23 _ () + 2 + To4; + T34,
(i1,i2,i3) (1 + x4, + 33'2,752) 7
X(]{,Q‘ﬁ)‘ _ (1 + ZE1,7:1)(1 + Ty + Toiy + 33‘%73) DIREL 6 DZIAT
3,(41,i2,13) (1 + 21, + ,”17211'2)

= 21,4, — T4, + (—T20 + 27, (@1 + T1iy)
— X1y (T2 + T10, T1y) + T35 + T1iy Tis-
AXE 5.2
FRdDXSICEETTTEZEADEMT, EOXSIIRD S HDWPBEL SRV LML, 2
H Tz B X[ DX ICE LD TRGR Y 5 T & Tl I 75 5.

i)
X" & X (€ Noy) OFIE TS

(m1,ma,...my) ( (m1,ma,..., ml))

(71 402,400y i) - m,(i1,02,..., i) mENZI '

iR T T BER i, o, oy b BEAD. CTTEDEREIEZ 2295, ChHOZE
B DB BH M +io T 4t AR 2, = > ihi<nchy<m thieeetiyi (1< J < m)
THEX T URBERE Fu(21i, 02,4, 0 ) BT Fu(X)) 2 LTET. D& D,

Fou(X()) = Fon(@1d, @2, oo ) = 65+ 155 4 205
6 1TFEF L &N 3 MmFmE
FREDZIHAXZE O TFHISHIS S 175K FL 2875 5.

£ 6.1
USSR A EZIMT T BN Tt iigE A E 2 5.

@
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C DT B 175 Ak %

@
m _ = [m] (m) - (m)
C ( > ) El K (LJ (1;2)’ X 1) X, (2)) ) (1)
® n (1.2)
TERTS T L, BT DI
(m) (m) (m) m) (m) (m) (m) (m)
Fon (Xt X551 00 X ’Xm(U) — (X, 27+ N (2 N (1) Xm(l))
(m) (m)
X;, N Xj,(z)

J%)ﬁk(ﬁz%b\ﬁb‘ 5 Fhﬁ@ﬁ 3 {ﬂﬂjFﬁl%%x %

ms mi mo
m1 mo ma (2§m3:m]—|—7’)’)2§7’1)
@® @ ®)

past /i [DRCR (R TR [7ub't pe X S 1P e e
€)

& [m1,ma], y-(m3)  y-(mi,m2)
¢ = X K (AT X - Xy )R(ml,mg,mgw (2)

(1,2,3)
@D @
ZCT Ag{’g;;;'j;j EIVENDEA 5=y

(mi,ma) y-(m3) y-(m3) (mi,ma)  y-(mi,ma) y-(m3)
By (e XU X X ) = By (o XU X ) X )

7:(3) 7,(1,2)
P ST RCK iR e s ac X G 1 1PN e i v
@ @
¢ ms = j§1 K(V[n;l;n?’2 ’X;T(nllg)m) N $§T§))>RE;”;;;Iz:m?,){_mlmQ}’ (3)

n

CTTV L AU TFOZIHEA
Fms(...,)(jffl/(g),)(].7(1172)2 ,XjHl( 2)....) — Fo, (L, X0 X0 X L)

3
.7717(3)’ .77(3) ’ J+17(172)’
(m1,mo2) (ms3)
X — X

— DT 3 XIS BT8R bz E e L 3l b2k GhE5 T
ETEFKTS. TORDEDEIEFRDISICLTERINS.
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@ @
N m @ N, O ™6
: ﬁnk/L» = ®/Vm » - T m\\
@ @ @ @
FL FR FG

L EAFEXKOED GHH 1

EF 6.2

SFEX T 7Z2 2 D0 3K T, & Ty, O GLEdOKT DRy FihbiksE9 5. T, LTy
DITHRFALD > T B EIREL K 5. TNBITHIRFEZC( Ty )., C( Ty ), ELTERT. T
WS 218K 7k Z Ty & Ty DITHIRFALD T VIV E LTERT 5.

C(T)n:=C(I ) XC(Ty )y

1 O EHRICH Bl IRA TN 5Nz SMFHEK T, & Ty ZEZ 5. KO
[y &t m Tl T AIC X 2R o 7 B 2855, HIRONFEEX Tk (& m Thisl b b D&
RO R Z2Fi > TS . COXIEDINEFEL S BORENEZE>TWVBE LT ATDORE
DEDLEZITS. TNH 3MFHINT, & Tr ZRD EDLES LXK 1 OLHDFHK T HMES5N
5.

E#& 6.3
g DITHIRFAEIZ T, & Tp DFARTFALC( Ty )y £ C( Tk )y DTV IVEERD  ED D
E O DIRA e —HERZ T L TERT S.

C(Fg)n = C(Fﬁ)n X C(FR)n

@ m @ m
OGO @, .\ D
N e
@ ™ @

Ty e

2: PRI OED GhH 2

2 FED ISR A TN S Ty 3K Ty 2 & 2 5. TOVHKICIE#EY 55
DORETKRD GELNLEMNZNTZTEDNH 5 DT, TNoinmZzRD G T 26D AN
3TN e 215 5.

£ 6.4
e DITHIAFAEIE Tr DITHIRFAL C(Tr), DIRD DO E S el DIRA Pl —HEE BT &
TEET 5.

F = F m m).
C(Te)n = C( T)n‘XEQ)):XEU)

ol



i 3.2 R Z DHRZHNTROFERMEENS.

%%65

4 ¢ 3P X DR DV < DA DRIFRIEA YR F L OB OHF TORML E LTRSS

7 1THIREFEDERERE 1,k RR

6 fiTiER L7z PO 5K bz > T, £ 3 IE A MIOFMD BN 1 O35 ([1, k] K E Tz
& [k, 1] R EMES) ICDWVWTHERS.

KX KX
X 3: 1F [1, k] 285, BU[1, k] 388, 1F [k, 1] 388, B[k, 1] 3355

Quantum (sl,, AV,) link invariant 23R8 2%, 1E [1, k] 22RO RNDJEFHXIELL FOXT

bH%.
(V)= () s D,
TN ZTTICANEIE [1, k] 225U 21T EDE IR Z E&R L.

—k 1—k

c vE )n;:...o%c< %l>n.{kn}<k>x—+>6(3k—5ﬁ>n‘{kn1}<k>—>0....

HEE LCIERDOERES ATHRTAEDORIOFE) v EBHRICEZE FLTWADT, 5
A BN [, k] RO B RO CHICH LT DEEEFAVTHELN S EKERERY — %
BARINICRSO BN BRI TR > TV 35,

C DEFEE AT BN B BRI RO S 2.

EE 7.1 (EFE1 (k=1 0)5* Khovanov-Rozansky) )
Reidemeister I TH OGO [1, k| REETZE [k, 1| RENS RN 2 TIVNEER S &L, %

‘Hao Wu &I T DB Z S Z TWw%. H. Wu, Matrix factorizations and colored MOY graphs,
arXiv:0803.2071.

"Hao Wu *° Ben Webster, Geordie Williamson ORERKIZEE R GRDFAE LI TWRND THRED Y —7%K
BB LIETERR.
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NS 22T IVEISHIGT 214K AL OB AR R

t‘ ~ 1 ~ 1
o o) (1) =00).
i M
(ITay,) C AD :C(
\ n
1 ’)k 1
(IIby) C A(D 2C<
Y/
AN A @A1
(ITTy) C y ~C ) :
A\ \‘ n \ N n

I 2 LD B A T2 U B AR AR AT 5 .

8 1THIEFLDEEL [, /| XA

—f%D [i, ] B RS U T HITHIK LD (Reidemeister I TH O &5 X > 7 IV DTT
IR TAELDEAEDER L I2 5 E D) ZEXRTH e2EZTW. LML, THUIEMNMICE TE
Wit Td 5. BARMICITERER GG ZIRMICGER TE 20N EL SRV, L IEP/RINICEDR
T&E7zL LT% Reidemeister ZIETHR O &9 2 >/ T IVKIOERNERN 15 2 25D E
HTHB.

Z‘\ 7 [ /7
\ 4

4: ARAEIE [1, 5] 23 IRAEEL [i, 5] 238

FAZIX 4 ORARI IR [i, §] 2302 Z X2 % T LT (B2) OEMDIE,Quantum (sl,, AV,) link in-
variant DEFLZITo7%. T T OFRNCHN TV S Ko /i i KDl 1 OftOH %

x9.
k
k
) — e, .
1 Ale o o Il il *1

DE D AR i, §] 2T TNXT [4, 1] R T D BB DT, mifii CERE LTz [i, 1] 2SR 217
SR AL DR > TIRAE [i, §] ISR T 275K AL DERZE 525 2 e TES. [i,1]
ZRDEERDNSERENT VS DT, TOWRM [i, j] R OERDOERGRE I RICEE Y
TEMNTES. Lo THREOQY—DROENZEKICZ > TS, THIC, TOREE, 5]
FOWERDRERRD B ROFRFINME 5Nz,
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TE 8.1 (EEE2)

() (i) ()
=),
ciA i gcitj

)

N

12
o
>

(3
i

12
o
=

ABIC KSR Teft & ek DAV I FIVOFEDTTHIR b & UTORIRIELLTDE D TH % .

(i) -@(1),

FEH 213" W DD &V TIVRKIOITHIRFAL DA Z ERT % & Reidemeister 221 TR D
B2 TIVKOEREIARI L 7557 W0 D FERT, @B AU V)LD [i, j] S Ok
OEHRZIO M TR EEZV. TTETTERAARER I —IEFTETHNS.

LU (B2) DRMEZEZ R, (M) ZEHANEZRHDMGENS. £9, 52 5NictafHgAHK
D I & % R RN 3R 8 RUCHUE 2 TR HEAHIX D' Z2#E A %. E5ICTD D' D175
K FLDEIKDRET Y —%E Z, T D Poincaré LI P(D) 2% Z % & Reidemeister 285 T
DLFOTNNEC 2 EMFEH 2 NS5,

% 8.2
0 ()
_ _ [ N ’
(ITa) P AD) =
(1) F@J) -
Y/ n
iA J ok zt jA k
(III) P K\ = P .
} \

SARIZZ THEA ) VFINVDEREIRO KT T e EEZ TREQY—ANEE'ZHK LT > T2DRED, Zhid
SETIHEENH LWEREDBEE B LT NE AR S R0nize, HEISERT 20ENDH .

THEE L TELNEAZREIEHZEA TR AL, ZHEHAANELRERDZ T ENTHRTHS. £ 3EBBOAND
1 28 sl s =1.

|

=l =l
Y
—_—
> s
S =N
= S
= -
=N I
=
=l
I —
N
=l
RN
N ~ =
N—
/ v
N—
S

=l
N
N——
3

=

Q—

.

=_

=l
W
-/ Qk)
~_
3

Il

=l
R
-
N——
3

=

S

(.

S_
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COFNEHMIET 2T & TH LA HO 348 (HH) SHXRLE P (D) ZE#T 5. 20
HIEEL T DL 512475 .
Cry (k=1,..,n—1) ZEfHEHHX D OB TLL N TEREINS.

Cri(D) := DICTEEND [, k] Z8RDEL.
IERUEE N7z Poincaré ZIHA P(D) Z X TEFEKT 5.

- n—1 1
P(D):=P(D)[] (o

k=1
O (FH) ZHEAB O EAEAHDORLR LR D T ENRI2 D LIES.

EE 8.3
P(D) 138 E kA HD L E.

9 F &R

LD ER I B AZER P(D) £ TORMMKIZING D BUFIE & 755> T UE - 724, FAE 1 6 i
DE - & B EARME 3 MPEHEROGFE LD LU E#E 52 720 & BEER L EZTH
3. 2R ORRIZ 7 A 77 2 A Ui b 00, SO #IL i TR R R &
HoTLNBOTHREDBENS.. 5N EMEEIHE (BOHEE & - CHEDERT
G EE T OFEUMAEICE> T

BRICT D 90, HHOME L ar  EEWE LIS, EAS I K
ZRAE LTHD T
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[On the Hurwitz orbits of Coxeter typel
XOHM (CEXRFEFMERFIRERA25)

F7IRAESY k. Huwitz (EfIE, GO nHOER G ~Dnik7 LA NEE B, ®HK
BERELTERSINDIHOT, RRIC AR Y= ETE/ Fr I =23 b T\ 5%t
REET L5 ETCORBERETHS.

2T, G" O TO Hurwitz 8 (Hurwitz fEFIC X B80E) 1%, TnEFndH b7 05
CREDEMER A ROT 2 2 n 8 (BEEITFFT) WA O Hurwitz BUBED 6 O BRI 4
Wafio. Ledi-> T, Hurwitz $UBEZFH~DHEICR O TR, 70F U REOIRER AR
JLOKD Hurwitz LB ZFH~D Z ENEE L0 5.

AENE, 7T D Coxeter L (IR & HIEIIND) OGEICHET D, EERAR
JEOFAD Hurwitz #LEIZ DWW THET 5.

1 Hurwitz {E8

nIR7 LA N B, ODFRBERENERTT 01, -+ 0poy (0 1T TORDE 5727 1
A FORMEFE) ZHNT, RTEXALNDLZ LTSN TNS.

O = OO0 —il=1
<01,---Jn_1 ‘ 0i00; = 0;0:05  (|i = j| )>

00 = 040 (’Z—j| > ].)

AT, nIR7 A REEB, 1%, BEG DO nEOEREGY ~KRD X HIThHENBE
AT 5 (B, ®Huwitz {fEH EFEEILTVWD) -

(91,5 Gie15 Gi> Giv1> Givas =+ Gn) * O
= (91> "> Gim1> Git1> Gis1  GiGit1s Gisar > Gn)
IFTIE, (91, ,90) € G" ® Hurwitz #uE (Hurwitz {fEHIC L 283E) %, H
WZ (g1, ,9n) * By &FE<.

EELL (91, 00) (91, 0,) €GN ET D

(1) (g1 3 9n), (915, 90) ¥ By [AUE THD E1L, (g1, ,90) € (91,7 95,) * B
b lExEn ).

(2) (g1, +9n), (g, ,g.) 2% BC, [ilfEi ThH2 &%, 5 h e GHIFIELT,
(htgih, -+  h7lgah) € (g, -+ ,g.)* B, L7125 L & &\ 5.
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B, [fMfE=> BC,, [ Z #9294 5 Z L 1%, Braided Surface <° Lefschetz fibration
REE R =0T 5K bR U —ORREMIETH 2 L L, B
BIfR3 & % (cf. [1],[4]).

2 FHEE

TINTFURE EIL, ROFREFRFOHTH S -
<ty ta|m(ti, ty,meg) = w(tj, ti,my), 1 Si#j <n>.

7ei2l, 1 Si# 7S nixt LT, my ld2 L EOEEE D m; = my; THY,
T(ti, ty, mi) VER S my; OFE Lt - 2R T WAL, my; = 3720w (t, t;, my;) =
titts).

~— & 7T T LiX, TEHA L, -t (n22) 2D (ERE LIRS 20 H
Wiz 7 (W—TCeZENEF2WTT77) T, 1Si#4jSn&xlld%4,7
IR LT, ROWT O ERZTHOLETS
(a)2 THA ;, t; DRNTIAN 720N,

(D)2 TEA t;, b 1%, T DNTWNZRWIATHRHEIZIL TN D
()2 TEM t;, ¢ 1, FHAED T ~L m(= 4) BRONTZB TREER TV 5.

nBOTESE - b, ROV —I4E 7T 7 X, 1K LT, TAF U AX,)
(X, (T2 T NATFURE L WD) ZUTTEDD ¢
(D) R by, -t (X (SATBES 2AEERYAEROT &V D) .
(IT) BIFR=NIE, 1 < i#J Sk LT, w(t,t;,mi) =m(tj, ti,my). 722l
sy =my; =2 (b, t; ﬁxﬁi()’i’yfﬁiﬁ—k%).
< m; —mﬂ—3 (ti, t; DA (b) AT T & &) .
sy =my =m(24) (b, t; BERIF (¢) BTz & &) .

RO EBPATEHD TR TH 5

EIE 2.1. X, 2 Coxeter 77 772 61X, {LEDER o € Sym{1,--- ,n}IZX LT,
(t1, - tn) & (tp)s - s tom) E BC, [FMET®H 5. 127120, ty, - b, 13 X, ITFF
b3 DAEERIERT TH 5.

2T, Coxeter 77 7 L%, 21 IR 2K ~—2(& 777121
2, it%ﬂ%b\< DINDIEZFNEZ D . X, B Coxeter 77 7D & &, A(X,) X
Coxeter ! (E721X AIRE) THHEWI. 7ok, A(A,) En+1R7 LA Nt
By EREITH D, FEER, A, ITATBET DAEER AT 6, -+ 6, 1E, By OFF
AT 01, -+ 0, EENENR—HTE 5.

S



ty to t3 tn—2 th—1 ty
nz=21) @ @ @ o @
ty to t3 tn—2 th—1 ty
n=22) @ o L [ ] @
ty
t1 to t3 tp—3 tn—2
(n=24) @ @  J
1 to 1 12 @, 1
(m = 27x>m #6) e @ G @&——0
t to 5 t3 t 2 t3 4
() @ @ 7, @ ] @ @
t1 to 4 t3 ty
[ @ @ @
t 1) i3 t4 ts
o o I o ®
te
tq to t3 ta ts te
® @ ] @ @ o
t7
ty to t3 ty ts 173 t7
o o I ® o o o
tg
2.1
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FE ON221%, v—IfE T T T THHN, Coxeter 77 7 TIEARV. ZHULE
2.1 OFEFRMR D T2 T 7 ofITH D GERHIZEE) .

ty

to t3

% 2.2

R 2.2 X, 2@BEH~—IE 7T 7L, by, b, BTRUSTEET DAEERE
otk T 5H. ZoLE, ALEDER o € Sym{l,--- ,n} (3 LT, Hurwitz #1E
(toys s tomy) * By DNMEIFTROETEHEZOND -

Xn | # (e o tom) * Bn)

An (n+1)""

B, n"

D, 2(n—1)"

HY m

I3 50

7, 1350

Fu 432

Es 41472

Er unkown

Es unkown
LIk HEFR K

FEE. X, 2 Coxter 77 7 TRV BIE, NI H#((toys -+ s b)) * Br) IXHERRK
ThHETIEICFEH STV 5 ([3,5]). X, 28 (& & & #FR<) Coxeter 77 7 D
EXDNEUTHOWTIE, ¢ =id DHEDVBIZ EDO X 51RO BN TS ([6]). &
Z AN, BO, AMEIXELE O E 2 2 7o GHRIC X - THuE? ” HA TS, 7
THEFe0T), EEH21 X0, [LED pIZRLTYH [6] DMERENZDOE EHKY
SO, WA EDOREET.
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3 p-good

B o € Sym{l,--- ,n} Z—2EET 5.

ZOETIE, X, = A, DHEICBIT D Hurwitz BB (Lua), - tem) * Ba &K
OIREREZRET D, 72Uty 1, A, IABET AR AR T TH 5.

A(A,) = B,1 THY, B, OEMENAESICo, - 0, ZHNT, t;=0; &5
¥l £ 2T By OEFEERAERTE 6, 6, EES 2 EIZT 5.

A={keN|2<k<ne (k1) <o (k) £B<.

ZOELE, 1Z2i<j<n+1IZXLT, By @fﬁt;'} AW TEETS -

Y 53 1 6] 2 €it+24—Citly pCit14€6i+2 4624651
ti; =1 t; ottt tiatiy

1EL/, € = 1 (k - A), € = —1 (k‘ €A) Thh.
tij & p \IAHET D8 RAERGOT & RS

Flo, BAEYPES ={t) €By |1Si<j<n+1} CTEETD.

1SkSn+1IZxLT, Ppo=(k0)eR2 LT 5.
C, #R2PHNOMET, 28 Py, Poy Y, #5PP, . ZEZICESLD &
T 5.
L, O BICHEQ,ASESn+ D) 2RDEHITES
* Q1 =Py, Qup1 =Pnps
25 kS nlCXLT, Qp=(kuyr). 7220, <0 (k€A), y >0 (k&A).
SoEE, MY QQ E, 15 ICKIET By LI,

Bl 3.1.n=4,L, (p(1),0(2),0(3),0(4)) = (4,3,1,2) £T5H. ZDLx, A=
{(keN|[2Sk<4,07(k—1) <o Y (k) ={2} THY,

(1) 5, €S9I, tf, = tsty~ 1t1t2t3 (K31 Ths.

(2) 3.20F, tf, € SPICHIET DM THS.

.
-

2 3

B
ot

X 3.1
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3.2
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FE. OFIOR—IT, IV RAERKRITIZHIST 2859 #EFR LN, ¥k
VRN 2T 500, TOEHEHHTS:

Pyp=Qo=(0,0) € R?, Pryo=Quiza=(n+2,0)eR?LL, C;&R2ADH
JAT, 28 Py, Pup 38V, B0 PP ZERICHLOLDET 5.
DZER*NDID =Cy 2 HMRETDH. DOT ey hA Y hE—{h,}ucp

T, Fue 0,112 LT, he =id, hulop,,, =id Zi7=L, Fue 0,1 &%
n+1

€ | JQQua ICH L, h(o,y) = (z.(1—wy) 2T bOE LS.

:@£§,%zmﬁbf,m@gzﬂ&ﬁé 2T, 1Z8i< i Sn+1iTxt
LT of = m(QiQy) LiEDD. ZolE, da ={P,P;} ThV, ke Akb
a1 3Py O LT, kg AT iPpDTﬁ <% (X331, 31z

DAY QiQy D hy I2 X D af, %é%ﬁ“) .

T LA RREL RS E RO GEIEREOR ORI G4 ([2]) 2@ LT, /N2 FARL
Lt 1 E af, LIRRARES (K310, K330 af, DFNE RS T—
s, TOIMUZ D773 5 180 FEMIFAT 5 Lo, (D, {P,---,Ps}) DHLC
B DA Y =N 5) .

EHIZ, M EBLT, of &L QQ NA—HTE20T, tf & QQ; NF—HT
D, IR, QQ;E L ﬁﬁ?éﬁ\k%OTt%UTké

EE 3.2. (XN DIT (g1, ,gn) WS p-good THD EIX, g1, , g (TENZ IR
ST DR ar, -, an DIIROGAE (1)-(1i1) 273 L 1209
(1) k£ 17261F, ap & 1 TZDB7RW, FEH5H1HQ; TRPD.
(i) k <1732, ap & aq PO LH7251E, WD (I)-(VI) DWFFLBEL YD 3> TV
5:20C, ()&, daUdaEbrd B3 fmbRY, TNEE Q. Q. Q.
(r<y<z2)&T5.
(Al)y € A 2 ap = Q.Q,, a1 = Q,Q.
A2) y e A poap = Q,Q., o = Q.Q.
3)ye Ao a = Q.Q., ay = QuQy
4y & Ao a=Q,Q., = Q.Q,
)
)

5 Yy g Ao ap = Qnya a; = QxQz
6 Yy Q Ao ap = QxQ27 a; = Qsz
(iii) ay U+ Ua, 1377 7 & LTHEA.

(
(A
(A
(A
(A
)

EF2VITIROE 33 2> TiFHAZ LE L. HEORX—T T, EH2.10
SERRICAD LT E B nE4. ERE 3.3 OFHIIE I T W F£19

EHE 3.3. (te), - s tpm)) * Bn ={p-good}.
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4 FIE2.1 DIEBADHERR
c(Rx X, NEEo L xR W.) £9, X, =A, D585 25 ¢

H‘PIAZ'MA A“ (1EL,Al:t1"'tl,1>

im—1 ’

ETUE, FEIX(H?) M HY, - (H?) H,H?) 1% p-good ThH 5.
ERL33 L0, (H?) "0 H?, - (H?) ", H?) € (tyay, - s tom)) * Bn.

* X, = B, (AT DR HER ARG - -t OO (7T UBE A(B,) D
FTORMER) 13, K21 THEZONTWAD. ty, -ty 1 Ay ICATRET B EEHE
ARSI E D ZENHIRS. ZoZ EEFIALT, X, =B, D%a4%it+ 5%
ENTESL. X, =D, -, E&EDHELRETH L. O

FE. RIS, BEGICKHLT, 25T (g1, ,00), (91, ,0,) WheGITE-T
BC,[fMETH 272 61X, T78bbH,

(hgih, -+ h7'g.h) € (g5, . gh) * By

ThHdBIE, hi(gr--g)h=9g,- ¢, ThH5.

Wo> T, Bny OFEMERAERTC L, - t, EEEOER o € Sym{1,--- ,n} %t
LT, Ho & ECEo7e By Dol 5 &, (H) Mty tn)H? = tya) - - Lo B
[HA/RVASN

S5 Xk

[1]A Kas, On the handlebody decomposition associated to a Lefschetz fibration,
Pacific J. Math. 89, 1980, 89-104.

[2]J. Birman, Braids, Links and Mapping Class Groups, Annals of Mathematics
Studies 82, Princeton University Press, 1974.

[3]J. Michel, Hurwitz action on tuples of Euclidean reflections, J. Algebra 295,
2006, 289-292.

[4]S. Kamada, Braid and Knot Theory in Dimension Four, Math. Surveys and
Monographs 95, Amer. Math. Soc., 2002.

[5]S. P. Humphries, Finite Hurwitz braid group actions on sequences of Euclidean
reflections, J. Algebra 269, 2003, 556-588.

[6]S. P. Humphries, Finite Hurwitz braid group actions for Artin groups, Isr. J.
Math. 143, 2004, 189-222.
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2R A B AR BT 5
Bowditch DZEAFICDWNT

%k ¥
BB FRARAG NESUEWIFER R AL

B =

2 FEHE O H O MMM G 2 3R % EC 2 St AR A B AR O IGIFRICEETH %,
Bowditch X T Tan HIFTNHICKHL Q & EMHENZ L DZEE L. ZOMEEER T
%, TTTIEZED Q%ML punctured torus group “P. primitive stable & FHIN S MHE & D
B DOV TR O 2 L X THE T %,

1 L=

1.1 AEDREH:

3 JOERUHZERT  HP = {(2,y,2) € R3|z > 0} HICHBU B X B ROAFZHE A U 258 L WHEN 25003 1 5 1
HISTHS T LA E CHIBNTOS,

AT ZEHL I 52 5N 4 DD a,b,¢,d € CH ad — be = 1 ZHiilz 3 hE, #Z 2z Hh SLLFOXANOELHD T LT
H%,
az+b

cz+d
AT ALEMERD SR BERE M £ 55, M IELUF & HRGEIENH %

_ [ a b a,b,c,d e C
suney={r= (¢ ) }

ad —bc=1
F/z. a, b€ M & a,b DWZE a1 b7 RUZNEDEREHUC K > TEREINEHEZ 2 TTAEKA B0 AZLHREE VS,
A ZAZEHICEE LTSk [5] ICEHNCER T T B,

T(z) =

1.2 SL(2,C) Character variety

2 STAERAERE Fo 25 SL(2,C) NOMEFBIFREAROERITDONT SL(2,C) DIt THWICHZ AL DOZF—HL T
BENBEADT &% character variety &9,
CHEILLTDOEIICERT T ENTE S,

a a b b
= fao (o) (e )
= {(Tr(f(a), Tr(f()),Tr(f(ab)))}
= {(w’ y73)|x7yvz € (C}

airaze —aizaz; =1
SL(2,C
b11b22 — b12b21 =1 }// 2,0

TTT. (w,y,2) = (T2, 35 38 ) (a8 OFEU H OMMHEIC HIS L TV %, 2 Oflilc S HTHICHIEL

72 DEMNHEN, AR TEBTHICESFTEA TN,

64



1.3 punctured torus group
punctured torus group &, LANDEMZT2d 2 TERA LY RAZHEE G =< a,b> DT L TH 5,

o G MEERITHM
e aba~'b~! /N parabolic(aba=1b=1 O b L—Z Traba='b~1! = 42)

1.3.1 Farey triangulation

punctured torus group IZJE9 % X B RZHEED LMD THE L LT Bowditch O Q &M H %,
Bowditch @ Q £l Farey triangulation ZHWTEZX 5T LMW TE %,
Farey triangulation & {(ZLLFOMD=AFEREIDOT & TH S,

(z,y,2) CBWTHOX S BHO=AFEZEZ %,
V ZIHREROESE L LIt &, G p:V - C ZUTTERT %,

p(vl) =z, p(v2) =y, p(v3) = 2
Z DO DN TEROBA TEET B,

p(wd) = p(wl)p(w2) — p(w3)

w3
,f‘\\
J)/ ..\‘ T
wl ~=< Wi
v S //
\ /
.llﬁ {
[
w4
1: Farey triangulation 2: S AT ST

K2 DR T 5T S BT S H (2,9, 2) KR LTV S,

1.4 Bowditch @ Q &4
(x,y,2z) € SL(2,C)character variety " 5EE % p B9 % Bowditch O Q S LIZLLFDRMAEDT L TH B,

E%H 1 (Bowditch D Q &)
o (EEOTS v eV IEHLT p(v) ¢ [-2,2]
o [p(v)| <2 LxBIHM v e V I IZAMRMA
Bowditch 8K U Tan 53k [2][6] TZDMEICDNTELRE LTV,
ZTTC. TO Bowditch ® Q &ML T FOTHEND %,
T48 (Bowditch)
(x,y,z) H punctured torus group BT BT & &, (z,y,2) B Bowditch ® Q ZMF&T7z L 22 + y? + 22 = xyz T
HBHTENEETH 5,

Bowditch DTN IE LWL D72 51X, punctured torus group DHFIMNERICZ S,
ZT T, AWIETIRTNG 2 DOBFRIC DOV TRRN TV,

65



2 Bowditch @ Q &&ICDWLT
2.1 77)b31) X LG8

¥79. punctured torus group Z T B72HD 7 I IY XL DN TIHRS,

FEIH 1 (Akiyoshi-Sakuma-Wada-Yamashita[1])
(z,y,2) D punctured torus group BT 2T & L. > ND Jorgensen path p WFEL THRTH 2 T LEFAETH %,

(z,y,2) M52 B5NTcL &, Jorgensen path p 23K 5,

stepl:sink(a, 3,v) ZKD %,
Farey triangulation MW TLL OS2/ 9 H (sink) £ CHIRNICEIHEZT %,

(lel <18y —a) N (8] < lay = BN N (7] < laB =)

Z z
/)\\- /)\\-
~ - i .
X = =Y Kot =Y — X = —— ¥
“ // w_\\ P
A
\ / \ /
HVF '|! ir'
|
w w

step2:Jorgensen path p Z:RH 5,
step2-1 :sink(a, B,7) 5. MEMELT plc T 5, ZTODICLIFOEMHFICTONTEZ %,

Iy +ail = (8] (1)
loo+ Bi| > || (2)
18 +~il = lel (3)

,(2), (3) IXRT il L ZEEZK T %,

DAz E 5N — AN (o, a7 — B,7) & LT LORZFHEEHRZT 5,

DAz T2 — AT (o, B, a8 — ) £ LT LORZHIEFHEEZT %,

DRI ST — A1 (By — a, B,7) &£ LT LORZHENEZT %,

,(2) Zie TRV — BIEHEIZ U, AT (o, oy — B,7) Teld (o, 8,08 — ) & LTHIEFFERZT %,
,(3) Btz 0 — BEEHIRIAE L. AN (By — o, B,7) £ (o, 8,08 — ) & LTHIEHEET %,
(1), (3) ZWil=E7mW — JlEHEIZ L. AJT (o, 0y — B,7) £72lE (By — o, B,7) & LTHIEERZT %,
i/ 72V —punctured torus group TR,

step2-2:sink M5, LLFDZEFICDONTER %,
|y —ail > [B] (4)
loo = Bi] > |v| (5)
|8 —~il > || (6)
72 SRV D 25 E S step2-1 EFRBRDFREZTTS,

step2-1,step2-2 ik Lz &, D LOFIHEOHROMTZ > FICH E TROKS1E %, TNz Jorgensen
path p &9 %,
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i<, Bowditch O Q FMZ2HIRIT % 720D 7 )V TV ZLICDN TR S,

E¥E 2 (Bowditch,Tan[2][6])
(z,y,2) M Bowditch © Q Z&MzZifiizdc el S NDLURNTERENGHRDTTT T HMFAELTHRTH 2 T LIl
HTH %,

(z,y,2) MW5Z BN L&, Bowditch D&MD T 2K 5,
stepl:sink(a, 3,7) Z3KD %,

step2:Bowditch D&MD T ZRD %,
sink ZHFEME LT, T ZHIELTWVL, ZORDICLLFOEMTONVTEZ %,

((Jf < 240 (W) < H(a) + ) U (bl < 20 (o] < HO) +) m
al b Hia) = 1524125 r = |t

u:m2+y2+z2—xyz
t1d 0 LAEDER

U LEOFREORROKTZ >, HICHi< L FROKSICED, ThDHARTHNE T 5%,

2.2 Questionl

FHRBESEEROHIPH Tl punctured torus group ICJEd % T & & Bowditch @ Q &7z 9 T L X FAMED K 5 TH %,
F 7z, Bowditch D THEPIELINE p - T, T — p £223THEDOTT & p ZUTW3IETTH 5B,

Z T 2 HIE O d 7 T 0)).5“;:?50)‘5 p ETOHMORKE, DED

d(T7 p) = MaTyecvy (T) d(U,p) 7‘:;7»:1# d(U,p) = minv/EV(p) d(U,UI)

EEFLILEE GEIEE D, SHEHBIEBRICI O T T D p LOIMREGZC ENE DX IITEZELTNS) LITICD
WTCiliN%,

Questionl

Bowditch DFENELWET B E p & T IRBITWSD (2 SEDERE d [FEITNhEWLDY)

CHNUCBI L CRIRR IR Z 1T o728 25 d 3K B TEREL LS, DFD p & T BBETWEVEWVSHERICE S Tz,
ZNEHIAT 12 n FIEE UERICHER U TOBME (2n, Yn, 2n) 1DV T
n — oo DK Bowditch D&MD T DEEX — oo, MD jorgensen path p DEIIIHRTH S LR HELDH S,

SEIFFHC (2,y,2) = (2v2, V(2 + 1) + YVAAnTL 9 4 1) (/2L &2 + 42 + 23 = ninzn)
SOV THCHIICAEA L2, ZEIE A <
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AR IR DR R

. .
Jl iasee o
-]

L L L N
o 0 15 20 25 ko 35

HEfHAY Jorgensen path p DEX ., fithlx d DEX

FEE (G-Y)
dIEWK5TEKRECKES

2.3 Question2

dIFVL S TERELRD LWV FERZ/IN, ZORRUTIT K IERERIDES 7o, d ZHERLFEZ LixBd I L
iCUllze ZTT. dZ2 T DRICHET 2 p ETORKDOITARIALIZFEE LT 4 £B<,

[ —
T: commmmmn
T BRI Ui (FERTEAE) 1A D $53 % 75
., '. BiEd =1Ths,
P~/ COXIBLATTE d WO BTERELS LS,
Question2
T & plEF2LfTuniEnoh
FIHEBESBR DRSH
— d:
d" o
¢4
" ’ * ' 2 2 2
i (z,y,2) |22 +y? + 22 = zyz
bed —100 < 2 < 100
it . —100 < y < 100
+} * -3
S
nfr i.!laz I:O K ;I-i_‘;v;';"ﬂ - "‘:5 ;"'3-0; s

A Jorgensen path p DEX, it d £72i3 d ODEZE
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AR SBRORSRIC KL, T & p OBOIEMZER L AL LI L Td 3H 5 - EDORETICNES LSk,
L (1) o ¢ ZZLEE5HL T & p OMOHERE 2T 2D TZORICRITET 20ENH 5,

FHEMERRICKZEHE (G)
d' |$BR

3 Bowditch ® Q & & primitive stable [ZDWNT

3.1 primitive stable
FIRELSHERERLTEL
Fy =< a,b >2 jeER A MR

I' =word tree = < a,b >Cayley graph

B = {a,b,a™ 1, b7} H 5 7% % i (I RRER S 75

BERISE A S I FHNHICH T BIHENZ 8D (aa L bb 1 72 8) ZEFERVXTHNDT £ TH 5,

w % a cyclically reduced word &9 %,

a cyclically reduced word: XFHHICITBIHENZ L ODRVET TERLLE, KEN a---a ! BEDKI KR EZN
XFHNDT & TH B,

© &lF w ZRRITRO MM LTI DT BICET %,

w € Fy M primitive word< 3g € Fh,w & g D Fy B4R

p = {®|w & Primitive word} C 3 ~

z € H? Z 1 DEEL, p: Fo — SL(2,C) ZEDEE 7, - H3: ZERTEI LN TS,

p: Fo — SL(2,C) A primitive stable T % LG FOZEM 2T T L E2EF 5,

£ 2 (primitive stable[4])

R Tk, 8 & x € H3 BMAEL 70 DY p DBEEEHIC (K, ) — quasi — geodesic IS If
THEDLE Vo e plcifL, 1I~m BHETONFNZ o(m) € F, £EL L

< VYm,n iIH L

=0+ pd(m,n) < dys (15,0 (@(m)), 7,0 (@(n))) < kd(m,n) + 6

EI dygs D d ORBEREDORZETICHEE LD, DED dys & dICBIT 27T T 2IER LIl E N 5 53 5 %58
MIEHIHICHEEE S, LVOEKTH S,

d(m,n) 1& 2 5 m,n HOHEEE (|m — n|). 7pe(@(m)) Eo(m) Z H3 ICEHLIzSHTH S,

3.2 HiZZEH

Yair N. Minsky (& [4] I8\ T PS(Fy) C BQ L FHLTWA, £ T. Bowditch O Q 5&ff& primitive stable ®
B RS C &I Uz,
ZD7HIC Bowditch O Q Z&fF 2173 H#iH, /e SHWEIKT d(m,n) & dys (15,2 (@(m)), 7p,z(@(n))) ICDWTH
U DR RBIST %,

22U, IXRTOLFHNCDWTCEIRZT 5 EIEARATRERD TV K DA D primitive word 2 DL D72 U (Z DFEICSCHR
Bl IKd B /52 ML), £ primitive word ICBWTEIEZ L, #RrZ2 LT3,

3.3 WIzEER

WL DOMDIST A—=RITDWTCRIR LIRS R 2 DL RISRY,
EXIE Bowditch ® Q Z&AfFICBT %75 7T, BWOEIH Bowditch O Q S&ff =itz 9K TH %,
1 primitive stable ICBEd %757 T, Bl d, HEUMD dys DREETH %,

(z,y,2) = 3y, 2|22 + y? + 22 = zyz) DHH
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y D% Bowditch O Q &7 17z 9 A Sl 7z E LW EEIC Ml THA» LT3,

y A Bowditch ® Q &7 3 fHIKIC & % Wil 75 713 primitive stable TH % L WA 5% £ > TWa A, Bowditch
D Q M7l SIRNVEIIC B B X 7T 7 DIEE D 0 DD 5728, primitive stable Th % &I E A IXWIEICE S
TWa,

“3y=2.1* O
) “w3Iy=201" ©
=] "3y=2.01" &
=] "H3y=199" «

@0

=]

0 <D @)
0o
0

-

oo

0D N

40 N T T O
T ] e

o

w
T
© 0
L4910 ST € DO D
0 e NSO ST O !
o} D - O TN T D A
=] D R SO |
o
o
o]
o
o
[]
[
°
[]
o
[
[
[
°
[
o
]
[
o
©
]
o
o
[]
©
]
! o

40
4

TDZ I T 5, Bowditch © Q £&f:%1ii729 T & & primitive stable THZ T LIZFAILTH S EHRTHINS,

(z,y,2) = (z,z,2) DGFH

TONRTA=R1F 22 + 9% + 22 = xyz ZHICTELTDHDI TREON, 7T 70N EFEBTH Y. y A Bowditch O
Q FM72i7= 9 HEIC B B WX 7T 713 primitive stable TH 2 £ WA 2720, Bowditch O Q &7 17z E 75\ Vi
ICdH ZRFlE primitive stable TH 2 LIFFABWIEILE > TV,

20 T T : T
asg Iiﬂ "2, 1t O
- Snexe201 o
"wi=2.001" &
"Aixm].999°
“iixm].99" @

L oabad2sd
jiigasadiananet
&
TTII2 R A AAAL ARSI

id
¢

""355'6'":

50
(@,y,2) = (z, ;25,7 5y) OHH

TORTA—RF o= Y3 L L b & 8 OFHECHOMINEE 2 £ T ED L5 S,

WD 220757 Lid—RTHES XSICRA S, L USEIOFEEER Tld4 T primitive word IC DWW THTHEZ
LTW2DITTREVDTRELEEMDO2DDTITERUXI B ERZEDONTTT RN IETTH S,

DE D, Bowditch @ Q £&M-7&iili7z 9 7% 51X 75 71F primitive stable T3 & F5ZX 3 E LD, M-I RWEESIX T

T IMEEN 0ICR 2 5FHH % DT primitive stable LIEFEARVEWVITEZ ES>TWVD, &0 BIAROEETIEHTD 2
DD T T EEDLIR,
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DL EORVEREERR DRSNS, Bowditch O Q & &7z 9 C & & primitive stable TH2 Z LIXFEICTId AWV E L
EZbN5,

4 F&H

Question1(Bowditch D0 T & Jorgensen path p T 5 )
T & p OHEOHEE d 13NV B TERELRD T L EZHAMCHIAL Iz,
— TV,

Question2(Bowditch DZ&ff:D T & Jorgensen path p A T[TV RN
dZHEHEL. d L LUTEIREZ LR, d DEREES T,
— HFHDOERICEK > TIETVE EFZ %,

Primitive stable & Bowditch @ Q Z&f & DR HIE:
— WL O DOFIFEFEFIC BT Primitive stable TH UL Bowditch O Q &7z 9 & 5 I/ Z 7z,

SE R

[1] Hirotaka Akiyoshi, Makoto Sakuma, Masaaki Wada, Yasushi Yamashita
Punctured torus groups and 2-bridge knot groups. I,
Lecture Notes in Mathematics, 1909. Springer, Berlin, 2007. xliv4252 pp.
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A homological representation of the Braid groups and the
Alexander polynomials

JIHE
BRKRF

%\;

1 Introduction.

Lawrence constructed the braid group(in fact, Hecke algebra) representaions on the homol-
ogy of the configuration spaces H', which is called homological representations. Krammer
showed that the braid group is linear using those representaions. After that, Bigelow and

Mimachi defined the Jones polynomials using those representaions.

In this talk, we define the Alexander polynomials from the homological representaions.
2 Preliminary.
Let t, 2, A € C where t # 2. (t — 2)* is defined by

(t . z))\ _ e)\ log(t—=z)

_ e)\(log [t—z|+arg(t—=z))

log is usually explaind as a multivalued function because arg is determined mod 27.

However, we fix arg of t — z first, and we consider log with a path ~, then log turns to be
an ordinary one-valued function.
Example.
Set z =0,\ ¢ Q and 7 to be a circle with a radius 1. Choose arg(t) =0 at 1.

<— arg(t) =0

At t =1, we have

t)\ _ e)\(log\t|+\/j1arg(t))

_ e)\(0—&-\/—_1><0)
=1.
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On the other hand, after ¢t moves along v, we obtain

t)\ _ e)\(log\t|+\/—_1arg(t))

_ e,\(0+\/—_1x27r)
— V1A
3 Twisted homology groups.
We fix real numbers 2z = (21, 22, . . ., 29,,) € C*™ such that

0< 2y <29<...< 2oy, < +00.

Let t = (t1,t2,...,t,) be a set of mutually distinct elements in C™. We define £ to be a
local system on

T=Cc"\ |J {ti—t;=00u | {ti—z=0}
1<i<j<m 1<i<m
1<5<2m

determined by

uty= [ -t [[ t—=2)%,

1<i<j<m 1<i<m

1<j<2m

where § €R, 2 ¢ 7Z,7/2,...,7/2m.
Elements of H'Y (T, L) have the following expression

Y anb@ualt).

A:m-simplex

A boundary operator 0 is a C-linear mapping satisfying

m

AL @up) = (-1)'A' @ua

=0

Ai

where A’ is the i-th face of A and ua|a: is the restriction on A’

Example(m=1).

Set u(t) =t 3(1 —t)~% and e(\) = e*™~A We give some examples of H(7, L) and
H(T,L).

Cy = (0,1) ® u(t) e H(T, L)
= x x & U(t)
0 1
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Let S(z;a) be an oriented circle enterd at z with starting and ending point a.

S(z;a) =

The following example is a cycle with compact support:

1 — 1

Cy = (mS(O;e) +e,1—¢]—

€ H(T,L)
because
(BOeu)=@ouh - (@oul)
= =5 -DEeu)

This cycle is pictured by

arg(l—t) =0

There is a linear map reg : HY (7T, L) — H,,(T, L), called a reqularization. For example,
Cy = reg (.

For m = 1, we describe a subspace of the twisted homology group, V; C H if (7, L), which
is defined to be generated by two elements v; and vy: V) = 25:1 Cr,(t; 2).
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Y1, Y2 is defined by

"= X * ® (t — zl)_%(t — 22)_%
21 Z9 (0.}
arg(t — z;) =0 for t > 2
=« x x ® (t—21)"2(t—2)”

21 Z9 (0.}

N

arg(t — z;) =0 for t > 2

X X X

~ @ (t—21)"2(t — )72,

21 Z9 0.9)

arg(t — z;) = 0 for t > 2

T

Y o= " @ (t—2) Bt —2) 78,
21 z9 o
arg(t — z;) =0 for t > 2
where ~ means homologous.
There is a relation v, + ¢ 1y ~0 (¢ = e”ﬁg). Hence dim V; = 1 and its generatar is

Nn=7 = X x ® (t—21) 2(t—2) "
21 \ Z9
arg(t —z1) =0
arg(t — zo) =m
x @ (t=21)"3(z—1)7%,

I
<

[N
x

21 Z9

For a general m > 1, vj,j,...;,. (t; 2) is defined by

ty
Lo
N
Virgajm (& 2) = . x x x b x @ u(t).
ya zZ zZ O

Ji
where arg(t,;) — to(j)) = 0 for tou) > toj) and arg(teu) — 20¢j)) = 0 for o) > 2om.

4
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Let ¥j,jy-jm (2) be a symmetrization of v, ;,...;,. (t; 2):

:?juém]m Z Viija- ]m a(l)y - to(m); Z)
ceS,,

Let V,, be a subspace of HY (7, L)%™ spanned by ;... (2).

There are two representations of the braid group Bs,, on HY (T, £)®™. One is py, which
corresponds to the Jones polynomial by Bigelow and Mimachi, and the other is p4. The
action of ¢; is defined by twisting i-th and 7 + 1-th points counterclockwise:

i 1 — 6+1

71 Xo X 71
S G B I AN LA T S

P i+1 i 1+ 1
1 1+ 1 _— 1+1
where s = 1 if the representation is py, and § = —¢~ ! if the representation is pu

4 Intersection number.
Two intersetion forms
(N, (Va : HI(T, L) x HI(T, L) — C

are defined by

cc’JfZap > Lilp,o)u,(t)op(t)/uf?

tepno

CC’AfZap Z Li(p, o)

tepno,t#ty

for C,C" € HY(T, L), if reg C and C" are represented by

reg C' = Z a,p @ u,(t),C" = Z a0 @ v, (t)

p

and [ is the topological intersection number of C|C” at t.

5
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5 Example(Trefoil knot, as plat closure of 0,0, '05).

Here we describle how we calculate the Jones polynomial and the Alexander polynomial
except normalizations.

We define v; € HY (T, £) (i =0,...,6) by

V= =/ [ ve=/_ _ [ ,v3=__ [ [
w=_/ /5=, U= .

—x

v have a following expression: vy = q(v; —ve—v3+uv4). We calculate an action of b = o907 Loy

on y:
p(D)vo = {g*0 —q(1 = q)6~" = (1 = ¢)* vy + (1 = q)ua + (1 — )0 v + ¢*vy
—{a0™" + (1= 9)*}qus + {1+ q(1 — ¢)}vs
where 6 = 1if p = py, or § = —q~ 1 if p = p4. We have intersection numbers (vg,v;); =
¢, (vo,v2)s = (vo,v3); = —¢* (vo,va)s = ¢, (vo,vi); = 0 (i = 5,6) and (vg,v1)a =
(vo, v3)a = =1, (vo,v2)a = (vo,v4)a =1, (vo,vi)a =0 (i =5,6)

Case of (vg, b vg) s

{¢?—¢ 0= H)—Q-¢")V}-—-20—-¢")-*+q 7 ¢
¢ '(14+9)|Q1+¢ —¢°)

1+ ¢* — ¢* is the Jones polynomial of the trefoil knot.
Case of (vg, b - vg) a:
{a0 = (1—q )0 —(1—¢ ) hor+ (1 =g oo+ (1—q ")dvs +q vy
= (14207 =20 )vi + (=g "+ )os+ (L =g oo+ ¢ vy
the sum of coefficients of first and second terms is 1 — ¢~! + ¢~2 and the sum of coefficients

of third and fourth terms is 1 — ¢~* 4 ¢~2, which is the Alexander polynomial of the trefoil
knot.

77



An estimation of Heegaard distance by using Reeb graph

H= T
R RIFRFERERE NRISALHRER Beresi s

1 Introduction

Hempel (2 X » T# A &7z Heegaard splitting @ distance OBESIE, 3 WILEEEEZH~5 L
TEHTHDZ ENEL OMFEEICIL > TRENTWAS. B x1E, Scharlemann-Tomova, (XKD Z
LHEIRLTWA,

E¥ 1.1 (Corollary 4.5 of [ST]) M @ Heegaard splitting AUp B (Zx LT, % ® distance d(P)
B d(P) > 2g(P) Ziii=3 72 HIXRDB LD S20.

e P ¥ M ® minimal genus Heegaard surface T& 5.
e {1 ® minimal genus Heegaard surface X P |Z isotopic T 5.

AT, M ¢ Heegaard splitting X Ug Y IZxF L C, d(P) > 2¢(Q) MV o761 E, QIEP b
L <% P @ stabilization |Z isotopic Tk 5.

Z OEHOFEHIZIL Rubinstein-Scharlemann[RS] (2 L > TCEHEAIN7ETH S (Rubinstein-
Scharlemann) graphic »3EHiL T\ %. Graphic |Z Kobayashi-Saeki[KS] (2 &LV, & & DZEEK
M 25 [0,1] x [0,1] ~DOZEFH D discriminant set D L fFIRTX 5 Z LHURINTEY, #
S5IXZ0E z #FH UL R OFME %4 graphic L0 arc DA TEETE X2 pIndb s 2 &
ZrxLTW5% (Corollary 5.7 of [KS]). Z®7 7 u—F% J.Johnson[J1] 1%, XV — 25 E T
EAL, IHICHEBEIEDHZ ETHW distance % 12 Heegaard splitting @ flipping (24572
stabilization ODEOWE [J2](b &b EIX [HTT] IC k> OSSR TH D) ITkEh LT
5. ZOREMICET D FEE Y — VT graphic 285 £ TV HMEIK [0, 1] x [0, 1] WD “mostly above
region”, “mostly below region” (FEFIZOWTILE 4 HisM) &4 5720 horizontal arc TH 5.
Johnson % Z @ horizontal arc ZFf LT, %z T\ % Heegaard splitting @ distance O i % 5-
ZTVDR, ZHIFER 1.1 OFFEERIC bR > TN S,

Afa T, Z® X 97 horizontal arc @ LV FEE RV EEH AL, FivEa AV T Johnson 235
% 7z distance OFHENLETEX 5 Z L 2@ T 5. BIRMIZIE, M © 2 50 strongly irreducible
72 Heegaard splitting 78 5- 2 b T2lf (£ Z22bAE S 2 graphic IZx L TEND, DRV
'E % i -7 horizontal arc 7°5) Reeb graph & WFEiL5 1-complex Z ARk L, % @ subgraph G
EHEZD. SHIZGEE D% edge |2 positive integer & assign 75 HEZBEATH. 20 L X RO
R L.

FHE 1.2 d(P) < min{G} OAURIZALET 5 edge | assign SN7zF 75 41

* eaa.ido@cc.nara-wu.ac.jp
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2 Heegaard splitting

LN AUp B % closed, orientable 3-manifold M @ Heegaard splitting &9 %.

EE 2.1
e AUp B 7’ reducibles
A ZE& F1 5 meridian disk D4 & B IZ& F£4u5 meridian disk Dg TOD4 = 0Dg &725

HOPIFIES D,
e AUp B 7 weakly reducible<
AlZEE4 % meridian disk D4 & B 125 £41% meridian disk Dg TIDANODg = ¢ &

2D HDONIFET S
e AUp B 7 weakly reducible T & &, strongly irreducible ™5 .

Heegaard surface P |Z parallel 72 arc # & - C, Z4UZH > T tube 22172 & W O #{EETT -
THOLN 5D surface 1L, F7= M @ Heegaard surface (272> TV 5 2 ENEHITHND.

£ 2.2 (Stabilization) P (Zxf L T EDO#EIEZARENAT > THR 5458 L\ Heegaard splitting
% AUp B @ stabilization &9 .

EE 2.3 AUp B 1T M ® reducible T72\» Heegaard splitting T g(P) > 2 &3 %. Z® Heegaard
splitting @ distance d(P) RO X 5 2 AR k OF/IMETERT 5.
P I ® essential simple closed curves @41 ~q,...,v & handlebody A @ meridian disk
D4, B @ meridian disk Dg TR Z{li7-TH D08 H 5.
® Y% =0Da, v, =0Dp
e v Ny =¢ (1=1,...,k)

3 Rubinstein-Scharlemann graphic

Sweep-out and graphic
M @ Heegaard splittings AUp B, X Ug Y IZX LT, ¥4, ¥, Xx, Xy & A, B, X, Y @ spine
ETH. ZDEE, MIZBITA X4 UXg OHZEMIZ P x (0,1) ICFAMETH LN,
M=Y,4UPx(0,1)UXp
ERRTHENTED. ZOZ b, IR&THT-Y smooth map f: M — [0,1] BMFETHZ &
DInG. 2D f % P O sweep-out &9,
- % s5€(0,1) kLT, f7Y(s) IZ P IZ isotopic.
- fH0), FI() IEERER B4, Tp 12 isotopic. .

M
\—/\'J_\F//

B

Px{s}

24

1
Q) O sweep-out g bFRERIZERTE 5.

79



Z DI, 2 DD sweep-outs f,g OFE fxg: M = [0,1] x [0,1] & x 5. MERLIXf & g%
DLENPLTRD Z EIZEY, [ X gIFLEFGH LI DT> TnD & LTEW (Theorem
4.2 of [KS]). ZOZ EMBIRDZ Enbnd.

4, s, t€[0,1] 12k LT

o P, =f1(s) (s€(0,1)), Pp=4 P =3p

Q=g '(t) (t€(0,1)), Q=2x, Q1 =%

LB, ok &, P, Q7 tangent point %%’DJZ IMBEEDTRDE, WO LI
[0,1] x [0,1] N® 1-complex (272> T 5.

2
Z® 1-complex I' % Rubinstein-Scharlemann graphic £\>5. (0,1) x (0,1) I%, &kD 4 2D
parts TR STV 5

Edges : P, & Q; 7 center B & 7= 1% suddle B C 1 ;i THEL T 5.
/ = A%

center i saddle &
Crossing points : 4 i vertex. ZZTIE Py, & Qy 2 A THELTND

X 3
— ///\\ //éitk % = / /\\\7\
N AR

Birth-death : 2 ffi ® vertex. = @ vertex OITfE TIIM L2V E Z A2 5 suddle FL o
tangent point & center A0 tangent point 23 TX 5. £721LZ D,

6
Regions : (0,1) x (0,1) NIiZkIT 5 T OAiZER]. Z ZTIE Py & @ 7° transverse (24810 -
T,
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Labelling regions

ETEDT region ITOWTERDH. 4 (s,t) & (8',t') IZFL region IZEFENTNDHETDH. =
DEEP,NQ & Py NQy ® P, Q EOREIL isotopic (272> TWAHZ EIZEETH. £ (s,t)
I region NORTHDHZ Linn, Py & Q Id transverse IZ&D Y, TDORDLVIF Py E, Q Lo
simple closed curves 7>572%. Z® simple closed curves @ union % C &7/ Z L2 T 5.

EF& 3.1 C O H 5 Py(resp. Q) I essential 72 & OREMN G2 DA% Cp(resp. Cg) & H»
KTLIET D, £72Cp OFIHRE Ca ZROL I ICED .

Ca={c|3ID C Qy—Cpst. 0D =c > N(9dD,D) C A},

BL = =C N(3D,D) 10D & D 123513 5 ERETEE &3 5.
Cp C OP, Cx,Cy C OQ HEERIZED 5.

WIZ, 4 region [ZLLFD X 912 LT label 21 5.

e WECp & ColdZet¥5. Zn&& Qy ko (P & disjoint 72) essential simple closed curves
T RTANBIZEEND Z &R DND. ZILb D curves 733X T A (resp. B) IZEEND L &,
Z ® region % b (resp. a) & label f1i7 4%, [FERIZ, Py Lo (Q, & disjoint 72)essential simple
closed curves 25, 7T X (resp. V) IZ&END & &, LD region & y (resp. x) & label £
T5.

<> BT~

| < N

=)

—
~_

7 label b, y M < ElE

o \E Oy BNETHRWNWE X, ZDregion # A (resp. B, X, Y) & label {179 5%.

8 label A 23 <ElfE

Remark = @ label fHTDEZENDIRD Z L NbhD.

o \FE (s,t) & label DOV TW ey region NORET D, ZDeE Cp=Co# ¢ Thd. T
HH P,NQ DERDVIL, Py, Qy ETE BT essential 2>, & H 1T inessential ThHDH. FFIZ Py, Qy
ETE HIZ essential (Z4THD.

9 label 232700 Bl
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¢ [0,1] x [0,1] RDOE F DTAR DU D region (213 label(a, z) 23V T 5.
ARk | (resp. A F, £Ak) THROIEED region (213 label(a, y) (resp. (b,z), (b,y)) 230
TW5.

e [0,1] x [0,1] NDEDADIHD region (Z1F label a £721% A BT 5.
[FERIZA (resp. T, L) OLOUEEHFED region (21X label b £721% B (resp. = £7213 X, y £7=
1Y) B Tng.

@i 3.2 (Proposition 5.9 of [RS]) AUp B & X Ug Y 73 & bIZ strongly irreducible & {iET 5.
ZDLEE PQ 5L D graphic DED S region T, label O3 720 b OB MLTIFET 5.

4 Johnson's argument
AUp B, XUQ Y, P, @ ZHIEIO®BY 3 5.

EE 4.1 P,NX OFTXTO component 73 Py @ disk subset (ZF E45 & X, Py is mostly above
Qi L &5 Fz, P,NnY O3 ~_Td component 7% P, @ disk subset 125 £415 & &, Py is mostly

below Q; & X5

11 P, is mostly below Q; & 72 %Hd&

labelling regions (after Johnson)

o % region WD (s,1) IZxHET 5 Py & Q 7% Py is mostly above Qy 72 5 1%, % ® X 5 7¢ region
% mostly above region & X5, %@ union OPATI%E R, L ~<.

o % region WD ML (s,t) IZxHd D Py & Qu 73 Py is mostly below Q; 72 51, = ® X 9 72 region
% mostly below region & X.5. Z @ union DA% Ry &7 <.
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Remark Z @ label {1 DEZRNDLKRD Z L BDOID.
e [0,1] x [0,1] WD L (resp. ) DOLDITFED region 1L R, (resp. Rp) ICEHEANL TN D,
%8 4.2 (Lemma 14 of [J2]) Q 73 P IZ%, P @ stabilization |2 % isotopic T7ZeW e 61X, [0,1] x
[0,1] NIZ R, &b Ry &% disjoint 7¢ horizontal arc [0,1] x {t} BT TFET 5.
ROMEIT [J2] OF THERSNTNS.

#HRE 4.3 M 4.2 T S 1Lz horizontal arc [0, 1] x {t} @ subarc [sg, s1] x {t} TELF &7 b
DR&HB.

o (sg,t) & (s1,1) IX graphic ® edge LD R TH 5.

o [LED s € (80,81) IZX LT, (s,t) 1% unlabelled regions NOKRTH Y, +43/hSve > 012
% LT, (so — €, t) iX label A Dz region ND L, (s1 + €,t) 1X label B d->u 7z region
NORTHS.

adha

a

4 12

5 Heegaard distance M FE{if

AUp B, XUqY, Py, Qq, [ ZHIOEY &7 5.

[0,1] x [0, 1] A ® horizontal arc [0, 1] x {t} (257 % surface I3 3 FHTER LT Q &7~ T
WA T LIRSS, LUF, 0,1]  {£} 1AARE 4.3 TR horizontal arc 5. =0 & & [J2]
X0 Qy iz f ZHIBBLZb0E, T—ABKIC/R->TnDE LTV

E& 5.1 Q LOSBEOESITKRD X O eRERKRE AND.
r~ysIhel0,1] st x&yld f7Hh) ORILESICEEND

ZORMEBRIC KL D Q DRGZ4EM Qi) ~ % f 2 OFFEILD Reeb graph & WS

13
Reeb graph % edge LD iE Qy L essential & L < I& inessential 72 simple closed curve (2
LTS,
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WE, Q¢ LD essential simple closed curve (2% % edge 72 H %% subgraph & & 5. Z D
subgraph O #4344 C horizontal arc [0,1] x {t} @ sub-interval [sq + €, $1 — €] ([ZXHET D7

Gy \ICRD LD FE T OV =V EAT 5.

So S1

A B

egde ~DES{TIT
Step 0. G} DENRIINLET 54 edge (2 1 % assign T75.
Step 1. 2 fli® vertex TV & 9 edge O —JFIZEEICE 58 assign SN TWH25HIE, &9 —FHIC
LA U% 5% assign 5. Z OEMEZ FTHREZRIRY 40 K7

ZOLE, FEEFT I TRV edge 6D vertex T—HAEMIZH D H DN, —BEIIIZEE
5. ZOvertex v, & 5. ZO L XBEIZ edge D BT FBITHR L TE, IROFMEDEKR Y Lo
TWbHET 5. (Step 0, 1 DEL TIEIA LT FORED (1) BB > TV 5. )
Condition (*) vertex v; IZIROWT I & 7=7 .
(1) vertex v; KV LEMOAET 582 5T edge ITIZT X THE UES n 2 assign STV D.
(2) vertex v; K0/ LEMOALET 5 8% 5T edge IZIXFET n— 1, n OWT I assign 4L
TW5. FRZn — 1 7% assign SALTUV 5 edge, n 2% assign STV 5 edge 1T THIET 5.
Step 2.
- vertex v; 2% condition(1) ZJii7z L TWAH R HIE, v; IZHEL TV D E7ZHES M assign STV
VW edge IZn+ 1 % assign T %.

n+l i+l : n n :
H v Ui Ui _
n % 8 : n+l
n+1 : n+l n+l 2

15
- vertex v; 2% condition(2) A7z L TWAH R HIE, v ITHEL TWD E72E S assign AL TR
VY edge (2 n % assign T 5.

n-1
: n : n : or n :
v Vi Vi n Vi
n n n n-l
S —

n-1

X 16
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Step 1 & Step 21X G DT TP edge IZF 7 assign SALDHETHD IEED Lo Z &Rt
L. ZokE, RfELI.

EHE 5.2 d(P) < min{G} DAURIZALET 5 edge | assign SN7zF 75 41

17 This graph gives d(P) < 3

25 3Bk

[C] J. Cerf, La stratefacation naturelle des especes de fonctions differentiables reeles et la the-
oreme de la isotopie., Publ. Math. IL.H.E.S. 39 (1970).

[CG] A. Casson and C. Gordon, Reducing Heegaard splittings, Topology Appl. 27 (1987), 275-
283.

[He] J. Hempel, 3-manifolds as viewed from the curve complex, Topology 40 (2001), no. 3,
631-657.

[HTT] J. Hass, A. Thompson, W. Thurston, Stabilization of Heegaard splittings, preprint
(2008), ArXiv:math.GT/0802.2145v2

[J1] J. Johnson, Stable functions and common stabilizations of Heegaard splittings, Transactions
of the American Mathematical Society, Volume 361, 3747-3765.

[J2] J.  Johnson,  Flipping and stabilizing Heegaard splittings, preprint (2008),
ArXiv:math.GT/08054422.

[KS] T. Kobayashi and O. Saeki, The Rubinstein-Scharlemann graphic of a 3-manifold as the
discriminant set of a stable map, Pacific Journal of Mathematics 195 (2000), no. 1, 101-156.

[RS] H. Rubinstein and M. Scharlemann, Comparing Heegaard splittings of non-Haken 3-
manifolds, Topology 35 (1996), no. 4, 1005-1026.

[ST] M. Scharlemann and M. Tomova, Alternate Heegaard genus bounds distance, Geometry &
Topology 10 (2006), 593-617

85



QUANDLE [ &% SHADOW COLORING ¢&
PSL(2,C) RIKRDMAFEE CHERN-SIMONS AEE

ERH— (KIRMIIKE  HEFHER)
(HE H RRIZXFAFZRETFMRER) &OHEHRE)

1. B1E

ZD/— rTIEAY FIVOREO Y —DEHZE BV TNEFTEE Chern-Simons &
ZENHETEZEZRET 5. BECTIIEFANLGHEZRLIGEELZDOT, TZT
IEHFE VBB TELGRD S ERIEBAICOVTERT 3. FEALEOHRRITEREE
Chern-Simons AEEDFHED =& TEL AV FIVICET 3 —RGHERTH 5.

K Z%UB. DEZDRA47 75 LETSB. AV FIL X IT&B arc coloring I
K OBZBOEAXEEDLS X O associated group Gx NDRIRES5Z 3EhHh 3.
RIT shadow coloring S #EEL. BY FILKEAY— HY(X;Z[X]) ICEEERBR
EE[CS) 2EETS. TOREAIV—EH[C(S)] & K DFEZEHDORIROHEEZED
HICKBETHZHELDHLS. LOTZDREOTV—EHLSHDBEICERBHEE
ThIEZNIZEAS DT Gy NDRIDAREEITES. DEICHEEFNAY FILKRED
IJ—HAX)EEELZYIREQY— HE(X;Z[X]) b SBENAY FILREQY—
HA (X)) "\DEGEEET 5. HIC3RTORAIEAY NIVEEOI—HSDE
BEEE, [Wee] ® [Ino] THEZASN-=ARESEDRBNEHEEEEA TV S.

INSDER%Z PSL(2,C) DT ET A FIL P Icd L GERYT S. 20D
AV FIVICKZEBIIEVE K DBZEBD A 71 7V Z N T REDS
FEEIMITHETS. TP (C?\{0})/+ EE—RTESREETRYT. TDERX
D5 HE(P) I& Dupont-Zickert [DZ] THERENREQY —LIFIERLCTHZED
HHB. KS5IEZDREDY—H'S5 extended Bloch BNDEJRZER LTc. FHRD
BECERB HY (P, Z[P]) — B(C) ##MT 5. BRELTRUBD P ITLB arc
coloring H*5 extended Bloch BDTEESEHTES. TNIE Neumann ICK W E
RINF PSL(2,C) RIADAEEL—HI 5FEHDHS. Neumann [Neu| DIERIC
& Y Rogers dilogarithm B8EX R Z AW TEFRE Chern-Simons AEEZFHET 5F
DNTES.

KL e REOY— HA(X) IEBEOBEXAREOY — L FBICERL TV S.
O LEEGRTOERDREOY —LDBEELNHZHMITHE Y N ShTULELEK
SBOTHEDREAY—LDEEICOWTH 3HTHRERT 5.

2. QUANDLE AND QUANDLE HOMOLOGY

A quandle is a set X with a binary operation * satisfying the following axioms:

(1) zxax ==z,

(2) the map *y : X — X defined by x — x x y is a bijection,

(3) (x*xy)*xz=(rx*xz2)*(y=*2z),
for any z,y,2 € X. We denote the inverse of *y by *~'y. For a quandle X, we
define the associated group Gx by (v € Xy lay =x*y (z,y € X)). A quandle
X has a right G x-action in the following way. Let g = z]*25? - - - 25" be an element
of Gx where z; € X and ¢; = 1. Define zxg = (- ((z 52 @1) x"2 23) -+ ) %" @,
One can easily check that this is a right action of Gx on X. So the free abelian
group Z[X] generated by X is a right Z[G x]-module.

1
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((zxy) *2)

9z

Yk z Y*z
Tk z

N —

z z ?

(TS5 z

T kY
z v z
i Y g9y
z g

T g g
9(x,y,2)
g

FIGURE 1. 8(9(1‘,]4, Z)) = _(g(ya Z) - gx(ya Z)) + (g(:z:, Z) - gy(x *
y,Z)) - (g(xay) - gZ(I]'J * 2,y * Z)) Here T,Y,2 € X and g c GX
Edges are labeled by elements of X and vertices are labeled by
elements of Gx.

Let CE(X) be the free (left) Z[Gx]-module generated by X™. We define the
boundary map C(X) — CEF | (X) by
01,2,y wn) = Y (=1 (@1, ... Thy .o, )
i=1
— @i (T % Xy T K T T 1y, X))

A graphical picture of the boundary map is given in Figure 1. Let CP(X) =
spang g { (21,22, ..., @n)|7i = w;11for some i)} and CQ(X) = CE(X)/CP(X).
Let M be a right Z[G x]-module. We define the rack homology of M by the homol-
ogy of M ®zjG ] CE(X) and denote it by HE(X, M). We also define the quandle
homology of M by the homology of M ®zq ) c? (X) and denote it by HZ(X; M).
The homology HZ(X;Z), here Z is the trivial Z|G x]-module, is equal to the usual
quandle homology HY(X). Let Y be a set with a right G'x-action. Then the free
abelian group Z[Y] generated by Y is a right Z[G x]-module. In this note, we will
mainly study the quandle homology HS(X;Z[X]). (This is usually denoted by
HP(X)x. )

3. GROUP HOMOLOGY

Let G be a group. Let C,(G) = spang{[g1]92|- - -|gnllg; € G} and define the
boundary map 9 : C,,(G) — C,,—1(G) by

g1l --1gnl) = g1lg2| .- lgn] + Z_:(—l)"[gll o 19igi+1lgn] + (=1)"[g1] - - - [gn—1]-

Let Cy(G) 2 Z[G] — Z — 0 be the augmentation map. We remark that the chain
complex {--- — C1(G) — Cy(G) — Z — 0} is acyclic. So the chain complex C,(G)
gives a free resolution of Z. Let M be a right Z[G]-module. The homology of
M ®zi¢) C«(G) is called the group homology of M and denoted by H,(G;M). In
other words, H,(G; M) = Tor“l¢ (M, 7).

We can construct a map from the rack homology HX(X; M) to the group ho-
mology H,,(Gx; M). The following lemma is well-known.
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Yz y*z
S
) _ 5
FIGURE 2
Lemma 3.1. Let --- — P, — Py — M — 0 be a chain complex where P; are
projective (e.g. free). Let --- — Cy — Cy — N — 0 be an acyclic complez.

Any homomorphism M — N can be extended to a chain map from {P.} to {C.}.
Moreover such a chain map is unique up to chain homotopy.

So there exists a unique chain map from CF(X) to C,(Gx) up to homotopy.
This map induces M ®zc ] CF(X) — M @z, C+(Gx) and then HF(X; M) —
H,(Gx; M). We give an explicit chain map f. Let (z1,...,2,) be a generator of
CE(X). We define the map f by

f((@r,ewn)) = Z sgn(0) [Yo1l - [Yoil - [Yon]
gESy
where y,; € X is defined for a permutation o and ¢ € {1,...,n} as follows: Let
Jis- -+, Jk; < be the numbers satisfying o (i) < o(j1) < 0(j2) < -+ < 0(ji, ). Then
define
Yoi = Ta() * (To(1)Ta(52) " To(i,))-
The graphical picture of this map is given in Figure 2.
Example 3.2. Let (z,y,2) € C¥(X). Then the explicit chain map f : CF(X) —
C3(Gx) constructed above is given by
(x,y, 2)) =lzlylz] — [z|z]y = 2] + [ylz|(z * y) * 2] = [ylz = ylz]
+ [zl x 2ly * 2] — [z]y 2| (z * y) * 2]
Remark 3.3. Fenn, Rourke and Sanderson defined the Rack space BX. Since
m1(BX) is isomorphic to G, there exists a unique map, up to homotopy, from
BX to the Eilenberg-MacLane space K(Gx, 1) which induces an isomorphism be-

tween their fundamental groups. The map we have constructed is essentially same
as this map.

As we have seen, there exists a relation between quandle homology and group
homology. We shall give another relation which seems to reflect more geometric
feature.

4. SHADOW COLORING AND FUNDAMENTAL CYCLE

Let X be a quandle. Let K be a knot in S and D be a diagram of K. An arc
coloring is a map A : {arcs of D} — X if it satisfies the following relation at each
THY

crossing: ———>y , where z,y and z *xy € X. By the Wirtinger presentation of

x

88



a knot complement, an arc coloring determines a representation 71 (S%\ K) — Gy.
This is obtained by sending each meridian to its color.

A map D : {regions of D} — X is called a region coloring if it satisfies the
r*xy

following relation for a pair of adjacent regions: +———>y , where z,y and zxy €
x

X. The notion of region coloring is generalized for any set Y with Gx-action, but
we only study this special case. A pair § = (A, R) is called a shadow coloring.
We define a cycle [C/(S)] of HY (X Z[X]) for a shadow coloring S by X. Assign

+r ® (z,y) for a positive crossing colored by I and —r ® (z,y) for a
x T

Y Then we define

negative crossing

r T

CS)= Y eere® (we,y0) € CF (X, Z[X]),
c:crossing
here e, = +1. We can easily check that this is a cycle. The homology class [C(S)]
in HQQ(X ;Z1X]). is invariant under Reidemeister moves and does not depend on
the choice of region coloring. Moreover we have

Proposition 4.1. The homology class [C(S)] only depends on the conjugacy class
of the representation w1 (S%\ K) — Gx induced by the arc coloring A.

5. SIMPLICIAL QUANDLE HOMOLOGY HZ(X) AND THE MAP
H}X;Z[X]) — H$+1(X)

Let C2(X) = spang{ (o, ..., =,)|z; € X}. We define the boundary operator of
O (X) by

n

@0, wn) = Y (1) (X0, .-, Ty ).
i=0
Since X has a right action of G'x, the chain complex C2(X) has a right action of G x
by (20,...,Tn)*xg = (To*g,...,zn*g). We denote the homology of Cﬁ(X)@Z[GX]Z
by H2(X) and call it a simplicial quandle homology of X.

We define a set I, consisting of maps ¢ : {1,2,--- ,n} — {0,1}. We let |¢|
denote the cardinality of the set {i | ¢(¢) = 1, 1 < i < n}. For each generator
r® (x1,22,  ,2,) of CE(X;Z[X]), here r,x1,...,2, € X, we define

r(@) =rx @My ) € X,
2(0,) = wix (@57 Vi3 ) € X,
for any ¢ € I,,. Fix an element p € X. For each n > 1, we define a homomorphism
v CHGE[X]) — O (X) ®z16x) Z
by

(5'1) <)0(T ® (xlvx% e axn)) = Z (—l)lL‘(p7’l“(L),$(L, 1)) Z‘(L, 2)7 e ,Z(L,’I’L)).

Lel,

For example, in the case n = 2 (see Figure 3),

@(7“@(33’9)) = (p7raxay)_(p7T*x,x7y)_(p7r*y7x*yay)+(p7(r*x)*y7x*yay)7
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T*XT T r

(pyrvxvy)_ (p,T*x,x,y)
—(p,r*y,xxy,y)+ (p,7* (zy), T *y,y)

FIGURE 3

and in the case n = 3,
P(re(z,y, z)) =
(pyryxyy,2) — (p,r*x 2,2y, 2)
—(pyr*y,zxy,y,z) — (p,7*2,T %2,y % 2,2)
+ (p,(rxa)xy,xxy,y,z)+ (p, (r*xz)*z,xxz,y%*z2)
+(p,(rxy)*xz,(xxy)*xz,y*xz,z)— (p,((r*z)*y) 2z, (r*xy)*2,y*2,2).
Theorem 5.1. The map ¢ : CI(X;Z[X]) — C541(X) ®z(cy) Z is a chain map.

So ¢ induces a homomorphism ¢, : HF(X;Z[X]) — H {(X). We remark that
the induced map ¢, : HF(X;Z[X]) — HZ,(X) does not depend on the choice of
p € X. When n = 2, the map reduces to the map ¢, : H? (X; Z[X]) — H2(X)

5.1. Relative group homology. Let G be a group. Let H be a subgroup of
G. We define the relative group homology H, (G, H;Z) by the homology of the
mapping cone of the map C,(H) @z Z — Cn(G) @z Z. We can compute
H, (G, H;Z) as follows (see [Zic]).

Lemma 5.2. Let K be the kernel of Co(H\G) — Z. Let --- — F» - F; - K — 0
be a free resolution of K as Z[G]-module. Then H, (G, H;Z) = H,(F\ ®zq) Z) for
n>1.

Most of important quandles have a homogeneous presentation, in other words
it can be presented in the form H\G with some group G and a subgroup H of G
[Joy]. Since the complex C2(X) is acyclic and have a Z[G]-module structure, so if

- CH(X) = CP(X) = Ker(C(X) = Z) — 0
is a projective resolution, H2(X) is isomorphic to H,, (G, H;Z). This is another
relationship with group homology.
6. QUANDLE STRUCTURE ON C?\ {0}

Define a binary operation * on C?\ {0} by

1), (T2) ._ 1 —mzoyn —x3 1
Y1 y2) Y3 1+ zoy2 ) \ W1
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This satisfies the quandle axioms. Let P be the set of the parabolic elements of
PSL(2,C). This has a quandle structure by conjugation z * y = y~'zy. This is
isomorphic to the quandle formed by the parabolic elements of SL(2,C) with trace
2 (or —2). Define a map C?\ {0} — P by

AT 1l—zy —x2°
y y? ltay)’

This is a quandle homomorphism and induces a quandle isomorphism P = (C?\
{0})/4. The quandle (C?\{0})/4 and therefore P has a homogeneous presentation
PSL(2,C)/P where P is the parabolic subgroup. So H5(P) is closely related to
the relative homology H3(PSL(2,C), P;Z).

7. EXTENDED BLOCH GROUP

The pre-Bloch group P(C) is the quotient of the free abelian group generated by
symbols [z], z € C\ {0,1} and the relation given by

Y 11—zt 1—x
) = o]+ u L—y‘l] " [1—.1/] B
for each x,y € C\ {0,1} with « # y. This relation is called the five term relation.
The Bloch group B(C) is the kernel of the homomorphism X : P(C) — C* Az C*
defined by A([z]) = z A (1 — 2).

The extended pre-Bloch group 73((C) is the quotient of the free abelian group
generated by [z;p, q] where z € C\ {0,1} and p,q € Z with relation given by the
lifted five term relation, which is something like a lifting of the five term relation. In
some sense, the pre-Bloch group is a lift of pre-Bloch group to the universal abelian
cover of C\ {0,1}, and p and ¢ represent the branches at 0 and 1 respectively.
The extended Bloch group is the kernel of the map P(C) — C Az C defined by
[z;p, q] — (Log(z) + pmi) A (—Log(1 — z) + gmi). See [Neu] for details.

We construct a map from C$(P) — P(C) along with the work of Dupont and
Zickert [DZ]. In this note we omit the discussion on the treatment of degenerate
simplices because it makes the argument more complicated. Let (xg,...,23) be an
element of C4(P) . Since we have P = (C?\ {0})/4, we regarded zq,...,r3 as
2-dimensional column vectors. We define three complex numbers by

wy = Logdet(xo, x3) + Logdet(x1, x2) — Logdet(xg, x2) — Logdet(x1, x3),
(7.1) w; = Logdet(zg,x2) + Logdet(x1,x3) — Logdet(xo, z1) — Log det(x2, x3),
wo = Logdet(xg, 1) + Logdet(xs, x3) — Logdet(xg, x3) — Log det(xy, x2).

b ol x} xl
Here det(x;, x;) is the determinant of ( L 3| for xy = ( ’2) and z; = < %),
x; X7 x; r}

and the Log is defined by Log(z) = log |z| + i arg(z) (—m < arg(z) < m). Since z;
are well-defined only up to sign, the value Log det(x;, x;) has an ambiguity of £mi.
So we fix the value of det(x;,z;) so that 0 < arg(det(z;,z;)) < m. (We can show
that another choice of sign does not change the image. This can be shown by using
the cycle relation [Neu, Section 6].) Let z be the complex number defined by

_ (wo/ad — x3/a3) (w/a] — x3/23)
- 9
(wg/xf — w3 /a3) (x}/af — w3 /x3)

then wq, wy, ws have the following form:

wg = Log(z) 4+ pmi, wy = —Log(1 — 2) + g¢mi,
wy = —Log(z) + Log(1 — z) — (p + q)mi.
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here p and ¢ are some integers. We assign [z;p,q| € 73(((3) for (xo,x1,22,23) €
C2(P). This defines a map C£(P) — P(C) and induces the map H2(P) — B(C)
(here this is not precise statement, see Remark 7.2). Composing with the map
defined in Section 5, we have the following theorem.

Theorem 7.1. There exists a homomorphism
(7.2) HZ (P; Z[P]) — B(C).

The image of the cycle [C(S)] by this map gives the extended Bloch invariant of the
parabolic representation.

Remark 7.2. We could not construct a map C£(P) — E(C) directory because
we could not remove the degenerate simplices. But we can deform any cycle
of H2Q(’P;Z[’P]) by adding boundary term so that the image by the map .
HE(P; Z[P]) — HA(P) consists of non-degenerate simplices without changing the
homology class. So we can actually construct the map (7.2).

Neumann showed in [Neu| that B(C) = Hs(PSL(2,C);Z). He also defined the
Rogers dilogarithm function R : B(C) — C/m2Z which gives a combinatorial for-
mula of the Cheeger-Chern-Simons class via the isomorphism. Applying the func-
tion R to the image of [C'(S)] by the map (7.2), we obtain a diagrammatic descrip-
tion of the volume and the Chern-Simons invariant.
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On positive knots of genus two

B A=K (CKRIRANZR AR B AT TR
FEA 5 (KIRANZRAREEGHAT TR

1 XC&IC

MO HDORZRMEDILIR & UTHR A 72 E ODFIET 50, AR TSN & sk
WCHERZYTT, 2 DIERUTHICH L TR NI R 2R 5. #CHKXD R
LB (almost alternating) TH 2 &1, TOXKXDH 2 —DDLRD L 25T % C
CICE > TRIRNNANROENE L THDB. HMTHDBIRANTH % &3,
MR ZFH, hORRNTERNT ETHS. FUTHMERMKH (positive-alternating)
TohsLid, Er OGN 2RO ETHB. #UHKKHBIERLH (almost
positive-alternating) TH % £ 13, TOKADH % —DDLMD [ N 2xHid 5 Lic
Ko TIERRHRANMEE NS L TH 5. FMUHMIERRW TS 5 & 1F, BEERRY
M Z2HKH, D DOIELXRNTENCT ETH 5. EXNXELZRNKAZ R LICFFDE 5,
IERMRHAZR D LWV S T EH Nakamura [5] I K > TREN TV AN, IEX & B
RIRKZ R ZICF DA 5, BHELRRAZ & D0 E S MEKRIRFRTH S .

B #UHEHDNERKX E BRI ZR ISR DR 5, BHERRNKAZ E D) ?

C OMEIF 11 3L RO UH, MO 1 OFETHICH U TIELW. KO 1 D50
FEERIZ C ORMENE 2 DIERICIELWE WS T2 EUFEERLIZCETHS.

EE 1. H2 OERUTHIRIERMN, & L BBIERZRNTSH 5.

2 DDOFERIE, T 1 DIGH & LT, 2 OIEEUHOEARR LI OVWTE SN
EDTH 5. I DOWTIE, 3 ETEELIBRD

B 2. FHE 2 OEMUTHEZMHNTSHS.

FiE 2 DR THRVIERETHZ, Ff 1 OIERSUH, DX IERMW T Ly Y 2 )UEUH
2 DDEMKOHZDT, IEZAND DR TH S LRGN THS. Liehi>T
AR T, 2 OFRZRIEASTHICOWT, EH 1, 2D IDT L 2R
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2 TEIE 10DIHA

| DT HRE (52 DIEROHO) £MITE VW, TORKOESE GF L&D
./ 205 12, MROSHEOEITITbN 2 RITERE [ B LS.

2: ty &I
EROTODHES G &t ZIRICBI LT, Stoimenow IZ K o TRAVREN TV S,

HRE 3 ([6]). FE 2 OEBMTEOIERUTHIZ, HBAEMITIC t, B ET> THRELNZ KX
&> TERDEINS.

EB 1 O, AEBUT G € GF ZRD 3 DDEFICTTTEZS.
(1) G BRRATH B 55!
51_7 7;_7 81_57 9;_37 9;_87 101_017 101_207 111’_237 11;297 12%977 131—233

th ZAZIERZRKA D IER 2 R D28, TD & & TN S DERULIFIER ST H
2T .
(2) G WK THROD, KT HZ R TG

62+= 6;7 72{7 7;7 81+27 8;r47 92+57 10;;87 10377 11?48
CDEE, GG ERZIT>THRLNEZ 2 TORAZELZRNKNXICETES L2
THE. QA6 DL EOBEANIT BN, MOBE L FBICRTC LN TES. 6F DR%Z
Mo (i=1,2,...,6) I th BI% a; WfT> TIHLNIKXE, K 3DOXSICEKT R L
IZ KD IERRKAMGFENS.

X 3:

CTTHE3IND a; ETNIVFHFENTZR VTV 20, + 1 RIEER D R U, & DX
YIIWIETED R VT IV B —DmMO Lz DT 5.
(3) G BRI THE L, OIS CHEZ R TG

+ ot 19+
9397 941’ 121202

3
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TNSDEFITI G5 N2 KA ZBIERRIKRICEE T 5 2 &, (2) TRUIEATE
CHAREIC LT TEZDTERT 2 (LI 4] 281). Ko CHEHOE D IZERE Nz
EOHKADESMRNTHRNWC EZRT T ETHS. EFBRIC Jones LI DA RIGEL
FEHETZC LICKD, INSDOFETHD Jones ZHANRTEZ Y 7 THRWT ED0H
5. ZAIHECH (—MINICTEE (adequate) FETFH) O Jones THRFE=w 7 TH B T
NS, ERENZETOMTBEIRERRN TR, O

COFAN S (1), (2) D 21 HOLERTEA BIEEZARHGHECH M, (3) D 3 DDERITH
5RBHHEZRIFECEMES NS T Vs, U UL 2 OELSRIVFE O HICES 3
Z5EAT9E (2], [3], [6] M) h 5, IEXRMRIFS T HIE (1) O 11 HOER T B2 TERE
Nns eNgaEnhns.

R 4. R 2 O ERECHIZ, RO 4 HOEKTTHBERENS.

(1> 5?? 7;7 8?57 9;37 9;87 1O;FOD 10?207 11?237 11;297 121+0977 131233 (11) 9;;97 9117 12?202
KT, (i) DAERTTH BIFIERIIFSE T E A, (i) DERTTH S IIHELE SIS O H AVE R
N5,

AE 5. EOEBUTICH LT, ZOEMITH BIFERTE T, Mo 13 HOAR T TIEAE
TERNVE D B 2 DIEASTHMAES 2D T, F 4 THT T 14 HOEK CId A
BINRETH 5.

3 I 2D3EHA
BAEHKK D & ZDR Nl LT, DAL DEZK 20K 57K T 5.
N\ ¢ N
D Q=
D D2 DB
X 4:

XA D DXDOITIEAHZ L(D) EERDT. ROFMN2HTcTiHPHDES S 245
A%,
e HWZLHSUH € S.
o RxFicd X7, RmcZE DA DICH LT, L(D) €S:
(1) L(DZ), L(DE) € S,
(2) det(L(D)) = det(L(D2)) + det(L(D5)).
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DKM AT TERAIERICHEIET 20, TN o oH@iinZz Q L £bg (AL, 20D
XOBEADPTRNDEDINQ THB). #HH LM QICEHEND LT, LIFERAH
(quasi-alternating) T % &5 . FLZRHWEHBICH LT, 2 DHDEFTENTZX S
EXNERE c TR TH S L0 5. JEDEERIREH B RN TH 2 0, 70
ARG AHIZHFZRN TR T EDVERNLEMNS C EICHET 5.

EH 20DFEH. R A0S, FE 2 OIEATHIEROESGTZFARNE 7 TH 5.

(1) 51_7 7;7 81_57 9;_37 9;)_87 10%17 10;-207 111-237 11;297 12;_0977 131-233 (11) 95’:—97 92-17 12?-202
CON (i) D IENSERENZHTHIGRTRRNAZD T, HRXRWHETH TH 5. 5%
D O (ii) O 3 E B ERE NBECEHMEHRIN L 75 T L% of, ZHICEFTRY. 94,
12550, DFEEFARRIC L TRE 2D THIKT .
iRl 6 ([1]). XM c THRERINTH % X 5 TAEAHKK D ISH LT, ¢ 240 MEHR
MECRARERZ > TV T TEZMATEONAXNAZ D' £ T%. 2L Ei{H
H L(D) 3 ERINTH 5.

5D &SI 9f, MEERENBHECHRRE D £ L, ag TTNUFIFENFRY Y
IWHAZ R c TEEHMATHLNIXAZ D' £ T 5.

X 5:

Wi 6 KO, D' WL ¢ THRIRIRINTH B T L7t L(D) DRI TH B T &h
Hivid., K6 DX DA, DE ZZRKAELTETE 52 &ick b, L(DA), L(DP)
WRRIFEHETH O, DX DLW AHTH B MW %.

X, Goeritz {15725 T & T, det(L(D')) = det(L(D2)) + det(L(DP)) LIz &
MiENDEND. LLEXD, D HR R ¢ TR TH 5. O

SE
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%A H D flat plumbing basket 287~

ICDWNT
EEREREGE 2RISR SR A
S T

FINPR < 2 < B 3 [RIC K DB A ENTAEHH D flat plumbing basket
ZORICBE U TIT 5 72RD 3 DB DV TN S . G R OFHHIC
DWVWTIESEERIT 2 &5 Icidd. (1) ¥4 7 )V FOEEEN S
flat plumbing basket Z7R"7%213% J71k (2) ZRDTeHICTRETR band Dix
/INEC(3) pass [AlfE & DBRIf%

1 #&HHEH®D flat plumbing basket &

E&E 1.1 ([1]). A7 )V Ml S B flat plumbing basket T % L1Z,
S WROWEZ T3 & THS -

(1) S &M D I flat annulus ZX< plumbing L THHN 5.

(2) Z® plumbing OMIHIZET D DHICH 5.

0S = L 72ii7z9 flat plumbing basket S MWFEET % & &, #&AHH L 1&
flat plumbing basket "RimZHD L.

21 flat plumbing basket ZRDEIZ%TTIH L. T T T, flat plumb-
ing basket 2RI 2 D—FEAMDBD K 5 IZFIHR & Z DFIHRIC proper
ICHEDIAE NIz label (fZOIMC K > TERIT T EMNTES D, TORA %
flat basket diagram &9 .

Sy
N
/m (\ ~ :> 4%4
G- T
1: flat annulus @ plumbing 2: 3; @D flat plumbing basket &/~

/NP« PR« RRIEOD 3IRICK D, LAFD T EARENTVS.
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1.2 ([1]). & TDO#EAHIE flat plumbing basket ZR%Z2 &D.

1] TIEAEAHDOHT LA FERZHNTEM 1.2. DitHZIT>oTWV5
M, T T TEZDREEHDOEANZ RN 21X S .

X 3:

—fl :%%E’fﬁ L OYW A7)V S &, g 2 S O, »r & L ©
R E LT, K3DX 5721 DD E 29+ 17— 1 ARD band & & Dt
HICAETES. T T band DT EDODNTZDRENTZD MDD band
ERESTZD L TWAED, S IEMEDIFA[EERD T, band DI CNDIE
BUIEETH . Z T T, band DRENEKA4DXIICERT S LIk
D, S ODRHEINRZIZEXIICERTEIENTES. COXIICER
LieP A7 o)V iz, 47 IV b DEER 0 5.

;@kaﬁﬁz
& 4:

CZTCUTNZERTS.
EE 1.3. 5D YA T o)V M DOZEIE % push down &5,

T \ -

\\I:

5: push down
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Push down IC K> TELNEY AT o)V MIHOEFRIE EDED L
isotopic TH 5 LITHFET 5.

(1) %% band ZHR CHEFLT 5.

(2) W& U 7eid e 51, EE LR LR O & L TR T

(3) MEEC L 7AR DR A T, ERSFEDVKE T M RENEEICE D K DI
95.

AN - =

X 6: (1)(2)(3) 2’z d & 5 5226
(4) VIR RR DHT, Z Dl S E EICKR D ET TV 255, £ 0
&2 5 NI push down 9 5. (X7 2. Push down 9 %iRH THthidD
MEFL L 7chR & A2 LT L 2 HAICE, (3) DEEMZiT2d K 5 1C push
down 9 % J7 DRI 72 NICHET)

(@) (b) (c) (d)

X 7

X 8: (4) Z2iifi7=d & 5 HEH

COXIBEERZITO T EICK> T, 2TOKEEA 2K 7 (a) DR
ICTES. 2O X5 7%aHhmiE flat annulus @ plumbing ICXDIESENS T
EIIHOLNTHS. 4]
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2 /)y band #HDER

EE 2.1 ([2]). #5UH K 7% flat plumbing basket Z/RICT % 7z DITHb
B5 i band 8%z fpbk(K) TXKT .

C T TIAEUTHD flat plumbing basket #6/RC band Eh /e 755
ED2EZS. EM1.2. O 1] BRUHGEIHDO K EZZ DX XM S & —f
IZ band #BUINED L L E>TLE I, AL DT HICIE U Ty a1
K2d 5T LICED band HZPES LTV T ENTES. T THRSL
NTeFRRD band HDE/NE R BZR-D E 5 DOHEEIC DNV TIHNS.

%9, band B/ NTHEDOHELEZEZ 2 L TEHEL RSOV
7 A ZHADERE L Z D flat plumbing basket /RO FTDRDIFIC
DNTIBNRS . €A H L OV A7 o)V hihiAE S & LT, S Fic (B85
FRE) 1 XREQ Y —REORIE L 78S loop ki, -+, k, Z& 5. BT, k; &
S DIEQFMNCIFM T8 D% kF L LT

Vij ‘= Lan‘(kfj, ]{3])

CIEDD. TR ET BV = (vy) € M(n; Z) =, 4&%HH L O
A7 TIVMTFIENS . D EE,

det(zVT — 27'V)

T,z=0"'—2 EBWVWTEX S » DEEURBZHLA V(L; 2) 2, f#&HH
LOAVIIAZBIAERXEWV S KIS HEUOH K 0arvy = A ZHAUZ

V(K;2) = a9,2"" + Gop_22”" 2+ agz® + 1

DX HHXDIBICE D T EMHENTVS.

KFIC flat plumbing basket ZZRICH U T, ¥4 7 )V M5 V IZLLF
DEIICLTRODBZZENTES .
(1) V IZHAKATN0 TH 2 F=MA175
(2) vij (i > j) &, flat basket diagram DM X 2 ANTzE DDAIE
BRICK > T, KIDKS Zfiz L 5.
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9: flat basket diagram IC[A]E 2 ANTzEDE v;; & DRIR

Bl 2.2. 4,
2 0 0 00
. O I R
-1 -1 0 0
’ 1 -1 10
0 —x —x —=x
o !0 —r -z
V(41;2) = det(zV' —a7 V) = L
T 0 T
8ot —x7b 0
= -2 7?+3=—(z"'—2)*+1

= —22+1

Z D X9 7% flat plumbing basket Z/RICHITF 53T o A ZIHX DK
s S, LURDED 32D,

EE 2.3 (fpbk(K) OHIFE). IEHAGHKUH K 0Oy A ZHEA V(K 2)
%

V(K;2) = a9n2™" + Gop_22®™ 2+ Fagz® + 1 (n #0, a9, #0)

9% . TDOEZELLRDD LD,
(1) agp, = +1 = fpbk(K) > 2n +2
(2) ag, # £1 = fpbk(K) > 2n+4

COHEEHZE LI 9 MEL FOREU HICH LT, band #hi/h&
7% % flat plumbing basket KRz H AHFEEIRETE 2. LLFICZ DRI &
fpbk(K) D—EXRZTWETHL . HITIE 1 DORTHICDZ (1) ATHD
g (2) avy A 2N (3) fpok(K) (4) flat basket diagram 72 & T
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W5, TTT, 7, TE(3)H82(6) &7 TV AM, THUIHEEF TV
& fpbk(K) & 6 LLE7EM, £72 band 18 dD flat plumbing basket &~
LD TRz fpbk(K) MRETETWENEWVWSI T L TH
%. —ERTERKICEKLT 5.

31
1+ 22

86 72

1— 222 — 224 1+ 322
8 87(6)

. 543 , iy 365

8 8

7 A 6 4

! 9 7 1

2 1 2 28

3
3TYS 78 1

& 1 #CH &) band D5

K Jpbk(K) | K Jpbk(K) | K Jpbk(K) | K Jpbk(K) | K Jpbk(K)
3 4 87 8 9% 10 926 8 96 6
4 4 8s 8 9, 107(8) | 9a7 8 947 8
5, 6 89 8 9s 8 9os 8 s 6
5a 6 810 8 9 10 959  107(8) | 949  107(8)
6, 6 811 8 950 102(8) | 930 8

62 6 812 6 911 8 951 8

65 6 813 8 919 8 955 8

7 8 814 8 915 102(8) | 933 8

7o 872(6) |85  107(8) | 94 8 95, 127(8)

T3 8 816 8 915 8 955 107(6)

7. 872(6) | 817 8 916 10 956 8

Ts 8 815 8 917 8 957 8

76 6 810 107(8) | 915  102(8) | 955  107(8)

T 6 820 6 919 8 959 107(8)

8, 82(6) |8 6 920 8 950  127(8)

85 8 9, 10 991 8 9,1 107(8)

85 6 9, 107(6) | 9o 8 9o 6

84 8 95 10 955 107(8) | 945  107(8)

85 8 9, 107(8) | 924 1072(8) | 9ss  87(6)

86 8 95 107(6) | 955 102(8) | 945  87(6)

% 2.4. K DEAWAG =S AETH T(2,£(2n + 1)) (n € N) 251&

fpbk(K) =2n+2 Th5.
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3 f.p.b.[FMEE pass [EfE

O ~43 7 14 N 34 : 13~ p
@ 1 3 1 4 @
10: band O F FOANZEZ I X 22K

C CTWEX 10 D &K 5 7 flat plumbing basket @ band @ _E FD ANEE
ZICKBIEAEDELICONWTIAND . £9, LT ZERT 5.

EFE 3.1. (1) flat basket diagram D H'5Z DHIAD label ZHMHA L7z L
D 7% underlying diagram &P, D &E£T .

(2) L, L' Z2f&HH L9 5. 5 underlying diagram D 1K L, D DF550D
label {5/} & LT L @ flat basket diagram 229 & D & L' O flat basket
diagram ZFE T EDONMEENS & &, L & L' X underlying diagram %3k
BIBHLLS.

(3) L, L' ZigHRHETSB. L & L' I, HBEHEHDI| L = Ly, Ly ,
Ly, -, Ly=LMHELT, %K i(=0,---,n—1)IZDVTL; & Ly W
underlying diagram ZHG3 25X L & L'1Z fp.b. BHETH S LV,

B\, L. Kauffman([3]) I K DEANENTC pass [AEZERKT 5.

E&E 3.2 ([3]). (1) K11 DK S H#8AHDLEILZ pass move LS.
(2) L, L' Z2#8HHET . LITHRIE pass move 2175 2 &IC KD L
RENEEE, L & LI pass BE THH LS.

|- N I U A N

B I R N S N
Iy o
11: pass move

D 2 DDEUEBIRIC DV T, LR A D 7.

FE33. L& LUNMipb [l < L & L' » pass [AfE
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SEEAD RN

C CCRMUTHDHRICDWTDHARNRS T &1d 5. I RDOTF
IETT7 5.
(1) EH1.2. DPFEFHDITIEIC K O, T 14 7 )b s DEEHEIL D band DT
HDRAZDANG Z 7%, & 5 flat plumbing basket /<D band D D
ANZFZIC K> TTAB T EZRT.
(2) 3,437 & HIARAS TG HAY underlying diagram ZHAALTWAZ &%
R (FXZR).

2 4 4 B
3 3 5 5
5 5 2 2
T 6 °
e

4

]

SZ Xk

[1] R. Furihata, M. Hirasawa, T. Kobayashi : Seifert surfaces in open
books, and a new coding algorithm for links, Bull. Lond. Math. Soc.
40(2008), no. 3, 405-414

[2] Y. Bae, D. Kim, C. Park : Basket, flat plumbing and flat plumbing
basket numbers of links, arXiv:math/0607079 (2006)

[3] L. Kauffman : Formal knot theory, Mathematical Notes, 30. Princeton
University Press, Princeton, NJ, 1983
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HEOHOY y—d)VT 4 7 VEEEHICOWT
A fEH KRBT KRR EEE SR

E-mail:fivel9840Qgmail.com

1 ZC&IC

COETE, Y =Ty —T VT 1 7 VBT DWW TR S.

EE 1.1 ([2]). ¥+ —7TERE (f-move) &1, MEHFSNHETHKRICH U TERI N RAEET
H%.

AN 7/
W XX
4 X0

N K

Yy —TEREUTOL S HHEER O EMMSNTVS.

EE 1.2 ([2). ¥y —TERIICERNEERETSH 3.
Bl 1.3. LFOUHER Y Y —TEEEH WS C L THRGREUCHICEIETE S.

R, GBZABNT 2 DORTHDROE#Z, & v —TZBZHNTZEXRT 5.

EE 1.4 (2). 22008UH K, K' OOV ¥ —FAIVT « 7 858 (#-Cordian distance)d, (K, K') &
&, K 72 K' IS S 2 8By v — TERORNaIO T L2 5 5. FHCHUHE K & AT
HOMOY v —7 )T 1 7 Ve Y +— THEC BB (f-unknotting number)u?(K) L5 5.

X —TIVT 4 T VIS DWW T RO X S R ENH SN TV 5.

FE 1.5 ([2). TEOMUH K, K lZDWT, XA VLD,
d%(K, K') = Arf(K) — Arf(K')  (mod 2).

CTTA(K) BHMTHDY =T AERTH 5.
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Bl 1.6. LLFD 2 DO CHOBOY vy —7 )T ¢ 7 VL 2 ThHS.

(s0-o0-t

Arf =1 Arf =1

7= I NERDAEN 0 DXy v —TINT 4 7 VBT H B, FEHIC 2O Y v —TEETED
26 SOTYYy—7INT 47 VHEEN 2 THB T LHbH %

2 VyY—TERICEETNDIER

FIHETRYY—TEREOMEICOWTIERz, FH2ETIR Yy —TERICEEN TV EEFICOWN
TR,

FE 2.1. 14 B (Li-move). A2 B (AZ-move) &13, FIEAF bR HERICH L TE#REND

DU DR JRZZIE TH 5.
L \
ty K
<

RS, Yy =TT 17 VL RRIC ty BB L AZATBICH U T2 E%8T 5.

2000C

T 2.2. 2 O0OUH K, K/ ORI t, IIVF 4 7 V58 d (K, K'),A2 DIVF 1 7 V88 05 (K, K')
LI, K & K AT 5 AICRER ¢ A, A3 EHORNIEOT LESS.

SEE 2.3ty 2RO A ETRIEHEU ERIMHRETSH B0 E S DAHISNTORNEA, (LEOTH D%
(K,K') Dty VT ¢ 7 VHEE. A2 DVT 1« 7 VBN ZNZNABREZES DD 5750, KFm T
B E E SRV, B R 9.

fhE 2.4.
di (K, Ko) < di (K, K') < dg? (K, K).

SEBA. tq BT AN v —T A 1 RITHERTE S L &, ¢y BN AL ZF 1 BITHEITE
3Ttz tnThs.

Frerl gl tieF

—

>

I
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3 FER
FI3ETIE, Yvy—7dNT o 7 VHEHICOWTELONIZEMEEN L. TOEHENKO DT LR
RT .

I 3.1. [EEOMUH KITHUTLL DM (1)(2)(3) ZiTz 3 #ETCHDHM (K1, Ko) WFIET 5.
(1) db(K, K)=1 (i=1,2),
(2) A (K, Ks) =2, d3 (K, Ks) > 4, d5 (Ko, Ko) > 4,
(3)  d5(K;, J,) = 1 2RI HRFADORE 2 5ECHOE (J,) (n € Z) MEET 5.

(1) DFEBR. Wblc. FEORKTHE K Ih LT (1) 2l TS0 HOM (K1, K) 2RO & 3 1 i
T3,

2 @[t

Ko

CCTCTRHROXSICHALTEEZIC K ZRITHERED RV T)V, Ko ld K & 10139! L DEREHITH 5.
d5(K, Ky) =1, d5 (K, Ky) =1 L FORIC & bR

PO chin ‘o't b >
’%—L

K,

o)
K

Ky

(2) DIER. (1) DMK D, d (K, Ky) = 2 W FIRERIT B, d (K, Ky) > 4, d5 (K, Ky) > 4 &7
HI2HCT ALY CVAREE s(K) ZHV5 [3] .

i 3.2. EORERZRDHAMUHZ Ky & U, Ky DIEDAGFE R e — R LT U H 2
K_t9%.
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AL X
K, K_

(i) s(K4) — s(K-) € {0,2}.
(ii) s(K#K') = s(K) + s(K").
(iii) s(K1) = —s(K).

T OMIFER FIWT K1,Ky DT AL B U AERDZERHET S L.

|s(Ky) — s(K2)| =14 or 16.
WS T Ehbhb.
ty BRI AGEAH 2 MITTHRIHE NS AL O 4, D (i) K0 ty ZF 1 BITT ALy 2 A ZEmIE
RRKAZITS. ThED di(K, Ka) > 4.
RIS Af TR 3 I CRBIE N B RATATE D2, o YK, Ky)>3,CCT AL (K, Ko) =2 &
D K,Ky D7 —TAZEmDAEF0, Ko T d (K]_,KQ) > 4.

(3) DFEBA. K1, Ko IS LT J, ZLARDX S ICHEKT 5.

2n crossings

FEREOBE L A mICHUT, J # Jp 52T 2RI BICROZEHAZEANT 5.

EE 3.3 ([1]). #HH L O 0 FHEZIER (0-th coefficient polynomial) co(L;x) &1&, LLFD (i), (i) D
WIS Lx, o] Iz L 2HEHEHOINLERTH 5.

Ao X X

(i)  co(O;2) =1.
(ii)  —zeco(Dysx) + co(D—;x) = co(Dy; x).
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Jn D0 FRBZHAZHET S L

co(Jn) = 2" (co(Jo) — co(K1)co(101301)) + co (K1 )eo(10130).
CTTIAmELIER

co( 1) — co(Jm) = (271 — ™) (co (o) — co(K1)co(1030])).

(SL‘_l - a:_m) #£0 X D, C()(J()) — Co(Kl)C()(lOlgg!) #0 i K.

CO(JO) — Co(Kl)Co(lolggg) = (00(101391) — 00(10139))00(K1) + (1 — $)2I5CO(K1).

CITK, K&
m

00(10139), 60(101391), Co(K1), Co(K{) %%1'%3‘5 &%M%MLXFo)gIﬁﬁL:E%

co(10139) =278 —627° + 6274

co(10139)) = a% — 625 4 624

co(K7) = 4ot =427 + 279 co(K) + (272 — 27 4o (K').
co(K71) = (B27% —827° + 62 ) co(K) + (7% — 275) e (K').

CTTK,K' &

2
co(Jo) — co(K1)co(101391)

7 2(@?2(1—2)?(1-bx+ 2+ + 2t +2° + 20 + 27 + 28 + 29 — 7210 + 2!) e (K)
+(1 =) (=14 92 — 2522 + 2323 — 2 — 2% — 25 — 27 — 2% — 2% + 5210 — 1921 + 8212 + 8213)¢o(K)).
Co(Jo) - Co(K1)60(10139!) =0 &1&%?% &
—2?(1—2)?(1 =br+ 2% + 23 + ot + 2% + 20 + 27 + 28 + 2% — 7210 + 2o (K')
=(1—2)(=1+4 9z — 2522 + 2323 — z* — 2° — 2% — 27 — 2% — 2% + 5210 — 1921 + 8212 + 8213)cy(K).
CCToREBZHEAOMEEZRNT 5.
i 3.4 ([1]). KPHUH <= 2=1DLE ¢o(K) =1.

WEXD co(K), oK) BROBEEDT (1 - 2) ZETE LTHEAV. UL TRFT & LTH
D (1 — z) DEINES DTEER L LTELLAVREDTIE
ck‘DT Co(Jo) — Co(K1)00(10139!) 75 0 T%%@T, Jl 7é Jm (1_).7’3:% |
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BE Xk
[

[2]  H. Murakami, Some metrics on classical knots, Math. Ann. 270 (1985), no. 1, 35—-45.

—

| AEER, L7 v =S O H B, H7HIRR (2007).

[3] J. Rasmussen, Khovanov homology and the slice genus, to appear in Invent. Math.
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GROMOV HYPERBOLICITY OF A VARIATION OF THE GORDIAN
COMPLEX

il —# (KAZUHIRO ICHIHARA) AND #5{=X (IN DAE JONG)

ABSTRACT. AT, ATHALR L RMEEZ VW5 C & TEHRE NS HIRNEIRZ
EAT B, TNUX, Hirasawa-Uchida IZ & o TEA T N7z Gordian EIAD— b & 75> T
W3, KT, Alexander-Conway ZIHI\ & Delta 2722 T & TE & % BURINEIAIC
DWNTEZ, ZNH Gromov MM TH S T L 7Z2/RT .

1. A

K 7% 3 ZotEKEN O CH AR TEEG LT 5. N ZHUTH LORMER LT 5.
UH K & K' ® \-Gordian B MK, K') &1, K 72 K' ICZEE S % T DICh 375 R
ZE N DENEED Z L THB. TDXK S T MADMAE LEZWEER, dM(K, K') = 00
EBL . FRCAR AR (x TERT) ITH LT, ¢ & Gordian EEB# & MEIIN 5. Hirasawa-
Uchida [8] 1& Gordian #iffi% 1\ C Gordian 81k G* ZE A L7z, ThO—{tTH %
A-Gordian #1& G [ IRD K S ITELEE NS (cf. [14, Section 1]);

e G DIHRES =K,

o Ko, Ki,...,K, e KW n-HhkZES < d\K;, K;)=1(i#j€{0,1,...,n}).
T T T, G (resp. G¥) D 1 XyuEHE%Z \-Gordian 75 7 (resp. Gordian 75 7) &I
O, G* (resp. G¥) TKRY. ZLUDOREEN1 TH2 LRET ST & T GNIHAZER L 75D,
E DICEEAS T IS 22/ & 75 % (cf. Section 3). HHIZEROEEZMEEHD 1 DL LT
Gromov MHIME [6] (cf. Section 3) WEETFHNE. THUCDVTRDI EAHIENT 5.

fnd 1.1 ([4, Theorem C]). G* I& Gromov W TZL.

ARTIX, BOHEAE R EREEZ W5 C & TH LD BRIEIRDFEZE AT 5.
(KHHUR S W2 % &, A-Gordian #Ah% “SEUHAZLRTE S T & TH LWLHEIAR
B ZEANTS) . KT, A& R E LT Alexander-Conway ZIHAZ HWTHE LN 5 Bk
HIHEIR L ZD 1 XoeER 72 7 D Gromov MHHPEICDOWTE X 5.

2. (1, A\)-GORDIAN #{A&

CCCREUHAZRE RFEEEZHWS T & THLUWERWEEREZEAT S, Zh
UCHAZEREELTS. KK € KIZHUT, oK) = o(K')DBEKDIIDEE, K ~, K' &%
9. COTIEHBGR ~, & K LORERGRZED S, K TRES NS HAfEZ K], TXL,
K.={[K,|IKeK}td53.

The first author is partially supported by Grant-in-Aid for Young Scientists (B), No. 20740039,

Ministry of Education, Culture, Sports, Science and Technology, Japan.
1
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2 HJFE—# (KAZUHIRO ICHIHARA) AND #i{=k (IN DAE JONG)

\"\ <—>\_\

FIGURE 1. Delta-ZJE.

=11 nl 1]

FIGURE 2. Cy-ZF.

E& 2.1 ZHUHALER, A\ Z2HOH FORMZER LT %, (1, \)-Gordian & G} 1,
RCEFKESNDHURNEIATH B ;
o G} DIHFES =K,
o [Kol, [Kil, ..., Ky, W n-HAhZES & Vi#jc{0,1,...,n}IcDVT,
3K, ; € [Ki],, 3K, € [Kj], s.t. d)‘(K”,K ;) = 1.

G) D 1 ZotEKS% (1, \)-Gordian 757 LW\, G} TET .

Vi Z#OH K O Conway ZIHI [3] £9°%. Delta-ZHE [12], [13] £, K 1 TEEIN
LR DOC LT, TN zids A TR . TORMERE, Co-2TF (K 2) LAfETH
BT ENHIENTVS. (Cr-ZIEIE, Goussarov [5] & Habiro [7] IC K> THNIIEAEN
Tz C- 228 EMHEIN B SRR 22T ORI 5 5 TH 5. )

Conway ZIHH & Delta £ 22 Z & T, (V, A)-Gordian # 1A GS &, (V, A)-Gordian
757 G WER 2.1 TR FETHENS. TOLE, RO ILD.

EE 2.2. GS & Gromov WHHITH 5.
FE 2.3, Delta-Z B I3HE O HREERIETH 2 [13] DT, GS 3@/ 7 TH 5.
JEPE 2.2 OFEAIE Section 5 TH A %.

3. GromoOV M

C DT, Gromov MHMEOEHREHNT S (FEL I [2] XU [6] 22I8). Bzen
X OIEED 2 SUTH LT, 2N 55N (Lo, BGIMEOM) BFETS L%, X
EAZERCH D LS.

Bl 3.1. T 7zt 757 £ 9%, T D2THK v, IS LT, TNE 2 &9 %% v’ T
K. TOFKLDEESH 1 THZEMET AT LT, #7777 TIFHIZER £ 732 % .

I ZERIN D 2 55 2, y Z A SRR Z s(2,y) TET. SUNHHERTH 5 X 5% =1
EzRM=EAc 5. HBFES > 01T UT, UM 2340 6EFFCEENS &
X, ZO=MIBIE 0-slim THZ LWV, X ICEHENZ 2 TORR =ML §-slim TH %
& &, N ZER X & 0-XNEEY (U, Gromov XEIHY) TH 2 &5 .

R 3.2, MhZE] X WS - R D & &, 6" > 6 itz 9 &' IS L TEH X & 6 Ay,
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GROMOV HYPERBOLICITY OF A VARIATION OF THE GORDIAN COMPLEX 3

5l 3.3. o R (VAT INWEFTZIZNT T T) 1% 0- Al
o R? (X Gromov MHHHY TR,
o H2 (3 (log 3)/2- A Y.
o EHEM r(< 00) DT T 7L r-WHHHY.

4. (V,A)-GORDIAN g

Section 1 TEKZ LTz (V,A)-Gordian 777 GS &, F5UOEEMN 1 TH 5 LRET %
T & CHMZER & B758 5 (of. B 3.1). Iz G ORIz 45 TR LI TIFF
ISR WBRD , GS DT Ky & [K] TERT T &IcT 5.

LURTCIE G EORiEdS ICDWTERT S, FUH KICH LT, a,(K) % K O Conway
ZIHAD n KR LT 5.

W 4.1 ([16])). d*(K, K') = 1725729 K, K' € KIZHUT, ag(K) — ag(K') = +1.

TTC, VK, Ky € [K]IEHUT ay(K1) = ao(Ko) MEKD LD T & X0 TEM [K] X
U TR ay(K) M—EINCEXRS T LITRELTHEL. TOLE #4141 XD EBIC
ROMHEZ1F5.
8 4.2. (TED K], [K'] € Ky IKRLT, XD 2DHEDITD.

o d3([K], [K']) = |az(K) — az(K')|. o dQ([K], [K]) = |az(K) — az(K')| mod 2.

ROMEE, FERGE (Jao(K) — ap(K')| = 1 DEE) Z2ERVT (V, A)-Gordian PR
ZRETHLDTHB.
R 4.3. (TED [K] # [K'] € K i< LT, KA D VD,

(1) ax(K) = ax(K') D& &, dg([K], [K']) = 2.

(2) laz(K) — ax(K')| 2 20 & &, dg([K], [K']) = |az(K) — az(K')].
(3) laz(K) — as(K")| = 1D EE, dg([K], [K']) = 1 X 3.
AEH. Ky (o, .. an) & K _(ay,...,a,) 28 ZFigure 3 DFECHE TS, HLn >2¢&
L,a, #0&9%. TNHED Conway ZIHAZFE TS &,

VK+(041 ..... an) — va(oal ..... an) — 1+ Z(_l)i_lQiZ%

£7%% (cf. [19, Lemma 3.1], [20, Proposition 1]). X, VA X MECH K,, (Figure 4) I
FUT, Vi, =1+mz2 DD LD, Figure 3 DRFFRNIC T Co-EE 24 Z & T,
d*(Ky(oa, ... an), Ka) =1, d®(K_(a,...,00), Kay—1) = 1
LB T EMNIMB. X, Figure 5 HWRT K1, d2 (K1, Kin) = 1 DD LD,
K] # [K'] € Ky ICR LT, Vi = 1+agz2? +- - - +0a9,2%", Vo = 1+ahz? +- - -+ ah,, 2*™

£9%.
K., Gy == a, =0,
J+ - n—1
{ K+(a27_a4a"'7(_1) a2n) %0)1{@7
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4 HJFE—# (KAZUHIRO ICHIHARA) AND #i{=k (IN DAE JONG)

FIGURE 4. m [BlO T )LV A4 A .

J = Kaé ay == ay, =0,
. Ki(ay, —dy, ..., (=1)" " ay,) O

EBL. T, J, e[K)hDJL e [K]THDHTLICHERELTHBL. LFTEEAICH

JCREHZ D % .

(1) ay = df £ %. #iE 4.2 X0, d3([K], [K']) ZIEDEEEZDT, d3([K], [K']) > 2.
—JiC, $5CHDI Jy, Koy, JL ZFEZ BT LT, dS(K],[K']) <2TH5BC
ENbng, BB, TORMUTBBIERD 3 DOEMZTT: d>(J,, J,) < 2,
Vi, =Vi, Vy =V £o7TC, dg([K],[K']) = 2.

(2) ay > as+2& LTXWV. i 4.2 X0, dS([K],[K]) > aj —ay. — /5T, $ECHD
G Ty, Kagit, - Kyyo1, J. 2B AZBT LT, d3([K], [K']) < ay—ay THBT &
WOMY, dy([K], [K']) = ay — az L7553

(3) ay =as +1 ELTERW. filild 4.2 X0, d5([K],[K') FIEDFEKEED. —TiT,
RO HDI T, Kayyr, Koy = K1, J. 25 A2 LT, dG([K],[K']) <3 TH
TN D. KoT, da([K],[K']) =1, XIiZ3 L7&%.

OJ

HE 44 |ao(K) — ao(K")| = 1, d5([K], [K']) = 3 DK S ZZBE RO > TWiRL.
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GROMOV HYPERBOLICITY OF A VARIATION OF THE GORDIAN COMPLEX 5

FIGURE 5. m = 1 DIFEDK. m # 1 D5E & Ak

5. B 2.2 OFFA

Mp € GS De-ifif (e >0) % N(p,e) TEL, HNHES P C G5 D e-iifk%z N(Pe)
TEY; N(p,e) ={qeGgldg(p.q) <e}, N(P,e) = U,ep N(p,©).
Vi ={[K] €Ky |ay(K)=n} &$<.

HRE 5.1. ay(K) = n ZHi7z 9 VK] € Ky I LT, RHRLD 7D,
N([K],3) D N(V;,,1).

AERH. N(V,,, DI, TEHESESE V, UV,uV, 0 & U ESIE TN S DTS ZR S GE D
RIS BT 7T Ths. M 4.3K0, Vo, # [K] € Vo I U TS (K], v,) =2
WD ALH, X Ve € Viag KLU TS (K], vptr) < 3DEKDIID. KoTC, N([K],3) D
N(V,,1). O

EH 2.2 DFEA. T 7% 33 s(x,y), s(y, 2), s(z, ) D HES GE NORMI=AIE LT 5. LIF
T, TH3slimTHBHT LZRT. TTTiE, 2, y, 2 DGSDIHETH S (ie. z,y,2 € Ky)
ENGEL CREHZESD 5. (£ 2 THVWIBHEEAMICGERTE %) » = K], y = [J],
z=[L &BL. ax(K) < ay(J) < ap(l) THBEREL TR k = ao(J) — ao(K),
K =as(L) —ax(J) &9 5.

s(x,y) =Tz UTT2 U - - - UTp 1T,
5(y,2) = Yoyt U U -+ - Ul 10q,
s(z,x) =Zoz1 Uz U+ - UZ 1%,

ET B, (Toy-e s Tpy Yoy 3 Ygs 205 -1 2r EKy, o =T =2, Yo=Y = Tp, 20 = 2 = Yy.)
AT, kK > 2 DGEOFHOAZ 2% (ZOMODIGEE FMRICGEHTZ 5.

cf. 9]). &, kK >289%. Wi A43K0, p=k q=FK,r=k+ K DBEDIID.

(Figure 6 [ZHHI =ML T O—HITH%. ) fliES1 XD, Kj=1,---,¢—1IIHLT

N(ij 3)> Rq—j+1%q—j » #q—jRq—j—1
MDD, Ko T,
N(s(y,2),3) D N(yy U+ Uy, 1,3)

D) ZqRq—1 U---u Z120-
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6 HJFE—# (KAZUHIRO ICHIHARA) AND #i{=k (IN DAE JONG)

ar>4
e Ya = 20
I

ve

az(K) az(J) az(L)
FIGURE 6. p = q = 4 DIFEO—H. FTHAIE Conway ZIHXORENCHE
HLT7ow hENTW5.
[AkRIC
N(s(2,),3) D Nz U--- Uz, 1,3)
S 55U UZgiz,.

KoT, N(s(z,y)Us(y, 2),3) D s(z,x). 5O D2 DD/RINEFM N(s(y, 2)Us(z,1),3) D
s(z,y) & N(s(z,2)Us(x,y),3) D s(y, z) LRKKISIRT T EMNTES. LLEXD, T3 3-slim
TH%. O

6. fiie

T T T, BHET 20 OhDOHEFLMEZIENT 5.
FFEUBIC, (V,A)-Gordian K GEIZDWTEZ %, #ifH 4.3 XD, G& 1 2 Hifk
ZEERIZNTEDNDMNS (cf. [15, Proposition 2.3]). TN XK D RO D 7D.

i 6.1. (V,A)-Gordian K3 1 ZUTHEIKTH 5.

XoT,G8 LGRS IE—HTZHTLhbhBDT, M 2.21F G& & Gromov WHITH
BT LEKRT D, EHICROMENKDILD.

A 6.2. Gg FFBMEMR ICHEFRTHS.

%EHH f : G% — R%ﬁfﬁ%éﬁ%?@k@‘%, Un—1 € Vn_l, Uy € Vn V_ﬂb’(
o ,) = n—1,n. TTTn—1nEn—-1056nXTOHXMZXRT. D
EE HIE A3 KOEBR fIIREEBBERDZ DD S. O

T 6.2 1, IR IFE K EHEEC A B, 2009 FE8 HIC h AR Y — ViRI T LTOD
IR IR TEN 2 6 O T, AIZHES T —IKIC X o TE TRRHEW 2.

118



GROMOV HYPERBOLICITY OF A VARIATION OF THE GORDIAN COMPLEX 7

RIC, (V,x)-Gordian 1k GE & (V,x)-Gordian 77 7 GLICDWTEZ S, EEDH
U HD Alexander ZIHUE, 50 BRHE 1 DRSO H TERBTE % [11], [17, 18] T &5,
VK] € Ky BASUCHMHE 1 OMUBHZEE. KD, 68 & GY DEEF 2 LTFICK
5T ebhd. BEENERZAIZERIE Gromov AT (EBICEREN r THB LT 5
&, r-WH) IR 5 2 e, HHICROMmEZTS.

i 6.3. GX & Gromov N TH % .

FETHlARIZE SIS, G DEFOARRMEE, B UH U ZETTER [U] HMioETO
B> TR L8NG, TOT LS, ROMHEZEND: GEHHTH
R[U] &, U8 530%ZRN e 757 G 2B A2 L&, TNOEFIGERN? o/
DEZIRDELBO THS.

Rl 6.4. G DEZRIZ2LUFTH 3.

AEA. (K, K') =2 TH 5 VK, K' € KT LT, Rzhlz 3 EREOKETH Jy, s, . ..
PMFET S [1]: (EED i £ kIS LT, (K, J;) = (K, J;) =1, V,, # V. &2,
G NTCHEEEDY 2 DTEROMIE, G NTEIEEEEN 2 THBH T b 5. O

i 6.4 1%, RILLZ /e 5, 2000 10 HICHE R FRFE TR I F—217 > T BRI
= IE LAY A

IR 6.5. GS WTCHEED 2 DTHROMZHS G NOEE 2 DEREREAFET 2 L &
Hrs.

HE 6.6, (TEOHELRE ISR UT, d3([K], [K')) = n Zii729 (K], [K'] BEET S, (E
B, Figure 4 DY A A MECHZHOWNUT XV Ko T, GS DERIZHETH 5.

N, Kawauchi [10] IC K> T d&([31],[41]) = 2 TH B T LaEHEI N, 2huc LT
Nz bZGbdd e, G DERMNERIC2 THS T ehbhb. 51T, Kawauchi 1&
(V, x)-Gordian #1k G& WEFRIOTHEKATH 5 Z L ERFH L TV [10], BlG, EEOH
BB ITH LT G ICEEND n-HENFET 5.

HE 6.7. Gordian ik X LIRITTEATH S [8]. X, n > 31K LT, C,-Gordian #
Kk GO & RIOTHIATH B [15]. TT T, Or-ER LR DT L TH O, Co-E
& Delta-Z R LAMETH 2 Z L 2FR L THL.

AR THENER ERFZBICH LT, ZNEZHWTERENS T T D Gromov
Mtttz E 2 2 ld, SIEREE TREIAR TR L7z 2 DORILIHI S N TR, K,
RORNIIRDH B HEDV EDTH %.

B 6.8. G2 1Z Gromov MHERAYA 7
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FERERXH (Detour crossing change)
WNHE T (HRERKXFERF)

2 81

S

X 1: 25D EAS A A

O H 814 XS U HNIEREE L OFUHTH . KM 1h5bh 35X 5ICkETH
5o 3 R L T2 MDA TEML T EMNTES. TDOEIICHBHRAR
fac7 2D ¢, ¢y TRIETZ T LEHFDEZALHMETTSR, FEDAE
PR AT U T DR ARSI BHEMbD 5 2 L 2R L, TNEDONHEE
ERB.

& (REX MUHEDEAT JT L D, BT DR ¢ TRARMZIT>T
TEREZAT T I L% (D), TDEAT T LWNHLDTHTHZ c(k) THHS
Y. K2 2DDRFER L, GIERUT e, ¢ DI Z AT 75 I Dy IR L TR
PRI T TIROEND ZAT TT L% cy(c1(Dy)), TDEAT 7T LNETHEC
H7% cy(ci(k)) TEL, TD2DDRELZMDIAFDE %2 (c1,cy) TET.

PEI=1 02(01( )) =~ c1(cy(k)) THBH, —MRIC c1(k) & (k) THS. T2 2K 1
T3 DFDHERALZME UT (e, 00) MENDZD ) & o DIFEFZ ANEZ 5 LR
Hlc T < %%‘%OE 62(814) S DFHUHERS.

R (FYERERMR WECHE DX AT 7T I Dy DR ¢ TORAEAM e I3
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k#ce(k) DEE, cOFVERERBEER, HEXAT 5L D, WMFIELT, 2
DOIFER ¢}, ¢ TOIRFELM (1, 00) T ealar(k)) = c(k) LTxBEDTH%.

BR WO OWEOHRTH D ERZLZMOM E 55 EDNHZDT, ZDHI7%
2P TCHEL. M. Hirasawa & ZEHIC KD, Gordian i 1 OFCH k, K ITHLT
EEARMADKTHDEE {ki, ko, ... Ky} PFELT, RE{k K k1 ko, .. Ky}
OFECHIFEWC Gordian BiEED 1 £ 755 Z L ZREIA LTz [4]. ThHSDERE, k
7 K AT R MDD Z D ERERMDBRP DT HICIR D, FOERAR

X7z, K. Taniyama lZ AW D Gordian FEEEDY 1 LR 2K HDOES {ki, ko, . .., kn}
WX LT, TNHDORUTHE Gordian FiEEN 1 L A5 CH EWMFET S &2
AERHUTZ (1], COEEECHEIE K Z k(0 # §) KEET 222107 0 58
PO BHPOFECHICZ > TV 5.

S. Baader & Gordian FEEf 2 DFEUHOR ky, ko IS UT, ki & ky & OFREED
1 L5 2850 H kDA EIREAFET A C &2t L2 2, 3]. X7z, #UHED
Vassiliev NEEICDWTEER A LTS, FORKTEZ k & ky D Gordian FR
BED 1 DEETEENTHD, TOHIEICKD, kDD k N\ T %A 42ZHD
T O BRI TZ 5.

Y. Ohyama-S. Horiuchi ® Baader DSR2 LR U 7GR (2009 5 H AR —
YIS —TOH) NH L, FFDEREREMKTE S.

EZ [FMEGF Y BRESME #i U H k O c D 2 DD D B (¢, ¢2),
(¢}, ch) AME & ey (k) =2 (k) ZHTzd T L.

BHICHEDONBHETHMNRCTHS & E, 2 DDF D ERAZAHMEHE & A%
T, K102 DDHDEAERMIZFDE L THRONAMEUHNERRZD TR
FHOHELAELMTH 5.

& [BRGTVERERER] MU H k O c DA D IHEAER (¢, o) DB
BAE I {cy(k), co(k)} N {k,c(k)}y A0 7B T &.

TabbB, 2DDRFERN ¢, b TCORELZMTHESNS 2 DDOFTH1 DMk X
Foid c(k) LML 725 E AP LR, COLE, K, ¢ OEBLME
MO HZZ AR,

& o =he O
2: HEG3F 0 A5

BTG RERIRDA
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¢ O D RASHELHE (1, ) TIA FNA AR—LEIG 1 217> T T TR
BANFMZ 7223 O ED (9 2) 1 e (k) = c(k) &75% 0T HARE D ER 5
TH%.

F7z, WROLCAORIGTNCT WL E 55,

T LEOWOH k L5585 Th 2 o(k) L5 bDICHLT, FAWITHRNE
D AL (cr, o) BT ELERMAIEE S 5.

SEBA RSO H k DX AT 7T I Dy, DAFER ¢ TORAEZM c 2K 3DEK S L -
TRzl DiEw.

3: s c

AR DEDZK 4DXSICEIE LT, 2DDRAER g, Lo, 285,

4: B OB (Cmty Cn2)

ZCT & m-full twist 2K, T5&, BEEmISHTLUT (e, cme) & c
DEF D BAFAAMNCTZ 5.

EFER/R N AmMDEZ, (cn1,0m2) & (Cut, o) MIAMETERNT & &, mR2{HD m
ZEROT (cmy ) BHBHTRWRSERZNTH D T L 2RT.

BUDIC, (k) D Conway ZIHD 2 RDBRE as(cmq(k)) Z23KDB.

3
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m m m
* * * *
Cm 2 _ Cm,l Cm,2 Cm72
—m —m —m
k Cm,l(k) km,O

5: A A VEA%RL

5DEXINCk, cpi(k), kmoZEFKT B &, Conway ZIHIXD skein relation
KD
Vk(z> - vcm,l(k) (Z> = zvknL,O (Z)

Z13%. kol 2-component link & O Conway ZIHD 1 ROFREZ linking num-
ber EHELWDTm TH%. #UH kIH U T Conway ZIHXD 2 ROREZ as(k)
THI L,

as(k) — az(cma(k)) = mz

7%, o Tas(ema(k)) = azs(k) —mz £750 ay(cma(k)) 2 as(cna(k)) (n # m)
MEENS. KoT, cpa(k) Zcui(k) (n#£m) THO, n£mDEZE, (¢, Cmo)
& (Cn,h Cmg) 6i|ﬂ'fﬁftﬁb\

HIHTHRWT EDFEH. {cmi(k), cma(k)} 0 {k, c(k)} = 0 ZREIE K.
coa(k) = (k) XD epi(k) Zclk) (m#£0) THB. Iz, aslcni(k)) = as(k) —
mz # as(k) (m # 0) & O cn1(k) 2 k2t35.

FR2DDmZBRNT, cpna(k) Ek, cmalk) Ec(k) &35 L2RT.
6 D X 5 IC skein relation Z & %. k, , 1& 2-component link £ O Conway ZIH
D 1 ROFZH % E o 2> T

ar(kp0) = —m

£8%. Ko Tay(k) — aslcma(k)) = ar(k),0)z = (@ —m)z KD ay(cma(k)) =
as(k) — (a—m)z. LIeh>T, m#aDEE, cpa(k) #Ek.

72, coa(k) = clk) XD, ax(c(k)) = as(k) — az ETXBDT, as(cma(k)) =
as(c(k)) +mz. £>5T, m# 0K UT cpa(k) % c(k).

DLEXD m #£ 0, alcXUT (e, me) FHHTRWHEDERAZLZIMTH D,
n#mDEE (cn1,Cma) # (Cot,cnz) 5B,

4
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m m m
*k * sk *k
C C
m,2 Cm,1 cm,l m,1
Pas ,z’ ',r‘
’ / ’
7 ,' 1
! 1
: —m : —m 1 —m
\ \ \
\ \ \
\ A3 \
\ A \
. A Y
~ A Y
~
~ ~ Y
S S N
.o Seo ! 1
~— === N ’
S~o- k/
k Cm,2(k> m,0

6: AT A1 EHRA 2

ER MUHE DDA ¢ LA ¢ DFE DA (e1, ¢0) ICHLUTH 7
DEIIR2DDRFER ¢, ¢ ZFL 2-string tangle WIFTET 5 & X (1, c9) % (c D)
JRIFTAY73ET O B A AR L W5,

I I

C1 C2

72 JRFTI A AE A A

AR EHD (1, Cmo) (& ¢ DJRFTAYERE D BT H 5.

Problem #iUHEH B2 c I UTHHTRY, BT TERWE D ERTHER
VEIFIEPRETEAE S 2D, HFIC, doubled knot Zfif < A&7 15 c IS U CHWH TR W,
JRI TN TR WA O B R E S I SREAFE S % .
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On Intrinsically Knotted or Completely 3-Linked
Graphs

feR B, B 52t , 28, e S

1 XC&IC

GR7ZT7%GE L, HRICNHZEREEZ LT, G5 3RTTERIANDH D
ABZ, G DZERIBSHIAH (spatial embedding) LW\, ZDGEZERT ST
(spatial graph) WX, G H¥&MHBEWTE (intrinsically linked) (IL) T
H5EE, GOITEDOZEMMSDIAR FITHUT F(G) WIEDTEE2 A EZE
HLLEZVWVET. G HEUBRTE (intrinsically knotted) (IK) TH5 &1,
G DEREDZERBEDIAH FITH LT f(G) WIS THZ S & 220N E
9. GH3HMDI8HFEWNTE (intrinsically 3-linked) (I3L) TH3 L, GOD
EEDOZEMBLDIAR I LT f(G) DI 3 oA HZ BT & 22N 0E
9. EDXIBTSTNTDXS BMNEZEDDNENS T LN, WIHEOTAH
TY. $HAENTE GETHNIE, 3RHAENTE) TRWT I 7O A F—
&, [ARRICKEAEHNTE GECHWIE, 3RS AHNIE) TR\ Wb %
9. ZCT, @NGEDIAF— (minor) THZ L, GO TI 7L %
BAELILNZREIT A E V2 BIE T G MIMEENE L EZVNET. TNHEDOMHHE
ZEDTTTELT, XBPHSNTVET.

FEE1[8 1) 6THAERT T 7T Ko 3MAHNETHS. T T, e/ o7¢&
X, ED2THLE 1 RKDUTHERINT VBT T T THS.

BAHNIETDH B \D57ERT T T TY.

EBE 2 1] THRERY 7 K 3RTHWNIETSH 5.

AR AR ABEAE AR
TR KA BUREEE A
FRRRH R A A A

ST PR R AR AT LR
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X 1 OZEBEDIARDN S, 6 [HETEET T 73 OCHNETEW T b3
DT, THRTEET I T3 CHNETH AR/ D5%EET 5T TY.

1: #AHHNE ERET HNTE

EE 3 [3] 10 [HEERT T T Ky ld 3O AEHNIETH .

%7z, Flapan, Naimi & Pommersheim (&, 9TERTEEY T 71& 3 ks HEHN
fETHRVWT &ZRLE L.

INSDOWEZE DT T TZRBDIC, RDTSTDEENHENTVET.
LUR, 79709471V EEMENCFERERD 72 7D 20w, FRHT kEAD
WS BY A T )V k- A7V VKT, AYER LW, 75703917
IWOIZEOBRE, HLWHRZ 1 DIMAZDHEREZ DY A 7)IVDRERZ
THSEZETT (K2). TOEROHZ YAZRLEWVWWET. ROHEENKD
VASE

AY

YA :
X 2: AY 2L YA &

R 4 G ZGIE AYZETRONET 732 L, RBKRDILD. GHHE
HFHNELSE, G EMAEHNIETHS. G WHMTENERSIE, ¢ E#UH
NTETHS. GH3WRTHEAENTEESR, ¢ 3HTEHENIETCHS. I74&
bbb, AY ZBIE, #&AHAEHNE, #OHWNE, 3 Moigds HNIE LW S HEZ R
F9%.

TBAHWNIED T T T DRI N EENTOET.

EE 5 [7] G DIEHAHNIETD B 72DDRETEME, GO K S AY £
EYAZERLTEONE TS T7BIA T =L LTEHEBTLTHS.
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G
2.l

X 3 Rty 773I)—

CCT, Ke S AYZEREYAZRLTGONE T T TDEGZNTIVEY
77 21)— [Petersen family) LWWET. ETHICRORMVKD LB ET.

26 7 GeAHHNEETZT, G2 GEPBYAZETRONIET ST LT
L, GEMAHNIETDS. Tabb, YAZEIZE, #AHAEEW S HHZ
RFET %

—7, FEOCHNIEICDWTIE, ROFEENPHNSENTHET.
EE 7 2] YAZRRIZ T I TORUTCHNEL W EHZRFT 5 L IFRL &AW,

KPR, Flapan & NaimilX, K; H»Hi2%7% 6 [0 AY 2 THOLNSETHN
77 Cla b, Mk 2[R0 YA EZ 2 [mliT/a>TELBN3E T 5T FN
MECHNETT W e LE LTz

EH S XOAHNETH S Kb AYZEIEE YAZIEE L THRONE YT
TEEHMT6ATY. EOCHNETHS K, b AYEEEZ LTSNS T T T
IZDWVWT, RO EMIHIENTVET.

EE 8 [6) 13DTTTMK, WH AYERLTELONS. 6, ThHDy
T OCHNECBELTIYA T ==L Th 5. DFh, ThEDT75T0
TaNR— A F—RBECHNETIE R, TTT, GNEDOTaN—<AF—
ThsLid, GEEGOIAFT—TGLIET—HLENVEZTR .

ZLT, 2R, XOMEZEZXET.

BB 1 K D5 6EIDAYZIEE 2[ED YAZEWT FN Z15E0 FN O—Dii
D77 Nj, (TabE, K; 56RO AYZEE 1RO YAZETHONG D
D) &, WHEHNIETHEH?
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M 2 K; DO AYERE YAZIRZ LTSNS T T 7, il ?E5
IZ, TNEDRT T TIEIMTCHNIETH S ?

HEUOERACSFHENBEEN B AWz A Y Mo XS, Flapan & Naimi (&
N DECHWIETHRNT EEDh>T0KS TIN, ZDOT & [2] Tlde<
i 5N TOERTA. S, HLIEK O —HRICHE 210 LU TRekms b5 2
ESr

2 BFonhr#ER

BOENTAERERNT 72D, FHlREEELET. GHEUTBRELIFSR
2 3 348 H+BRTE (intrinsically knotted or completely 3-linked) (I(K
or C3L)) TH3 L, GDEEDZERMBEDIAF fFITH LT f(G) WIFHBHLAS
UCHZETDE 2 i i&HHDIETHETH % S igAHPHZZL L E 2NN
X9, EEND, GHECHNERSIX GIIHUH £ 7213584 3 & H HINAE
THHTEDNDONDET. E1IE20FZ L LT, ROFEMHERZEX L.

EE 9 VEOTITINK, S AYZERE YAZETIESON, TN6DT 57T
WEHEUHF R3O BAEHNETH S, EHIC, TNHDOT T 73EUH
FI3ER 3B AEHNEICE LT A T —I=XIVTH 5.

CNEDT S TORHEKADE I ICIE>TVET. R T E NI EEKICH
57573, K; & Kb AYERDHTIESNS T T T T, #CHNIETT.
FNZ, Flapan & Naimi DWECHWIETIEEWT & 2R LT T T T

Ny lEK 5 DX 5 HZefilhiAdz €D (LEDOZE MDA I BE7R 3 BRITHE
HHZZER, AOZEMMEDARIIEARAGHKCHZEZXRV) DT, Nyl
FEOHWNIETHREE 3 NMEHAEHNIETE RN ENDMD T, —fRic, XD
OB ET.
2R 10 Ny, Nig, N1y, Nj;, Nip & FN O 75 713FECHNIETE5EE 3 K H
HNIETE W, 9745bb, G KO AYEEE YAZE L TELNENAY
EIEDHTIIEONZNT T T BE, GERMUHNETIZRW.

EHR 9 ORTEDEAZ, XKD IIDDT, Ny & FN DO HFE 213584 3 K
ITRRAEHNIETH S L ERTIE 0TI,

A1l G EGCHLAYEELTELNE TS T LT 5. GHRECHERIZE
IR HAENETH S50, G BHUHEZIER I AENETDH 5.
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4 N
' HE BN BN BN BN BN B B BN BN BN B BN BN BN BN B BN B B . ‘
1 K7 — Hg —)Hg — Hipo— H11—> H» 1
; IK MKorc3L)
1
1 F9 —>F10 !
1
I I
! Eijo— E11 1
1 1
I I
1 C12—>C13—> Ciag
| ]
a s mm - = . - . - . - - - - = . [
Ng —>N10—>N11 N12
AY-move
—
N N,
L FN — 11 y

K 4: K; h B AYZEEE YAZEELTEONSE T T T

X 5: Ny &Z DZE/EDHIAF
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Ng & FN DMEUHZEIEEE 3 A HNIETH S T & 7Z2/Rd DI, KD
i HNE T,

8 12 [9,4] Dy ZK6 DT 5T LU, DyD2-T A7)V eUe; 72 v, TET (i < j).
Fl, D,ORTCOALYA7IVOESET TET. COLE,

ZCLQ(JC(V)) =1 (mod 2) <= lka(f (712 U7s6) ) ka(f (734 Urs)) = 1

TH5. TTT, ayld Conway ZIARD 2 ROFREL, 1k &2 72158 UT A& HAEL
TH%.

ZLT, SHZAEEITM, Ny & FN DA T —THHIHEHNET T TIC
HAHZL, M 122HNT, XIIEEAGHTCHZRLTWE XY, 22T, JF
HIHZEUEDZENEZWVE S BIRW I T, &9 ED 2 liribnisH»H EIED
MTHDEO L 3MIBAEDRRDONL T LR LET. TNBEDT T ITNEC
HZ 73552 3 AENEICEL TR A F—I=XILTHB T LiE, ROt
EEVET.

2 13 G ZHUCH X3RRI NAMPAHNIER T 27835, G2 G5
AY B THRONE T T T7 9%, G DU HE 21584 3 kA HNEICBE
LTRAFT—I=2IVTHE%E5I1E, GBEUHEIZ5EE 3 s EHNIEIC
LTI AFT—I=XILTH 5.

COMEEKAD Hypy & O3 DVERES KO KU H R 7213584 3 BUis A HINTE
KL TERAT—IZRNVTHBT NS, Ny, Nig, N1y, Njp, Nip & FN 55
UHZXETEE3BAMAHNECE LTI A FT—I =XV THEH T &MY
9.
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3 PBEEJ SEEE

FMOHFRRIETE3IWMEAHNITE LRI UKD BERE LT, AT
9. GHRBUBFEIF 3MAHEHBRTE (intrinsically knotted or 3-linked)
(I(K or 3L)) T3 [5] bi&, GDEEDOZERBEDIAAZ I LT f(G) MIEH
NEHOHZSENIETEETH 2 3 A HZEE L EZ20nE T, [5, 10, 11]
T, #UHEXIE3BAMAEHNIETHSMHCHNIETE 3THAEHTE R
W I TDIFENAILNTVERT. AYZEIRLE YAZERICDWTIE, LUFAHIS
NTVET.

14 G 2@ ELTELNETTTET S, GIKUHEEIE 3 ITHEH
HNETH %5, G LRUCHKZIE 3RTHEAEHNIETDH 5.

R 15 [10) YAZRIX T T T OCHE721d 3 & A HNIEE WV S HHEZ R
9 % &R 5R0

ZLT, WEMHEE AYZEIEE YAZERICOWT, RiIckEDsE, LFDOX
21ED 9.

NIEEE AY 2T YA £
i&HH R795  RIF9 5 [7]
WOH RIF9% REFELEW 2
3 g HH H1FET 2 bh->TWhiEn

GOEEE3RORARE  BETS  ELAEW (10
SOHF R 3 MAKHE RETE Do TUVAEL

SZ 3k

[1] J.H. Conway and C.McA. Gordon: Knots and links in spatial graphs, J. Graph Theory 7
(1983), 445-453.

[2] E. Flapan and R. Naimi: The Y-triangle move does not preserve intrinsic knottedness,
Osaka J. Math., 45 (2008), 107-111.

[3] E. Flapan, R. Naimi and J. Pommersheim: Intrinsically triple linked complete graphs,
Topology Appl., 115 (2001), 239-246.

[4] J. Foisy: Intrinsically knotted graphs, J. Graph Theory 39 (2002), 178-187.

[5] J. Foisy: Graphs with a knot or 3-component link in every spatial embedding, J. Knot
Theory Ramifications 9 (2006), 1113-1118.

[6] T. Kohara and S. Suzuki: Some remarks on knots and links in spatial graphs, in Knots 90
(Osaka, 1990) (de Gruyter, Berlin, 1992), 435-445.
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[7] N. Robertson, P. Seymour and R. Thomas: Sachs’ linkless embedding conjecture, J. Com-
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[8] H. Sachs: On spatial representations offinite graphs, in Finite and Infinite sets, Vol. I,
II (Eger, 1981), Collog. Math. Soc. Janos Bolyai 37, North-Holland, Amsterdam, 1984,
649-662.
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Appl. 112 (2001), 87-109.

[10] A. Yamazaki: Some intrinsic properties for various graphs, Master thesis, Tokyo Woman’s
Christian University, 2009.
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2T 7 K OFRT 5 7RAERIEEEICDOWNT

HATRRZET A MAES
(IMA—FEER, (Ll 7 & DRI

757 DNTERITEEICEE T 2098 & L Tl&, Conway-Gordon [1] IC K B5ERT T T
DOFRSCHWNIEMERAEAHNIEEOMIIEN L IR b5, 757 G WMEUBRETH
ZLi3 G OILEDZEMY ST GH DEAWRETH] 2a85H5%, 757 G hH&
HERETH B L3 G DILEDEM T ST GH [IE5ER, 2 DA E | ZE5T
BazES. MOCHNEMRICE LTI [3, 4, 5, 6] ICBWTHUBWIEY T 7 DMEEEA
HMCE>TWA. Tz, MAEHNIEMEICE L TIEZDM/NT 5 TEEMWNERITRE
SNTV%S.

757 ORSCHWIEEF&H HNTEED SIRE L7 & U T, #5C HNTERTREM:,
feAHNTERTRENE [2] L EDNAINIENHEEN D Z. 757 G MMEUCERNERIETH
BLiE, G DEREANDTEDEDIAH G 5 DZEMANDFE LI EEZ 5 L&, ZD
Hic DEEHGHRSUH]) 28T OMAET 256725 5. IFARRETHORDD
I TIET B, 2 T DR HH I ZBTHE, 757 GI3RHFERERRETHD LS.

ARTE, FEET T TNIERTRENE & W S BT ANTEIEE Z @R L, THRE T D7
Z7BLTRONTATRZME T 5.

757 GHFRT T TREATETH S L1, G ORANDTREDEDIAR G nHD
EEINOFB LIFEEZ % L&, ZOHIC [REKERZEMTY T 7 T, 0P ET
MWL TW3ED] ZBBEONMAET 25525 9.

JHSE 9 DT 7L T, 1L Ky — (K33 U {e}), Ko — (K32 U {e}) WFE
T TNIENRETH BT LR L TWA. i, [HEES DT F 7R L T, /MK - (Ll
MK E OHFEMIICK D Ky WFFET T THNTEATRETH 5 L W I FERMES N, WL
s TRECHBER] (2009 4F 3 H, B TRZ) ICBWTHEEE TV WV,

WINDOERICEEEHO#E L 75> T2 DIF, DEDHETH 5.

HE  FXOYS7 H OREADEDIAF HIHBNT
CinNAy #0, ConA; #0

MDD EE, HIETFHET T TNIEARETH 5.
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Ay A

HH7 27 OIS HBWT H DFET 571, 8 THRU ERETH B K51
RA, THRE 7T DT Z7ICBUTIE, S, FHET I TNEATRETR AV E TRL, if
FRARMEN LT, LU, 5BRT 57 Ky DRI 9 2B L TV 255
HICHWT, TBEAZER T3 7 2 7 C, ZOMAEHBDIDTH L T0EE 0] 28T
Land5 T ehnhb (FRBR), g ek Tk

AT DF5 7 ICE L TRL NIRRT, DEDED TH 5.

EE 22557 Kr— {e} &, F5E7 5 TINERETH .

SERAODIEEE Ky ORFREL D, e = 17 L LTEW. Ky — {17} O3 557 Kl =
Kponupas BEADE, Ky WEEHY S 7 T2 T Lh b, MEEOSER Ki!) ¢
K7 — (17} \CBW0TIBHR 2 W 01, €2 10K 585 py MFIES B, K] DXL
ZEIHE, JEREE 2 er, e DIED HIZDED 2O THS.

(A) 2THR 1, TDREBIT ey, eg DUl & 75> TVBGE

(B) 2THE 1, 7TOWTIND—ITH e1 M eg Dliiipd 755 TV BGH
(A) DB e = 14, e, =37 L LT RV, K7 — {17} O 757 K& = Ki2356.7)
BEZBL, Ky OIVHEMEL D, FEOMER K ¢ K — {(17) KB T b IR
7223 e3, ey IC KB D2 MFEET 5.
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7TIHRT T T O KIC RO CIERHE 2 )01 K 558502 D5 TR 22 M T-6E 7
Z 7T, ZTOMPHPEBIIDHEL THBED | ZHATRER S Z — &, DED 438D
Ths.

%

~~___ 4 __--

po 2T D 2 e3, ey DIED HIXERIPTIS5EOH D, ZOETDHEMN 5 DD
IRZ—=2 DT NNMCTE > TVBT ENTh 5.

e3, ea DIEDTT | FHET T TR DI S Z— >
23 & 56 <1l>
23 & 57 <1l>
23 & 67 <2>
25 & 36 <1l>
25 & 37 <4>
25 & 67 <1l>
26 & 35 <1l>
26 & 37 <4>
26 & 57 <1l>
27 & 35 <1l>
27 & 36 <1l>
27 & 56 <1l>
35 & 67 <2>
36 & 57 <2>
37 & 56 <4 >
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(B) D& 1 = 14, e = 25 L LTRW. Ky — {17} OEH Y57 K = Kpassem
REZD L, K DIFFHEitEE D, (RO KO ¢ K — (17] IcBW\T & IERh
7523 e3, e \C KB po DMFHET 5.

(A) DG ERRRICTFEE T T TR OIS — 2 ZiliR5 8, DEDK LK S.

e3, es DIED ST FEET T TR DI S 2 —
23 & 56 <1l>
23 & 57 <1l>
23 & 67 <2>
25 & 36 <4 >
25 & 37 <4 >
25 & 67 <4 >
26 & 35 < 2>
26 & 37 <1l>
26 & 57 < 2>
27 £ 35 <1l>
27 & 36 e=17TZFHLEWVWERKTE RN
27 & 56 < 2>
35 & 67 <1l>
36 & 57 e=17TZFHLEVWERKTE RN
37 & 56 <1l>

TS5 7 BRI T &0 2B LT, 3DHDIEFIE Y57 K = K13456)
DIEHETE 23 e, eg \C K DR ps BBEA D, p3 KT 5 2 e5, eg DIED JTH 4
HT1EO DD, ZOETDHEITOWNT, p1 L ps, BBV py & p3s W FRT T 7%
WAL % 5 DDISZ—2 DT MR- TND T EHNh 5. O

2EW

[1] J. Conway and C. Gordon, Knots and links in spatial graphs, J. Graph Theory 7 (1983),
445-453.

[2] A. DeCelles, J. Foisy, C. Versace, A. Wilson Intrinsically knottable and linkable graphs, Involve
1 (2008), 145-158.

[3] J. Foisy, Intrinsically knotted graphs, J. Graph Theory 39 (2002), 178-187.

[4] J. Foisy, A newly recognized intrinsically knotted graph, J. Graph Theory 43 (2003), 199-209.

[5] J. Foisy, More intrinsically knotted graphs, J. Graph Theory 43 (2007), 115-124.

[6] K. Kobayashi and M. Okamoto, On the intrinsic knottedness of a cat’s cradle graph of K5, f/f
FES THEOCHO FRT Y — VI #iEE, 2006.
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On a mathematical model of prion proteins

m A ORI ER A B AR

m08sa024Q@ex.media.osaka-cu.ac.jp

=

FHRDIREINTH 2 EEZEZDNTNE TV A VEAHBOBENET IV (T T VA -2
VIV E X)) B NS K D IREEI NI, w7V AV EAE (K1) 2B\ T,
N-terminal region Wbz &, ¥WILT—T VA VEAB L XN IEHRRETY 4+ VEH
BERIIRAIV LA =TV A VEABLE KN BFER T ) A VEABICEREINS. I
WEREDEHEFREONNE S TGS, TSNS SO K D BET T 4>
BEEMEREND. L, EETVAVEABRLAE TV A VEAEMEHE S T i
KXo THE T VA VEABICES L EZTGE, TOXIICUTERSNIAERTY A
VEHHEEZ, EOXIICLTHAG > TVEIN? LW ENEZ SN, TDXK I &M
BUCDOWT, FEHE T VA -2 TV S3 NDZEM TS 7 (TnETVFVT578 X
R) EHET T ETHAMNICERL, B5NTIHR 2 M 5.

Signal Ppeptid

N-terminal region
Hexa repea@_ e s

Wil

e T = o
e ) x> . ~ s I .
a S o s T o o =

i e S
Octa repeat - o o 2 S
hidrophobic area == == T=® = cwmon ===

-

Frorem

GPI anchor GPI 5l

From:

K. Yamanouchi & J. Tateishi Editors, Slow Virus Infection and Prion (in
Japanese), Kindaishuppan Co. Ltd. (1995)

1: BIBREY 7Y A 2 EEE
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1 TUADVAMIDVTETIF-ZVTIV

BUBHIC, VA VEABOBENTETIVICE TS TIVA VANV TBLUYS
VARV ENS EDEEHET S.

PUR, H? = {(z,y,2) € R*z > 0}, H?> = {(z,y,2) € R*z <0} £BL.

EBER1.1 HPNDTTT KDROFEMN =TT EE, KIZTIVAVAMI Y
Y (prion string) THBEWVI.

(i) K i&F—ADil a(K) &—lDIN—TU(K) DFEES oK) UN(K) THH
bEns.

(ii) a(K) D—DD¥imilE H? OB s L THD, &5 —DDhsT,
((K)NDO— &L T 5.

((K)
a(K)

2: TUAVANI T

E&E1.2 nflOTIVA VAN VT K\ K, ..., K, DNEST = K, U K, U
UK, DROFEM 2T &, T RKOT)F -2 TV (prion-tangle) &
V9.

(ii) (K1) U LK) U~ UL(K,) ZEHEEAHTH 5.

RIS, TUA VAN VYT K VEROT VX V-2V TV THS.

O

v

3:3ARDTS VA - BTV
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R, TVF -2 T IVORAZELTS.

E&13 T=KUKU UK, Z7VX2- 227V, Ky, ..., K, \&T Zk§
KB TVXVARN) 2 TET 5.
X9, 1 HS — H2 7% H3 5 20T ATl H2 O L9 5. 7272 L. n(T)
@ﬁ«f@%éﬁci ﬁ%ﬁ’)ks&bé_o@%ﬂw_iﬁf%b, ZDO_FERd m(T)
DU LR MM EHM BB nEDE TS, COEE, (1) IZBWVT, 7(T) DER
RIS B TFOEHRZE ANz D2 T A -2 7IVORR (diagram) L.

=2
TS &

/

4: TVF -2 TIVDOKR

2 TVFVITST

RIS, TVA-R ) SSINDZER TS5 T RS ex2EZD. R ICHR
EEEMIMA S & T H hoELENS 3oeEkiAE —Sickid b T Lick D,
nAROT VK -2 T )% 3 RTERIA SPIC BT 22T T T £ Z 5. (X5)

CDOEICULT, nEBKDT VA - ZTIVHBIRENBZEM TS T2T VAT
=7 (prion graph) c‘_’.b‘5

H3 U {oo}
??? AT
R3 53
wﬁw@
53

5: VA - RTINS EENET VLT FT

EE2.1 —OOTVAYTTT G, GIEHL, WG,) = Gy ET8B &5 &I
TZROEIMHEBR L : S° — SPIMHET B & &, G, & G, [Z[EME (equivalent) T
HBHLEWVD.
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2.2 —DODTVAVITTT G, &G DEETH % Tz DREA M,
Gnv G DFNZNOKRD, GREIDOT A 714 A2 —F#H) (K6) TROES T
LTH5.

[R1]\pH‘H(b[R2]\QH><[R3]\\/\/H/'\/\'

s (I N
e |
G o6

X 6: 54T ~<AAX—KEH

3 TVFU-2VTIVO5EE

E&H3.1 TEnADTVAV-ZVT)I, G, T hoGoNzT VA>T
E95. G T UT, ROFEMZ2HTd K5 7% 2 RockKi S2 € S3HWVFEET S &
X, TIEDEELTWS (split) &S
i) S*NG, =v
(i) S2 THF BN " DOFEKDNTNED G, — {v} DU TS T 28,

FE3.2 TEaADTVA-ZUT)I, G, " TholEbonk7TIV4r2 757
£33, G, NDHZIN—T7x ((K;) £BL LE 20TMIKS T
06 = U(K;) D Inté N (G, — L(K;)) =0
ERBEIBEONEEEDIE, n KD TV A V-2 7SN EEL T3,

SlEl, VAR TIVDENED T ) & -2 2 T IO O S BIC X B
WO & U TROMERZIST=:

3.3 THEnADSVA VRV, D% TOKRETS. D DS
2n — 1L NS, TIZ7EEL T 5.

7ziz U, Rpifion OXAZ & DIENEEEZ n AD TV A2 T )VOfle LT,
K7DESFEDNH5. Lich> T, 33 EREDHEEVZS. K TITR
TnAROTVA -2 TIWHIEREETH 2 T LZ2iEHT 5720121, K 8ITRT
2ARDTVA V-2V (KTICBWTn=2&L7z8D) B IERETHZ T &1l
MZIENX 4] Z5IHT 2 T LICKORL, THIC 6] IRENTW B HEEZHO UL
K.
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K,

—
So5..00)
K, KJ
X 7 22 on ORI & DIEDBIR n ADOT VA - RV T

X 8: A2 4 O & DIEDEIR 2 KD TV A -2 T )

SNk, 2R 2n ORIz B DIEREER n KO TV F -2 7 IVDfilE LT,
—DDT VA VAN VT OO TV A A ™Y VT D)—T 7% —[a1F Dil
BLUTHSHTHEONL—7Z2EEBL TWSEDEETF. DX EEDLS
DN, n = 3,4 DGEICFET BT EDMERTETVBTD, — RO n DGAEIC
LEHEET S ETHEIND.

(B 3.3 DIEEADIELER)
FIEOMER RS, TV - Z TV T ORAX D AD nflo)—TD55, HE
RrEmZ 0l E2IE 1 MEDE D% ((Dy), ((Dy),... L(D,), HEA Az 2 L L
LOEDZUE), ((Ey),.. . U(Ey) &L, (D) := U, (D) UL, U(E)) &< L
T, KX D O 587 (D) DK S 1h <

A 3,4 THIERER S

Uiz €(D2)) + e(UiZy 6(Dy) N {D — £(D)}) = 2p
A AIRVAS)
ffifd 3.4 Z2REH T % Tz I, ROHiRE 3.5, 3.6 ZH W 5.

WRE3.5 M i(i e {1,2,...,p}) KL,
c(U(D;) ULU(D) — £(Dy)}) = 2D e({(Dy) U{D — {(D)}) =0
MO NIDESIE, TIZDEL TN 5.

WRE3.6 M i(i e {1,2,...,p}) KL,

c(l(D;) U{U(D) — £(D;)}) = 0D c(f(D;)) U{D —£(D)}) < 1
MO NI DS, TIEEEL T\ 5.
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(Hfi 3.4 DFFRA)

1<i<p

V= uin { 3e(tDu) 0 {UD) = DY + c(t(D) 0 (D - D))

EBL.V=0DLETZME36KLD, V=1DLETIIMES35, 3.6 L0, TII0H
LTWABZ WD, THIEREETHS EWVIHIIREICKRTS. XoTC,V>2T
H5. LIehoT,

Uiz €(Da,)) + (Ui (Do) N{D — €(D)})

= 3 {3elt(Da) 1 {4(D) - 4D)Y + (D (D — 1))

> Vp
> 2p
O
34 K0,
(D) = (Ui UDi)) + c(Uizy U(D:) N{D — €(D)}) + c(Uj, UE;))
> 2p+2q
=2n
O
4 T

ZUBIC, BREHRZOTINARAE, IERRRICGEHOERZ FE ozl &%
WS BILH U LITXT. TOMREZITI DT> T, MNIHRESE, SESRERE
23 CH LT BRIV T H Y I F—OE\RRICHR 475 L 2R E N 72
XL ZLT, AURBUEN S I3ERET FNNA R 2N E, BT R
LOFETES D SIEL (6] DI EZHA TVl E X Ui, KIeAGHEZTT5
ICH > T, iKY R—F UTHE S Te KRB AD S EHE ST &t RO EA
K RICR IO LR T AYICH O S TEVEH L.

SE Nk
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A writhe polynomial for spatial graphs

A GRIBERY: KRBV ER AR

1 XC&IC

AT, IHHEZERICH LU TXWIEREE S 2, Z0%, (EReE,
LM T T RER I —AEREZMHRLET. £9, WIDOMDZEMTZ
TOMEERELET. GRY757 GO 30tk 2 O HIAR f 7
G DZERMOIAH E KT, G OZEMMEDIAAR RN 5755 8557% SE(GQ)
TELES. HRT T 7 DEMBDARZZEM T ST XUET. £,
757 G DREMEDIARDEAT 7T LNEhkh 55 5%6% Do TEL,
SEESGELET. ZEMT T 7 f,g € SE(G) X, MEZ2HED S OHAH
HES o DMFAELT po f=gMRDIIDEE, ambient isotopic TdH %
EEWVE T, ambient isotopic RZEM T T T DEAT TS5 LIEK 1 D R1-5
DERZERHNTEBOHVET [6, 17). LIzh>T, Gifv: Dg — SH
R1-5 D TAETH B L Z, vid ambient isotopy FEEICTZD T
—%, B v:Dg — SHR235DEELTAETHSEE, v7%& reqular

isotopy AR Y KUET
\ ~ r1| R &D </ R2 fﬂ s | 7

o0 Q| KD
R5:

4

oA

e
~ B5
. N
~

]

2 LEZIER

ZRSSTDHAT S I D OIHLER R(D) [16] 3L FOBIFL
EHVCEEENET. RETIRC NS OBMGR 2 LIF SR O 2%
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((5)-() (e )n()
(=)0 <)<

R(Dl_l-. ) )" Y A+1+AH"R(D

n loops

ERBRAN S/ ENE XKL, IHHZIEADZEM 3 RIS 71
LT —ADXRNZFEEMY L T ambient isotopy NERICED T &ZRL
TWES. GIEAIZ S 7 3757 &8 XENEKT.)

w0 {))-d) o
or[o)o(p)-co(i0)

757 GOEE n DINAX GV A 7 VeRh 5z 58E58% Q,(G) T
HLET. o U(G) UG — ZITRHLT, XOFEXZHTZT
regular isotopy ~"&& w : Dg — Z %% o-writhe £ XU X7,

(D)) (Do
w(\e/ E)U(eua)w<e><)w(/€/ S)—Fa(eUe/).

(4)
Sw(Dy) i= (—A)PHIRDy) &L, G 16 : Q(G)U(G) — Z %

) {2 if w e 01(G)

1 otherwise

TEHTZ L, (1)-(4) & XROWEMESNE T

W 1. G ZIV—TZFIEVWI AT ST 9%, w rg-writhe, Dy
% f €SEGQ) DEATTILETDBH. TDEE S, (Dyf) & f D ambient
isotopy NERTH 5.

147



3 The writhe for cycles

HZ%Z727 GOREMNFIENIEMTZTELXRT. 2T T7T fe
SE(G) DEAT 751 Dy DR clCBWT, H DAIEDBEE ZD
YA (£1) Zsgn(c)y TRUEXT. 72720, ZricH HDANSIRBA
HTHEVWEEICE sgn(c)g =0 EEDET. H7Z GDWNWLDODMEEF
FENTEEB TS TR BEEELET. D OITNTORLRICET S
Y1 2 sgn(c)y DHZ wr(Dy)y THRLUKT.

T'(G):={HCG|H=~S"TI--- 115" (oriented circles)}
DEAEAETICHLT,
or : U (G)UN(G) - Ziw— #{H cl'|wC H}
2T D support EXTEXT. wrp(Dy) =Y yep wr(Dy) g WK LU TR
MO HET.
B 2. T CT(G)ICRLT, wrr & op-writhe TH 5.

ffifd 1,2 KD, 7¢ Z support ICFFD T C T(G) DMFE T UL ZIH
RZHIET ST EMTEEXT. Szekeres [13] & Seymour [10] I K> TH
VUSRI ENTY A Z)V ZEEE TREDNE LN, B2 0d T
D 3 1ERIZ S 713 U T 7¢ % support ICFFD T C T'(G) WMFET ST &
Mo X7,

twisting number ¢(D ) IZILAZHAZ ERULT 2 720HIC © [16] & Ky [3]
DZEMBDIAIH L TERENE L. K207 57 01BNT,

Y12 == e1€2, Vi3 = €1€3, Y23 = eze3, Lo = {712, 713,723},
20757 Ky IBWT,
Y1 = €1€2€3, Y2 = €1€4€5, Y3 = €2€5€C5, Y4 ‘= €3€¢€E4,
V5 = €1€2€6€4, 76 ‘= €2€3€4€5, Y7 1= €3€1€5€6,
Iyi= {7,273, 74} T2 == {75,7%6, 77}
LB L, ROMENKOIHEXT.

i 3. ZEMMDIAR f € SE(O) DXAT JF L D ik L TRARD
AS)
t(Df) - WrFO(Df)‘

ZERIDIAT £ € SE(K4) DRA T 75 I Dy ic 5 L TR D 170.

t(Dy) = wrr, (Dy) = wrr, (Dy).
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el €4 \e3
€1 €2 €3 €6
€2

S} Ky
2:
4 EFRENLAZEN
2 RN DR RS2 R 0l ES f - G — S 2 G D singular

embedding & KT, G @ singular embedding £{KDES % SE (G) TE
LE9J. a7z & % ambient isotopy N2 v 1, ROBERAZ H
W singular embedding IZ 8 U C—RICHBETE X9, (VT 7ICIHMEE
IKhEE—D52%7.)

2 () =+ (X)X ®)

n + 1L ED 2 %2 F#D singular embedding f € SEy (G) XL T
o(f)=0&7%%EE, vZorder n IFOAERBAZE (18, 1, 2, 12) £
WET.

EE 4. G 7, 17¢ % support ITFFOT C T(G) WM MFET % 3 IERHIZF 7 &
9%. Dp2 feSEG)DEAT T ILETSH. TDEE Sy (Dy) & f
D ambient isotopy FERTH D, K2z d.

(1) Sy (Dy) EROBIFRA 2G2S

C

S, . ,
sur (5 ) = () 2o | ) s ()

TTTap = A72er((A% + A2 £ A7), ay = —A~%eor(O(1 4
A2+ A0, ag = A~Oenr(O—4 (7272 Usgnp(c) :== 3 yepsen(c)m).
KR, BIRXND 2 Y ZVDR Tl 552 & &, ROBMRRXML
DILD. (VI TICRERRAEZ—D5X%.)

A
s (6 ) =t () s (1 1) e ().

N
CTTaj=A24 A0 4 A8 )= _—A8_A710_ 414 4 —
A6,
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N - K

3:
(2) Swrr(f)|A:ez %gék x @K%%T@Fﬁ’é‘%
SWYF (f)|A=e”3 = Z Uz(f)l’l
=0

CDEE u & order i L FOHRBEAELETH 5.

5 ZEEIS7REQV—FREE

2872 7 RED Y —IE [14] THASNZER TS 7 OFRIEBIHRT Y.
TODOZEMT T TINERM TS T REQHTATHE L E, TNEDEALT
72 LH 3 IcHfiiNnTz A-move [7, 9] & ambient isotopy 2 W T D
Ho5 T LRFMETY [8]. wrp, r,(Dy) := wrr, (Dy) — wrp, (Dy) ICH LT,
ROFHEDEO B E T
i 5. [ U support Z2Hi DT,y C T(G) K UT, wrp, 1, (Dy) (&2 A
VT Dy TRENDZEM T ST f € SE(G) DZEM T ZT7REDY —
NERTHS.

G2 Ks £T1l3 K33 £ LET (K4 . ZEMT T 7 f € SE(G) D Simon
AZEEL (of. [14]) ERDOE I ICEREINXT. GOKDOEERV z,y IH
LT, YA Ve(n,y) =ely,z) 2

E(eivej) = 1> E(dwdj) = _1a 6(€i7dj) =-1
BXU
€(Ci,Cj) = 1, €(bk,bl) = 1,

() 1 ¢ b HAICBOWTHTTHEE T B L&
elcg, = . .
TN b b A BT T AR AR TH D b

ICEOTEDXT. I(Dysa,y) 2z & y DEDIERZRRDED 5 AL H DR
ol LET. 2DOEE Simon NERIIATERINEKT.

L(f)= D e(z,y)UDs;x,y)

xNy=0
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ST 8!
61 65 Cl 66

ds -

d < d4 1

1 ‘ Cs
2
e
2 PQ 4 b
€3
K Ks
4.

TTT Y ryp & GOEDSE 23 z,y DIEFAHF 5N THEVIEE
RICBId 2M2ER L £9.

IRTWE, A7)z 2, DFAIC 21 ICFERAT B IHENE52 56N T
WBHELET. G=S' IS ICRHLTTY IS eT(G) ZRTEHRLET.

1—\1G = {a1 U ag}, Fg = {a1 U (—ag)}.
G=Ks I LTIY, TS eT(G) ZRTEHRLET.

FIG = {eieit1di |1 <i <5} U{diejr2di13|1 <i <5},
IS = {didsdsdods} U {e;dit1eiyadiyoeipa |1 < i <5},

7el2Li>bThdeEd L el 3FNENdi5 & e s 2KTEDEL
F9. G=K33 I LTIE, TS eT(GQ) ZXRTEHELET.

G
I'T" = {c1cacseacscs, crbacsbacsby, cabacebicabs},

TS = {cicaczeacscs, c1bzeaby, cabacsbs, cabicgba }.
L}{‘FTLi, *ﬁﬁ:ﬁ 5} ck 0 WI‘FI’FQ(Df) 75_’ Wrrl’p2(f) &%Lij
B 6. G = ST S DZEMBLDIAR fIT0f UTRHRLD 37D,

Ik(f) = Wrr?,rg(f)/4-
G = K5 OZEMBDIATL fISH U TR D L.

L(f) = Wrrf,rg(f)-

6
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G = K33 OZERIIHAH FITK L TRARD 110,

L(f) = Wrr?,rg(f)-

C O & Shinjo & Taniyama [11] DFERZHWS T & TROEHE
HHTENTEEXT.

EE 7. V57 GOZEMMDIAG f & g ERT T TREQHATH S
T2 DDREASMEE, [F U support ZHF DT XTD T, Ty € T(G) ITH
U T wrp, 1, (f) = wrp, 1, (g) WD IIDT ETHS.

BE R
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1 DBHERICHBITS L Y XD
TURAEV-VIRO S OQ3) RZE&EIcDWT

i RE YN

AssTrACT. 1980 AL AT Witten (&, PHATT > /37 | Lie B G ITR LT, 3 0t%
ek D F G HICIIT B Chern-Simons FilinzE A, Z ORI Z D 3 Kotk
ﬁS@U*ET BEEH 25 EVS T ExEE LTz, Reshetikhin & Turaev (& Witten D2

B LU IAZ &R ) TEEAMC I EA B LT (Reshetlkhln Turaev RAZE). 7D
% Kirby & Melbin i, G = SU(2) DIGFEIT T DAL ED refinment %iﬁ L 7= (refined
Reshetikhin-Turaev 7Z&). Lickorish, Blanchet 12 G=SUQR) DEFEIC, TNHEDAR
%5 % linear skein = W THERIE L7z, Sato 13 L > RZER D reﬁnd Reshetlkhln-
Turaev ANEED—HDEZ, 3 RIeZHEIKRD Heegaard 7372 {li> TR L7z, —/7
Turaev & Viro I&, G = SU(2),S0(3) D & ZIT, 3 TITEZHAD spine ICFDINT, G D

BT 6j-ilmh D 3 RITEREARD AL &2 LTz (Turaev-Viro FEE).

AR5 Tl (refined) Reshetikhin-Turaev NZS & D linear skein 7% W /2 BRI DWW
TEB L%, LY XZE0 L(a, 1) O refined Reshetikhin-Turaev A28 & D EHEIZ DWW
T, 3 ZOCE A DTN’ 7%2 T Sato DFFFADRIGEERZE 5. % %. %7z, Sato DfE
W5, Lia, 1) D Turaev-Viro S O(3) REEDHZEL .

1. LINEAR SKEIN

linear skein DEEZHWNWB Z LI K> T, SN ELErE FRHCET 202 EEH
WTICHERK T 2 T &N TES. T OHTTIX linear skein I B9 2 FEAMN /R HIFIC DWW T
BT %, AN r & 3LLEDEEL g = 7V A = (= 1)(gHD2 =g D12 (g2 —g7112)
i<

FZzime U, R oF B 2n D (n > 0) ZIEFECOHTHEHELEE D2
(F,2n) ££9. C LOXZ FL2E S(F,2n) %

S(F,2n) = spanq{(F,2n) O 2> 7)VKA )/ ~

TEDS. 1272U (F,2n) EOZ YV TIVKKEIE F FOZ 2V 7)IVKAT, feE@ TNz 2n
D B ZR DO E 0D T L2055 . X Tz[AEREGR ~ (ZliE F 1O isotopy B &
URD skein PR\ KT .

\/ _ q1/4> <+q—1/4\/’ @ = (=g =40
AN 7N\
i 1
S(D?,2i) Dt ‘H; (Jones-Wenzl NEFTE W) &2, 4|:|7 = — D

RCTEDD [T].
i-1
%F_ —{}— (i>2).
12 1 1
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2

7272 UERB O 5N TS EIRRE, ZOREIZ T HTIcHRQTh 5 iifae L9 .
FIERA =S X [0, 111K LT, SA,0) DIt w, w.(c=0,1) ZRTEDS.

w= E A;
0<i<r-1 0<z<r 1
i=c (mod 2)

EHIC,F FOZ2V VR DICH LT, S(F) DIt D2, D (¢ =0, 1), %, D D&
WKZFNTN 0, 0w, AT B LICESTEDS. COLE, RDINY FIVAZA R
BN TD[6, 1].

©)-@) (©)-@) worsr-un

S i = BN IO |- B RY SVRRORIRTEE NG T Lk
TS,

i 1.1. DD LD,

i

() —Fr —(DJ”]—{%ﬁ

2. (REFINED) RESHETIKHIN-TURAEV N2 i

3 DO RAADAZ &8 T % Reshetikhin-Turaev 22 &3 Reshetikhin-Turaev [9] Lc_
Ko TwRANTERIL X N, Kirby-Melvin [3] I & 5 T refined Reshetikhin-Turaev 22
IHERE NIz, TS DOARZRIEFS4 Lickorish [4, 5, 6] & Blanchet [1] 1 X > T linear
skein & W THIFHENICEHER LI Nz, T DHEITIX linear skein % AW 7z (refined)
Reshetikhin-Turaev N EDEFRICDOWVWTER T 5. LUT () & Kauffman 59172 £ 9
EDETS.

TR OMAEZA B 3 Koe2 kA M 13 S3 WO EREAE LICZE > T §3 2Tl
TRHIELICKO>TELNZTENHOENTVS. TOLE, LE MOFHRRENS.
HAE A WA 3 JOTERA My, My & ZNE DFFRIR Ly, L, 1IDWT, My & My I
[EHH T d % 12D DEA7) %%#Fci L & L, "LUROBH (Kirby B&& 1 9) AR
Fig C EICK>TRBOHS T ETHS, EWVH T ENHENTNS [2].

0 OO O0m 2 - 2

7272 LK O SRR 1, BEPMOBAHK D EEE > TV TE IWT KT,
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3

M 7 EE AR 3 ROT2 MR IR, L #F DOFMifRE 5. 3 LLEOEE ricxtL
T M @ Reshetikhin-Turaev SUQ) A Z & 7#*

@) seean=( (OO (OO a9

TEDS. T I oy, 0= I FBARL DIEFHEATHID 1E, B DA HDIERZ XK.

fined 2.1 (Lickorish [4, 5, 6]). #AERAMEA 3 Zou2RkiA M ITH L, (2) DfElE L DHY
DI S V. BRI VDM 1E M DAHAERTHS.

I T DAZFED refinement 7 EFT 5. M ZEEIR G M3 Ot HEAE L, 7
DIAKRETY—FH x € H'(M,Z/2Z) 23S, L=L, U---U Ly & M DFffiFRE L,
WEGG S -L > MITDWT (@ x)(L;D0f) 2 x; £35<.r=2 (mod 4) TH 5
4 DL FOMBE IS LUTL % (M, x) D refined Reshetikhin-Turaev RZE 2%

3) wonn=( (COOT) (COO™) an

THEDS [1]. TTIT (L) = (L U---ULY™) |

3% 2.2 (Blanchet [11). EHEATN 3 JUTEREA M & TREDY—Kx € H'(M,Z/22)
I3 L, (3) DflE L DHLD FITHR B IR0, XIS 7,(M, x) & 5 (M, x) DRTHIRZ &
TH%.

A 2.1 L RE22 DIFADAE. WINOMED, AR DONY RIVAT A REE%
FAWT, LIZxS % Kirby BEIT 2) 5 WVid 3) DML TH B T LERT T LI
K0, ZNEOfHEIE L OHLD JFIHS RN EARENS. GELIE8, 1] Z2E. o

3. REFINED RESHETIKHIN-TURAEV REEDFMRTE AW EE

L > A7/ L(a, 1) @ refined Reshetikhin-Turaev N2 & O 7% 3 Kot MO Tl
ForZz HWTEIE L, Sato IC X A48 (A 3.2) DRIGEIAZ 5 2 %. LR TIE, p Z2#F
T q=e V=V G, = Y0, ¢ (P Gauss Rl 35K F7z, HWIC
FIREBOM (a,b) ISHT LT, s(b,a) & Dedekind fl1Z £ T LD LT 5.

fBRE 3.1. XD VLD,
12s(1,a) = -3+a+ 2 .

£hRE 3.2 (Sato [11]). p Z&EHEE, a & p L HWVICHERMBBE T2 & &, RO ViD.

_ Q —32s(1,a)¥ {E+§_E
4) T2p(L(a, 1),0) = (p)f s W

_ Q —32s(1,a)V 45 — 5_5 €a
) TZp(L(a,l),l)— —(p)§ 32s(La) W( V-1) 2

72720, p=€ (mod 4), e = +1 £ B X, s(b,a)" & Dedeind F1 s(b, a) D%z Z/pZ T
EZIEDTHD W/nldnn&Hzd) .
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4

SIEBA. Sato [11] DREHHIE 3 XOTEHAARD Heegaard 7372 TV AW, LN Tl 32X
TCE AR DFAHi 2R FHW T Sato [11] DFFADRIGEAZ 52 %.
B a # 01K LT, framing A a O B O H %,mb,_-l X L(a, 1) ODFfiRR

Ths.£9, @) ZRT.

O<i<r O<z<r O<z<r

a R4 —fa—' AL ik

—_—

a

2q APy 241 202 Ba(24)) 732441
Zq-(q-Jh T A (SR )

) (q - 1)2 0<j<p (52 + 1)2 0<j<p
o Ry (2
= 2(aj? Hat2)j+l) 4 2(aj?+aj) — 9 r-8(a+2a) g _ +{ _ = e
@wag¥§ e % @+ﬂﬁ[)p

7272 L 2 JBEOFEXTHIE 1.1 2, 3 FHOFX TCIRTOLH | — —i ICBIT 20kl
WV, 4 FHOEXTi=2j+1 £BX,5FHDOEXTqg= -2 ZRAL, mEDE
KTV 7E8 7 UTEM L T2,

Klca=1,-1D¢t &,

wo ~ 24—3@ 2
o (OO E e
O\ 253% __5 _ =1\ 53 0
O ON i-t=1 i (O @N]
Ko T,
wo -1 w
a0 (OO (G
-
_ (a)gse a-2a) §4a + {‘4“ ( )§_3 3s(1.a)” {4i+ g"i“ .
p S+t p G+t
1272 Uit DEF X THIRE 3.1 ZH Wz w21k @) RS iz
BT (5) 2R
< Q(,...bj“”> - Z A, %u"bj - Z qa<i2-1>/4A,.2_1
22 oy 00 ?aff
-2 g/
_ (q_?)Z Z a(i Di(gi — i Z g (qzj
it o=
a/4§2 ~ - §4a 5—4(1 2a
2T -1) = “ﬁt———[]a.
Wg; el )’
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5

7e72 L 2 BFHOFATIEME 1.1 ZHWV, 3FBHOFXCIRFOLH i —» —i 1T 2
WRREZ D, 4 FHDOEXTIE i =2/ £BZ, SHFEHOHELTIE g = -2 ZIRAL,
EEBEOFERTIZ 7R E UTEBLE. Ko7 ®6) &b,

Tp(L(a, 1),1) = <<X>wo>_] < ﬁwl>

—a
_ (g) q_a/4§§(3—25)£%:_—§:ia — (Q) q—a/4é«§a§—3-§s(l,a)v 4‘46’7——5:‘7"“ .
P Fegt P S

7272 U OSSR TS 3.1 ZHWV Tz, ep(x) = XV 2B 2 E 2= (p+1)/2
b,

T = e, (8 -8 — 1a) = es((p? +3p + 1)‘5’) = —ey(2 + 3e)§) = —(V=1)=2,
DA (5) BRENT. o

4. TurRAEV-VIRO S O(3) NZ 8 DEH
Turaev & Viro (&, ] 3 RITZHEIE M D spine ICFHEDWT, G = SUR) 7213 SO3)
DET 6j-i5MHELS HH O JREM ZH5 &, TOfEI spine DELD J7IC
XE5BWALEEEZ 5T 2R LTz, TN Turaev-Viro REE TV (M) TH %
[12]. TV: OO (M) DA, T.(M, x) DEHD SENMND T EPRICE D bh %, T OhmE
I& Roberts [10] IC K BFERDOFTWILZ TH S.

BE AL r HIEO & E BN 3 JUL BB M2V T,
TVIOOM) = ) e (M. 0f

X

32 L COMBICKD, IV EENS.
42 p2WFE a2 p ELEVICERBEET S L E, XKD LD,

4
$0(3) —
Vs (L(a, 1) = Y
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On the bridge genus and the braid genus
for a lens space
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Abstract

R DM E I ATReZdAG A B IAIL 3 KoBRIN b & 5 #&H HIC
Mol 0-FIMCKDBOENBETENHENTVS, AFRTIEZDES
I L TIE SN2 RIS U TR E O S XN 2 N Bz
AT %, NSO, HO &L E Heegaard FiELE DEICIZH
BZARERDEIT ST e ah> TS, SEEWNE DD L > X7/
W U TR E O B2 R T2 C LN TE DT I N2 W
ERCE

1 REHEHOLERDOESR
TN 0-FHOEHET 5.

EE (S° O LIS 7 0-F4i)

L=KUK,U---UK, % 3XcEkii S° LD nKnksEHET S, N(L) % L
OEREGE 5, E(L)Z LONBZST %, x(L,0) 2 E(L) DES& n Al
DV R h—=FZZMiD AbE 5T L THRLNE 3 XL HERET B, {1
L. 50 EDLEHEIEZVIY R —FZADA) T4 T V7 K, DOV IF 0 —
RANSDFTEDLT 2, TDXIICLTHELNTZ 3RILEHIA \(L,0) & 53
D LITIR > 7z 0-FAfic K D13 5Nz ZRkIA L RS,

RDE S EHEREDVMENT VS,
FR

TEROmE (I ATRERRHRS 3 JUTEAZ RIS 3 XU TERifi B & 2 86 HICih-
ZO0-FIc X bigbn 5,
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LURE 3 o2 bklk & FH T3 W E A0 Al e dihs 3 JocPAZ kA z 54 C
& &9 %, bridge(L) & HIFIEMAE L OFETEEE braid(L) & FHTIX L OFH
ObBziEd L%, ROBHBEHOEBIIMANIC I D ERS N
LEDTH %,

EE (B EHO L)

—fRIC 3 TICBRRAKIT N LZ NG BN S K D 7 3 KotEK D& H HIC -
ZO-FiiE WS EDENDEER BN, 3TILEHIA M ITH L M HE
bNB X5 S DHEPBEARICI ST 0-FieBE A, TDED THREREE
MW/ Ne 72 2%8HH L O bridge(L) 72 M OFGFEEL L T grigee (M) TEKT
[FAIBRIC 3 ITTZhRiA MISH L M IMEENE K575 S DH 5P B5i8HHIC
oz 0-FilizEZ, ZORMhTHO LD RN 7255 H L O braid(L)
78 M @%ﬂ@‘%*ﬁé&& U“ gbraid(M) ’C“i%?‘o

FRICIRNTZHIE X DR D 3 ToeZ bR LRSI fHO & D ERR
TEBHLWVS TIN5, 2 DD DRINCIE ghridge(M) < goraia(M) EW
I BRI D, TDT LIFMEEDREHAHH LK U bridge(L) < braid(L)
ERBTENBTCITRES, RTNBED 2 DOFE L Heegaard L &
DD Z T 5, ZDI=DITE T Heegaard 77fif & Heegaard FENDEFi 7%
T 5,

EFE (Heegaard 77 & Heegaard FE%Y)

—fIC 3 T RA MK U THED S LWV 2 DDV F)VRT ¢ Hy. Hy
TlAAE: f - 0H, — 0Hy I XD, H, DEERE H, DR ZE—H L TH
BNANER H U Ho WM E755 X5 DM ET S, TDHOEEID3
Dl (Hy, Hy; f) %2 M D Heegaard 77 E VS, —fRIC 3 Ryt Hik M xS
L T Heegaard 73 fRlE VW DEEZ BND, TN 5D Heegaard 73 fRD LA
5 H,. H, DMBMWENeZ255%25 7, T OMEZ M O Heegaard fi%
EMETF gy (M) TET,

CDEERDEBRMKILYT %o
E1

it

gu(M) < grridge(M) < Gbraia(M).

EF 1 EROEFE 2 IFATEI O O H OEUE: & EEIC KBTI Tl
NizE T —27 2 3y P TRUIEO TREIHIZ AT %,
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H2
RDOAFEARDWTIUTH U TEZDOAEFERZIGT29 3 TTeZ A ET %o

it

gH(M) - gbridge(M) - gbraid(M)v
gH(M) < gbridge<M) - gbraid(M)7
gH(M) = gbridge(M) < gbraid(M)7

gH(M) < gbridge(M> < Gbraid M)

T 2 DD 3MITERA ST x 52, S3ICH L 3 DD E KD S,

1l

KZHHABECHET S, TOEE (K, 005 xS?Thb, —fRIC 3T
R M D gu(M) = 0 21723 2 L ORREFDMFE M = S3 ThB L
STEMNBENT VS, > T gu(S' x 5?) > 1ThHs, HPRFETHODH
UEEI 1 THEDND. graia(St x S?) <1 TH %, > TRDFEXZHE S,

gH(Sl X 52) - gbridge(S1 X 82) - gbraid<Sl X SQ) =1

B

LZzRy TV 732, TOEEX(L0)IE S THB, FITIBNTZHED
gu(S?) =0TH5%, Zy TV ITOMUEEII2 THENE. goraia(S®) <2
THb, —MIT 3TILEZIRIE M DY goriage(M) = goraia(M) = 1 207z &
DREFDFMEM =St x S2THBENITEMHIENTVD, £oT
Goridge(S?) > 2MFBEND, > TRDOAEFEXZ1ES,

gH(Sg> =0 < gbridgc(sg) = gbraid(sg) =2

CDXHICLTSE ST x S2ICH LT3 DD RD BT EMNTET,
TRLYZZERNICH LTI E I MWV DD, AEOEENAETHD, L
UL AZERNCH U Tld Heegaard FEY 1 £ 725 T L IZESHIBN TV 5,
B ARGTIE L AZERITH UTHRD D 2 DO, I 7&bbigtEi s M
Ot ZEITHE T %,

2 EEELZOEA

L(p,q) EFFE (p,q) DOL >V X% Zfid &3 %, HU p. ¢ldp >
q> 0Z&NE2THWCERBE TH 5D, TDOEERD 2DDEHHK DD,
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T 3
p LT B, TDOEERDKD D,

gbridge(L(p, 1)) = gbraid(L(p, 1)) =3

T 4
p. g LT B, TOLERDKD D,

gbridgc(L(pq - 17 Q)) = gbraid(L(pq - 17 q)) =4

BRI DT e kg A HEREOD ZRRAH LWV S, [TED 3 RoTEhk
K H 2O ZHAED Dehn Filc L O ESNZ NS T EMHISENTY
%o O-FEETOREND 0 DD ZIEHHD Dehn FifiiD & TH B, &
B3, 4 DREFHD IR OHIEZ 7T,

fHRE 1

Goridge(L(P, q)) > {

B w
)
R
=

il 1 2R SICHRATIN 2 EHKT %o

EE (FEHTH)
L=KUKU:- -UK,%ZnK7ORTDREN0DOHDEIKAHE L
Ik(K;, K;) 2 K; & K; DROIEHE LT 5, D& X175

0 lk(Ky, Ky) -+ k(K Ky)
lk(Ks, Ky) 0 oo IR(Ky, K)
Ik(K,, K1) k(K,, Ks) --- 0

TRODRIRHE L ORI TH E NS,

L OF&FTHNE (L, 0) D 1 Xyeh T P—REOERBTH] L [FEIC /25 C
EMNHIBENT WS, TOZ ERHANTHIEL ZRT,
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#H%E 1 DA
9L RZERM Lp, q) R LT Hi(L(p,q)) = Z, TH B, [LEDFHRED 0
DD EFETH K L2 TORED 0D 2 D EAH L DIKFHFTHNE.
%“%“W%[Mﬂﬁj@ MM%K”}T%%OﬁoTHﬂMKn»ZZ
Hy(x(L,0)) = Z, ® Z, TH B, AL n = lk(K,, Ky) = lk(Ky, K,) ThH %,
TNED x(K,0) X x(L,0) IZMEED L(p, q) ERMICEZ DIFENT &V H
%)o ?E'DT gbridge(L(pa q)) 2 3 T%%o

R p 2B EAGES B0 RTDRED 0D 3D EHEHH L DigH

15 A A= Siﬁi £75%, TTTCa=I1k(K, Ky). b=1k(K, Ks).
C:MM@KQé%%fX@%DﬁMp@&ﬁmtﬁémuﬂﬂﬁﬂm):
Hi(L(p,q)) TRINIEEHRINE, AZB = é ?8 L AfE TRl
hw&%&woA&Bﬁﬁ@&ﬁﬂf%h@dag25&3?%%#6\

2abc = p CTH B, LML p WA TH AT EMD 2abe =p &75% a. by clZ
TFELRWV, E2 T p BFETHIUX x (L, 0) IHEED L(p, q) LIFEFHICIZ R
D?E‘F?j:[/\o c]Z’)Tgbridge(L(p,q)) 24?350\ *ﬁ%ﬁl%@ft%o

FroEHAHICH U Kirby ZIE £ WS BIEHMEEST %, TOEBICKD
BOH 5 HDOEMAEN S Dehn FFIC K D1EF SN2 RHAIEEWICIFFT
HBHEVHTENMHENT VS, Kirtby ZBIEDOERIIIEROIE THEL -
(1], 2] ZBRE Nz, EHE 3, 4 DRI C D Kirby ZEZHWA 2 & T
17

N Y

o

FH 3 DIIEA

FE 1 KD 3 < goridge(L(p, 1)) THBo goraia(L(p,1)) < 37219, K 1D
D& S 5 EHERECHZBO & 5 1C OB XA E D 5 i Dehn Fifi
I2 & D LY RZER Lp, ) MEBNZ T EDHIBN TV, COEE&ANK
%GE®%@%ME%&R%@@@%&@%K&Ogﬁ%6héoC®p&

qﬁMp@@pkq&#ﬁﬁékw5i&ﬁﬂ6ﬂfwéoEﬁg}:pk
D, HOMDOEIAEMNSIE Lp, 1) (HL p 1XMBE) MWME5 N5, > T
1 D2 DD DEIEAED Kirthy BIICKODBEDH S T & Z2meid, O
DERFAEID., TRDOBHO L3 DHABICE S 0-FiRckD SB3H5
Lip, ) WEENB T EMRE. gomia(L(p, 1)) < 3R ENS,
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L1 01 19 (/**
12—) full — J
) .
X 1

Kirtby ZEIC K DK 2D XS BEEIMTA %o THDE2ARDVEZ 0%
R E UTHRDODHAGEUENRRQTWS & &, 2 K0T EDMD 7)Y A
AREETHTEMTEL, TOEE2ARDOVEDFZRENTTIVYA A RD
HANZIE LT 1 &b,

[\V14S]

X 2

C@Ez@%%%m1@&@@9%%£am§@ﬁ5zgf\gl@g@@

“)%?ﬁﬁé’}ﬁfa\%%h%o J:OT gbraid(L(p, 1)) < 3 Tgé D\ gbridge(L(p, 1)) =
gbraid(L(p, 1)) =3 T%%o ]
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EIHE 4 DEEEA

REFHO KIS e 3 OFEIA LA TH 5. AN 3IADUVEZ 0 2R 8 & L
THOHWAGBEUCHDIHRRQTWBGEEZEZ %, TD3IRDUEDTED 2
RKORITTIVIA A IDH S L E Kithy BEIRICE D RO XS ICEETZ %,
CDEEIARDOEDREBIETIVIA A IDD S 2R NZD/FAICED £1

HROD1IAMNFL ENE, TOLETIARDOEDEBMOMEMEI-NSC
CICHFELTEL,

Oct 5 od-l=lS
M

0

—
\

e

o
e}
— —

—>

'cLl

I
1 1 0 1 1 -1

X 3

—RICHHHO B IIMTED2ADVEDED T )V A A MK D ERET NS T
ENHIENT WD, > T 3DEEZHW5 T & THEEOMANE LI
Bla, by clZW LT, M 4DEOPDEKHAEDNDLGOPED ZIEHAENEDS
NBZEDTH %, TOHDOREDZIEHANS L v RAZEM KT 5 L7
E2Z 5,
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Y
4

fi 3-fHO- &

T T T
0O 0 O

X 4

Kirby ZIZIC X DK 4 DEDEDEREAEMNSEK 5 DHD XK S miED &
AHHZIGBICIE, ¢ = 21 ZIRET Z0ENDH S, FhlE +1 £ 95, —
E LU THAERIEFERRICTZE %,

X 5

TIHOLTH 5 DEDK D BREDERAEDEENTZ, an by 1 DEFFIZ—E
TEDNDal bFFAHTH S, TOMDODEHRAENSESNS L X2
Liab—a—bb—1) THOH, p=a—1, q=b—1 I SL Lipg—1,q)
WEEND (pyq XEE). K65 T Lpg — 1,q) IEE 4 DA ED S 0-F
MICKODBEEND, K2TC guaia(L(pg — 1,q)) < 4 TH 5, i1 KD 4 <
Goridge(L(pg—1,q)) THBM 5, gbridge(L(pq_LQ)) = Goraid(L(pg—1,q)) = 4
M55, O

References

[1] R. Fenn and C. Rourke, On Kirby’s calculus of links, Topology Vol. 18,
(1979), 1-15.

[2] R. Kirby, A calculus for framed links in S3, Invent. Math. 45, (1978),
35-5H6.

167



Lens surgeries along Milnor links
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Abstract

We determine lens surgeries along a A-component Milnor link with A > 3. If A = 3
(i.e. the Borromean rings), then there are three sequences for pairs of surgery coefficients
yielding lens spaces. If A > 4, then the link does not yield a lens space. We use the
Reidemeister torsions to obtain necessary conditions. To prove insufficiency of the latter
case, we use a result due to D. Gabai about minimal genus Seifert surfaces.

1 Introduction

Let My, = K; U---U K, be a A\-component Milnor link [Mil, Mi2] (Figure 1). In
particular, M, is the Hopf link, and M3 is the Borromean rings. In this article, we
assume \ > 3. Every Milnor link is a Brunnian link, more weakly, an algebraically split
link.

(N N

f
S
&
&
®

K Koi Borromean rings
Figure 1: A-component Milnor link M)

Let L = K;U---UK), be a \-component link. We denote the result of (rq,...,ry)-
surgery along L by (L;7y,...,7\) where r; € QU {o0,0} (i =1,...,A). If r; € Q, then
we set r; = p;/q; where p;, ¢; € Z and ged(p;, ¢;) = 1. We obtain the following theorems:
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Theorem 1.1 A 3-manifold Y = (M3;p1/q1,p2/q2, p3/q3) is a lens space if and only if
one of the following holds:

(1) (p1/q1,p2/q2) = (€,€) and |eps — 6g3| = 1, or
(2) (p1/q1,p2/q2) = (€,2¢) and |eps — 4qs| = 1, or
(3) (p1/q1,p2/q2) = (£,3¢) and |eps — 3q3| = 1,

and their permutations of indices where ¢ € {1,—1}. Moreover, if (1), then Y =
L(ps,4eqs), if (2), then Y = L(2ps,e(8q3—p3)), and if (3), then' Y = L(3ps, (3g3—2p3)).

Theorem 1.2 For A\ > 4, My does not yield a lens space.

We obtain necessary conditions to yield lens spaces in the theorems above by the
Alexander polynomials of M), as follows:

Ang(ti o, t3) = (b —1)(ta = 1)(ts — 1),
AMX(tI;---:t/\) = 0 ()\24),

and the Reidemeister torsions. To show sufficiency of the condition in the Theorem 1.1
case, we use Rolfsen moves [Ro]. To show insufficiency of the condition in the Theorem
1.2 case, we use results due to Y. Ni [Ni|] (Theorem 5.2) about relation between lens
surgeries on knots and fiberedness, and D. Gabai [Ga] (Theorem 5.4) about minimal
genus Seifert surfaces.

[EORTREE
A

:&1

Cz 3-chain link

W

Figure 2: n-twisted Whitehead link W,
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D).

Figure 3: relation between M3 and W),

Wh

2 Surgery formulae of Reidemeister torsion

Let X be a finite CW complex with H = H;(X), R an integral domain, and v :
Z|H] — R a ring homomorphism. Then 7%(X) € Q(R) is the Reidemeister torsion
of X related with 1) which is determined up to multiplication of +¢(h) (h € H) (cf.
[Trl, Tr2]). For A and B € Q(R), we denote A = B if A = +¢(h)B for some h € H.
If 1 is the identity map, then we denote 7(X) := 7%(X).

Proposition 2.1 (1) We set H,(S") = (t) 2 Z. Then we have 7(S") = (t — 1)~
(2) We set Hy(S' x S') = (t1,t2) = Z%. Then we have 7(S' x S') = 1.

(8) Let L = Ky U---UK, be a X\-component link in an integral homology 3-sphere,
and Ey, the complement of L. We set H\(Ep) = (t,...,t\) = Z*. Then we have

Ae(t) -
P e

AL(tla"'at)\) ()\ Z 2)7
where K =L andt =1t if \=1.

Lemma 2.2 (surgery formulal) Let E be a compact 3-manifold with tori boundary, V a
solid torus with core £, andY = EUV a Dehn filling, and 1p : E — Y and 1y : V —= Y
the natural inclusions. Let F be a field, ¢ : Z[H,(Y')] = F a ring homomorphism, and
Vg =10 (tg). and 1y = o (ty), ring homomorphisms where (). and (v ). are the
induced homomorphisms by 1 and vy, respectively. If 7VE(E) # 0 and v ([(]) # 1,
then we have

TV(Y) = 1YE(E) - (v ([1]) = 1) 1 (#0).
Let H be a finite cyclic group with order p > 2, and ¢ a generator. For a divisor d > 2
of p, let {4 be a primitive d-th root of unity, ¢, : Z[H] — Q({;) a ring homomorphism
such that 4(t) = (4.

Lemma 2.3 (surgery formula II)
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(1) Let L = Ky U ---U Ky be a A-component link with X\ > 2, £} (i = 1,...,))
a core of attaching solid torus, and Y a result of Dehn surgery along L with
t(H(Y)) > 2. Let F be a field, and ¢ : ZIH,(Y)] — F a ring homomorphism. If
Y ([6])#1 (i=1,..., ), then we have

(V) = Ap(@([ma]),. . ((ma) - H (w([) —1) "

(2) Let K be a knot, Y = (K;p/q) (p > 2) the result of p/q-surgery along K, and
H\(Y)=(t) 2 Z/pZ. Then we have

TV(Y) = Ar(Ca)(Ca— 1) - 1))
where q7 = 1 (mod p).
For example, we have

TV (L(p,q)) = (Ca— 1) -7

3 Key Lemmas

Let L be a A-component algebraically split link with A\ > 2. Then the Alexander
polynomial of L is of the form:

Ap(trye ) = (b= 1) (tx = D) f(t, - 1)

where f(ti,...,t\) = f(t7, ..., t5") € Z[tT,. .. t5].

We set M = (L;pi/q1,-..,pr/q\). Then Hy{(M) =2 Z/pZ with p > 2 if and only if
p=Ipi-psl > 2and ged(pi,p;) =1 (1 <i#j < A). Weassume g £0 (i =1, ).

For fixed i, we set f; := f(1,...,1,¢;,1,...,1)|,=¢, which is obtained by substituting
ti=Cqand t; =1 (j #1i). Then we have the following:

Lemma 3.1 Under the situation above, for a divisor d > 2 of p;, we have
(M) = {fi-qu- G (Ca— 1)+ pr P opala) - (G = DT 1)
where ¢;q; = 1 (mod p;), and n =1 or —1.

Lemma 3.2 Suppose M above is a lens space. Then we have the following:

(1) If |f;| = 1 and |p;| > 5, then we have |¢1| = -+ = |¢| = -+ = |gn| = 1, and
|p1---pi---pal =1 0or 2 or 3.
(2) If |fil = 0, then we have |pr| == |p;| =+ =|p[ = 1.
4
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Lemma 3.3 [MP, KMS] Let W, (¢ = +1) is the Whitehead link as in Figure 2. Then
(Weipi/a1,p2/q2) is a lens space if and only if one of the following holds:

(1) pl/ql =£ and ‘61)2 — 6q2| = ]_’ or
(2) pl/ql = 25 (l'rl,d |€p2 — 4q2| e ]_’ or

(3) p1/q1 = 3¢ and |epy — 3qz| = 1, and their permutations of indices.

4 Proof of A\ = 3 case

Suppose 1 < |py| < |pa| < |p3|. By Lemma 3.2 (1), the proof is divided into two cases:
(i) |ps| > 5 case
By Lemma 3.2 (1), we have p; = . Hence by Lemma 3.3, we have the result.
(ii) |ps| < 4 case
By Lemma 3.2 (1), we can use the same technique as in [KMS]. O

5 Proof of A\ > 4 case

Suppose |p;| > 2 for fixed i. By Lemma 3.2 (2), we may assume p; =1 (j # i). Let K;
the resulting knot by 1/g;-surgery along K; (j # i). We note that K; is a knot in S®.

Lemma 5.1 A (1) = 1.
Theorem 5.2 [Ni] If a knot K in S* yields a lens space, then K is fibered.

By this theorem, existence of lens surgery along K is equivalent to triviality of K.
Remark 5.3 Casson-Walker invariant [Wa] cannot detect it.

Theorem 5.4 [Ga] Let F be a Seifert surface of a link L which is a Murasugi sum of
two surfaces Fy and Fy. Then F' is a minimal genus Seifert surface of L if and only if
both F\ and Fy are minimal genus Seifert surfaces of links.

Proof of Theorem 1.2 (A = 4 case) Let F' be a genus 1 Seifert surface of M, as in
Figure 4. Then F' is a plumbing of F; and F; in Figure 4. Since 0F) is a non-trivial
(2, —2¢y)-torus link, Fj is a minimal genus Seifert surface. Since 0F; = K] U K} is
a parallel of a non-trivial 2-bridge knot C'(—2g¢s3,2q4), F> is a minimal genus Seifert
surface. By Theorem 5.4, F is a minimal genus Seifert surface, and hence K, is a
non-trivial knot. [J
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Figure 4: minimal genus Seifert surface for (My;(,1/go,1/q3,1/q4)
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6 Further Remarks

We have further comments concerning our results, and raise a conjecture.

Problem 6.1 (Property P (R, and L, respectively) problem for links) Characterize
framed links which represent S* (S? x S', and L(p, q), respectively).

Remark 6.2 A \-component Milnor link with A\ > 4 does not yield S* and S? x S*.

Conjecture 6.3 A non-split \-component Brunnian link with X\ > 4 whose Milnor’s
Hi-invariant is non-zero does not yield S* (S? x S, and L(p,q), respectively).

Akio Kawauchi pointed out that if we remove the condition “whose Milnor’s Ji-
7

invariant is non-zero”, then a counterexample can be constructed by using (his) “imi-
tation theory”.
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Parameterization of knot tunnels and its application

AR (B REERARH T AA TR

1 (FCHIC

Cho-McCullough [CM1] i, tunnel number one knot K C S &% ® unknotting tunnel 7 DF
(K, ) IZDWT, GHEE DY & 0,1 DFNT KB parameterization 252 T\ 5. fE51E, [CM1]
ICFBWWT 2-bridge knot & £ D unknotting tunnel IZDWT, [CM2] ICFWT torus knot & ZD
unknotting tunnel IZDWT, ZFHNZF N parameter Z:KH T 5.

T T TI&, parameterization [ DU T cabling construction ZAWVTEIAT % & & &1, HFRIC
parameter 23R 5. BARINCIE, EH 7.11CHBWT, (p, @)-torus knot DF477% 2 ROFHT » [A]
® half twist ZI1A TIF 5N S twisted torus knot T'(p,q,r) &Z D 1 DD unknotting tunnel ([X|
9 2 ITDWT parameter 23R 5. XZDIGHE LTRZE5.

I 1.1. 3<p< qZ3HAE p,q L r I LT, RZBRNT twisted torus knot T(p, q,r)
X torus knot TE 2-bridge knot THZLO.
T(3,5,—6) =T(3,4,—4) = S(7,2) (52-knot),
T(3,5,—4) = T(3,4,~2) = T(2,5) (51-knot),
T(3,3m+2,-2)=1T(3,3m+ 1),
T(3,3m+1,2) =T(3,3m + 2).

EHICHEARLC Mo I K> TRENT, T(p, q,r)1F9XT small THS (exterior I closed essential
surface ZH XXV ) T & ZHWAIUIIN D 5.

FE 1.2. 3<p<qZBHAE p,q 1EEr IS UT, RZBRNT twisted torus knot T(p, q,r)
& hyperbolic knot TH%.
T(3,5,—4) = T(3,4, ~2) = T(2,5) (51-knot),
T(3,3m +2, —2) = T(3,3m + 1),
T(3,3m + 1,2) = T(3,3m + 2).

2 Tunnel number one knots

FUH K & KICifisiDRATRD S arc 7 ICDWT, E(K UT) A handlebody & [AHTH 2 & &,
K 7% tunnel number one knot, 7% K @ unknotting tunnel & X5, T Z Tl unknotting tunnel
ZR1OEIICHBMTERT T LICTS. #UH K ZEEL, 2 D0 unknotting tunnels I D
T isotopic % 7z1& homeomorphic DFEBIRZ#E 2 2 DMABITH S A, T TEKTHEZD
unknotting tunnel DFICFERIGRZEAT 2. I74b5, KU H EZD unknotting tunnel O 2 #f
(K,7) & (K',7) I LT, mEZRDEMHER f T f(K)=K »D f(E(K)NT)=EK')N7T’
2T EOMAET B E, (K,7) & (K',7) BEfETH B &V, COFRERFRIC T 5 [FfE
iz tunnel EXF. K1 TE1E2, 3E5R@GZNTNAMTHSD, 3 & 4 FFRFETHE.
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55 @@@@

WU H & 2 D unknotting tunnel Dl

3 Cabling construction and parameterization of tunnels

F5 U H & Z O unknotting tunnel DFHICEHF % parameterization %, T Z Tl cabling construc-
tion ICK > TEHZ 5. TN ST % cabling construction &34 % tunnel 55 Fl|D tunnel ZH#
KT AEETHS. F#UH K &% unknotting tunnel 7 I LT, TOREG KU Z 0 <.
TDEEO=ANUpUT ETES. T2/, N & pldFNZFNarc TK = AUp 72> TW%. cabling
IKBWTHUHZREKT % arc A & L& p DILEZID B A S. EBLTERMKEDTI T
ADIERE NA) IZDWTHEZS. 5 (NN, NN NO)iF, BEEZZ TV (NN, NA)N(puT))Ic
arc A\ ZIATHEBNS. ZTTTr e QU{oo} ITH LT, r-tangle Z (B3,t,), r-tangle!l 1D arc
ZIMATHESENS (N(N), N\) No) ICFHEZ > 7))V (B3t

ty) TRI L LTS,
E#& 3.1 (cabling). § ZROFEMN 2725 KD ICHEET 5.
o (N(A),N(\)N8) = (B3,i)

o Kol 2 8 AHTIk(Ky) =0, 72720, r € QU{cc} ICH LT K, := (0 — o) Ut, &
B<.

TOEE (K, 1) 5 (K, t, —t,) 213 21E3¥% slope r D cabling & KT, (K, 1)~ (K, t, —t,)
THILICT 5.

) cabhng TIELNT (Kt — t.) &, r DR FHFTEHD & ZHTH & unknotting tunnel O
IR0, r O FHVEED & EfEHH & unknotting tunnel DFHIC/Z> TW5. T T TEAETH
@tunnelo)é’i%%iflz‘%@f“ r DR FIEHEHRET S.

cabhng slope 3

k(Ko)=

2: Slope 3 D cabling
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ROFEIE, TXTOD tunnel HEHIHEFETHD tunnel 7" 5 cabling construction TEF515 C
LRl TNVA.

FEH 3.2 (Cho-McCullough [CM1]). fEED tunnel number one knot K & %D unknotting tunnel
T O (K, 7)1 LT, (K,7) ICEfEEH (K, 7)) DIFEL, (K., ) SEHHEZECHU 20

an

unknotting tunnel Ty OFH (U, 1) 5 n+1 81D cabling DA (U, 117) s (Ko, T0) kg (K, Tn)
THIKTE 5. T272L, UUy &¥m EICD B 0-curve £ 9 5.

40 41 an

T D cabling DI (U, 1) £ (Ko, 70) & -+ 55 (Kp, ) &, FHNZEND cabling O slope z
b, cabling DI K;_1 MRS % 2 DD arcs 0)“5 HLEBLLEHRODEZ BT K> THEST S

N%. ZTT, ZNZNOD cabling (Ki_1,7i_1) ~ (K;,7) CBWT, piog ZEEL Ny & 7 IC
WOBzZCTLETD. 2120, Moy & piot BENTN K, 2T % arc TK;_ Ut =
N1 Upii Ut &85 TW05., TOEE i e {2,3,...,n} IKRLUT, pi_1 B pio ITHIGL
TV s; =0, TOTHRINIEE s; = 1 EERTES. §5&, TD cabling D¥], &L <
& (K, o) W&, (B2, 2. o) (g . s,)) ICK D TIREENS. Cho-McCullough [CM1] i,

po’ p1’ ? Pn

WIS tunnel ISH LT, (([B2], 28,00 42) (2,0, 85)) D HEIICIRE S 1% (cabling construc-

tion A tunnel ICH L T—RMNTHZ) TLZRL TS, IEL, [22] e Q/ZTHS. ZTTT,
(([Be], 2t 22) (s2,..., 8n)) & tunnel (K, T) O parameter £ X ST LICT B.

’p1? ? pn

4 Tunnel of (1, 1)-knot

FOH K I LT, S% @ genus 1 Heegaard splitting S® = V, UV, T, i € {1,2} IR LT
K UV; A trivial arc (OV; IS 778 are) ER2EDMAET 5L &, K %2 (1,1)-knot £W5. C
DL xE, 3 DR THIDNTIZ 2 DD arcs DK 91 solid torus V; D core ICHINT 2EDIEED
5 & unknotting tunnel 172D, TNZ (1,1)-tunnel L X5, TDT EME (1,1)-knot {F tunnel
number one knot T 5 EWbOMN 5. fHHEZFETHOD tunnel IZ KA (1,1)-tunnel TH 5. &
£ 5 (1,1)-tunnel (& (1,1)-knot D tunnel TH 2 T ENDOMNS A, Wi (1,1)-knot DFXTD
tunnel 7% (1, 1)-tunnel TH % EIFR 5720, EEE torus knot (39XT (1,1)-knot TH 2, (1,1)
T\ (middle) tunnel 2§D torus knot [FEEICH S R 6.3 B . X7z torus knot LATFD
ZDX I BHNIEHE-MEK [GH IS K> TETLNTED, RT7.2 TRZNEHEL TS,

3: (1,1)-knot @ (1, 1)-tunnel

ROFEHZ, tunnel Y (1, 1)-tunnel MEDDHED, Z D tunnel D parameter MHTE ST &
ZRLT05.

EIE 4.1 (Cho-McCullough). (([Be], Lty - o, 22) (s2,..., 80)) 72 tunnel (K, T) O parameter &3

5. (K,7) D (1,1)-tunnel THBHT L, so=...=5,=06LWEn<1THBHT ENFEET
H5.
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DED (1,1) THEYV tunnel IZDWT, HAGASTHOD tunnel 705 D cabling construction 2%
25, HE Lt 3ELLED cabling WRAETH 2 Ehbhb.

5 Tunnel of 2-bridge knot

2-bridge knot @ unknotting tunnel IZ B U TId/IMALC [K1, K2], BRAKAEMHIK [MS], AHIK
[UNIC X > THZEENTIHD, 1 DD 2-bridge knot ICHL T 4 DX 5 7% & 44 DD tunnels L
BN EDDHS. 2-bridge knot O tunnel D 9 5 upper tunnel X 7zl& lower tunnel & XidN2 &
D (X 4 DFchi & 485D tunnel) &, HIAEAUH & Z D unknotting tunnel 705 1 [A]D cabling
THELNBE T LA B, THUE 2-bridge knot D upper (lower) tunnel @ parameter (X EX 1,
DEY [R]DETHZT LML TN S.

4: 2-bridge knot @ 4 DO tunnel

Cho-McCullough (&, 5% @ 2-bridge knot @ tunnel {ZBI L T% parameter ZFHH LT\ 5. 2-
bridge knot ZX 5 DX SICERT 5. 722U, TREDi€{1,2,...,n} IKRHLTa; =+1, b, #0
Tie{l,2,....n—1}CHLTH =0%51F aa41 =1, THICH, =+1 %5  anb, =128
T5.

FEHE 5.1 (Cho-McCullough [CM1]). B 5 D tunnel D parameter 1,
(([ﬁ}, 257171 + ]-/knfl; ey 261 + 1/k1), (0, ey 0)) 135%) f:fib, E; = ai+1(—1)b”+1

(: :tl), K, = bn (am, = 1) k= 2b; + a; (aiai-‘rl = 1) L33,
bp—1 (a, =-1) 2b;  (ajai1 = —1)

{1 2a 2a, 2a, /j

2b1 bn,

5: 2-bridge knot @ tunnel
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6: Torus knot @ tunnel

6 Tunnel of torus knot

Boileau-Rost-Zieschang [BRZ] I X D, 1D torus knot ICBIL T 6 DX 9 7% 3 DD tunnels
LDVENZ EWD%. Cho-McCullough [CM2] 1 Z D torus knot @ tunnel IZBJ LT #E parameter
ZETELTWA. 2L, POEM 6.1, 6.2 T, [CM2, Theorem 1.1, 1.2] TD slope I 9 XT
UMV TWVWS. ZhUE, TTT (p,g)-torus knot WV > TWNBEDAD, [CM2] TOZN &8
BORICH BT LIcKkD. BIZEXN 6 DFTHZ, T T (5,7)-torus knot EEZ TWBH,
[CM2] Tl& (5, —7)-torus knot £EEZ TV 5. 7, 8ICHBWVT, p,q lFEWICERER Tp,q>2
kL, & p XD (p, q)-torus braid Z&EL TW%. X 7D tunnel l& (p, g)-torus knot O upper
tunnel & XN 5. BAERAIC, (p, q)-torus knot D lower tunnel & (g, p)-torus knot M upper tunnel
TH5. £7z, K8 DX SHIC unknotting tunnel A torus knot DD > T3 standard torus I
% & DE middle tunnel & XiZN 5.

s ™ a 7
7 e 7
e — —
) /O
o000 L N N ]
(p,q) (p,q)
N — )
. J . J
. J . J
7: (p, q)-torus knot @ upper tunnel 8: (p, q)-torus knot ® middle tunnel

FEE 6.1 (Cho-McCullough [CM2]). ¥ 7 @ tunnel ® parameter i,

(—(lgpe=)2Prot1 = 1.+, 2p-1 = 1),(0,...,0)) THB. 772U, pr = [kp/q] =min{j|jq/p >
k}, ko =min{k |pp > 1} £ 9 5.

EHE 6.2 (Cho-McCullough [CM2]). 2<p < ¢ T, q/p=[ni,ng,...,n] EARE n; (ny #1)
KXo THEDBEMDESZONTWVWA LTS, CDEE, K 8D tunnel D parameter 13,
(—([ﬁ}, ardy+bier,...,andy+byen), (s2,...,88)) THB. 72121, ar, by, ct, dy, s¢ \ELLFDX
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ICLTIREZBETHS. £91€{0,1,...kPITHLT N, = —n1+§j§:1nj, N:=N,-2¢38

1 0 .
L1 Noy <1< Noyja
%, i€ {—nh 1—n17 .. N} Llﬂbflﬁ(@i56Cﬁ§'JAl %ﬁ%&b% Az = 11
01 Noprp1 <0 < Napgo
% LT te {1, 2, ceey N} Llﬂbf Qt, bt, Ct, dt, St 75‘@(?’(7%%57“%
— 0 A=A,
M, — a; by :HAj:AtAt—l"'A—np 5 — t t—1
Ct dt J=t 1 At 7& At,1

Boileau-Rost-Zieschang [BRZ] I & D, torus knot @ tunnel I DWW TIFTERRDENEZEINT
W5 M, T Cho-McCullough @ parameter DFtHIC K D HEEHMN G A 651 %. LA~L, TO
parameter DFIEMN S tunnel WEHAR3 D THB T ExiAT 3 EIdTERL.

%63.2<p<qtd3.
e q—p=1D,ZE, T(p,q) D upper, lower, middle tunnel T XT—HT 5.

e qg—p#1, ¢g=41 (mod p) DEZE, T(p,q) D middle tunnel l& upper tunnel &—33 %
A, lower tunnel £1E—E L.

o ¢# +1 (mod p) DEE, upper, lower, middle tunnel\¥TXTHEZS tunnel ThH 5.
\Z middle tunnel \& (1,1)-tunnel TR,

7 Parameter of tunnel of twisted torus knot

9 D RHRD arc A unknotting tunnel 1755 2 M5, T(p,q,7) &9 “XT tunnel number one
knot TH2Z WO b. TTXTICHLLIEMUTHEIEE, 9T (1,1)-knot TH-7M, m e Z
W UTC T(7,17,10m — 4) X (1, 1)-knot TIEW T & DR KAER K-S [MSY] I K> TRE
NTwas. £, r=120EZ T(p,q,r) & (1,1)-knot THBHZ L EDLMNS. (1,1)-knot EZ
THEWHUHB BT MG, TOUVI A WS T LiX, tunnel Z2E X% L THEHETHS. T
TIXX 9 D tunnel @ parameter Z3KD 3. £ZDHE LT, T 1.1 OFLHOHERZ 5 2 5.

CCO

} T-Crossings
Tp.qr): | (pa)

9: Twisted torus knot T'(p, g, ) @ tunnel
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BE 7.1 ([, ) (52,0 0,80)) (i EATEO 72 (p, q)-torus knot T(p, q) O middle tunnel
D parameter £ 9 5 &, 9 D twisted torus knot T'(p,q,r) O tunnel D parameter IX,
(([%}77"17 s Tp—1,Tn — ’I"), (827 e S")) T%%)

CDOERIE, torus knot T'(p,q) @ middle tunnel I DT cabling construction 25 2 7z & &,
£ D cabling D slope % r, WD r, —r IKHZ BT LT, K9 D tunnel WMEH5NB T EZ/RLT
W3 (K10 &) . BiaHIc, 6.2 05D 5N, torus knot @D middle tunnel I torus knot
@ middle tunnel 72(J Z#¢H9 % cabling construction TRHN%.

/ :\

T
=

S N T(p.q,r)
iﬁ}ﬁ;b//// /)Uqg :::Xu/////

10: T'(p,q) & T(p,q,r) @ tunnel D cabling construction

EH 71 EEH 41 DEROENMESNS.

272.p#£1 (modq, q#1 (modp), r=4+2TH5LE, K9D tunnelld (1,1)-knot D
(1,1) TRV tunnel TH 5.

AHE-HK [GH IS K- T, T(5,7,2) DFIBEFENTNS.

EIE 1.1 OFEBE. K := T(p,q,r) H 2-bridge X 7zi& torus knot TH 5 EARET 5. 7L, p,qld
HWCETREBHT3I<p<q, ri3MEET 3. TH 7.1 TROT parameter (DU FHIZ parameter
EERTEICTB) X, BEEIH 2L EERDT, KD 2-bridge knot THAUIERE 5.1 D parameter
IZ—EL, K 7 torus knot THAUIEH 6.1 £721% 6.2 O parameter IC—HKT 53T TH5.
TTCRDESIC, p,g DV THAENTLTEZS.

Case 1. ¢ =1 (mod p) (¢ =mp+1)) D& X, parameter (FXDIEDENNTH%.
([~3).-1) (K =52,(p,q,7) = (3,4, -4)),
(S) (K =51,(p,g,7) = (3,4, -2)),
([—W{HL —(4m+3)) (K=T(3,3m+2),(p,q,7) = (3,3m + 1,2)).
Case2. ¢ = —1 (mod p) (p = (m+ 1)g — 1) D& E, parameter ZRXDIEDENNTH 5.
(-5, -1 (K =52,(p,q,7) = (3,5,-6)),
([~3],-3) (K =51,(p.q,7) = (3,5, —4)),
([—ﬁ“L —(dm+1)) (K=T(3,3m+1),(p,q,7) =(3,3m +2,-2)).

Case 3. q # 41 (mod p) D & &, parameter (& 2-bridge knot D& D & & torus knot DE D & & —E
LW, £oT, TDEE K X 2-bridge knot T% torus knot TH7RL.
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TANGLE ANALYSIS OF XER RECOMBINATION ON CATENANES
(IK.Darcy [X. R.Mediconduri X (F1C University of Towa), 3F#EE (B EAR¥) & OILFEIIZE)

i
by EREAR AR T 2R

1. #1Ic

COWZHE. AR (FEKRY). LK Darcy &, R.Mediconduri [X (University of lowa)
EDOHEMFRTH S, sELWVNEIE. G [8] 22 L THL L,

DNA I8 < B (enzyme) ICBIT 2 HI9%IC13. FUHMHRZ STE  ORMZAMN T
DHNWLN TS, DNA D FRE Y —ORRIENERIE. ZE D [4] 22U THE
Tz AEUHBEGEROBEZOM E OWAADICHIX, [15, 2, 17) ZZ2 L TaiL L, Tz,
3, 9] l&. HED DNA FRuY—0DEBESMO T ay—T7 40 VT Ths, £l #UTH
PEREEOARTIE, [14, 1, 11] T DNA L@ < BEEOFEENELD LIF 5N T3,

ZEOWZETIE. KEEF (E. coli.) © DNA #AHLZ BERD Xer system D DNA #gHH
(catenane & WD) NDIEHZ, 2 2 T )ViEKT 2 IOV TEET %,

2. DNA SO HE, DNA I . X > Vi

DNA & 2 EIREOREZ R OMIROYIATH 5, T D2, BIK DNA IZZERN THRT
Ho A HONSEZHD, B2, KIEEOREABIOT/NEIZDNA D FOTIAIR
(plasmid) (X, BRIKTH BT EDHIEN TV S, KOG, FME AT Y —9
BRATHIMSENEEICZ 25550 D %, DNA §&HHiE catenane &IN5,

DNA Il < 2RI, DNAD PRV —2ZZ2LDNH %,

BIZIE. FRAY AT —E (topoisomerase) l& DNA ISR AAMTIEH L. #8AHH 21 <
TEDPHIBENTWD, FRAY AT—VICBT 2 E0OM5EE [17) F2SM LU TRLL,

%A% 2 % DNA O Z B2 (recombinase) (&, & 5D UEHHICIER T %, fHAHR
ZIMTONBE7 Tl FAHZICEID S DNA OFL (recombination site) (& K2Rz
O, TTIRTRB EIFFICHEZZE LM TDNIRVD, FHAHLZICIE accessory protain
EWHINZMEZRDMBET 2550 H 0. ZDNc kb, KO EMA M Ro Y —DZ b
HZBNB550H 5,

ZNHOMTIE. BEEMIHTEHZD M RuY— (§UH. MAHD X A7) ZiiN5%
Ik, ZOEEOMTFZRENNT 2 EAHRS . Ernst-Sumners[10] (&, # > 7
JVFANIC K O SR RINFHA IR ORGP 2 BT 251528 A LTce TOREREE TV
flebr EEINT WS, 22 T IVENTIE. THE TS DD OFMI R RATH A Z R D
N A R R BN T WA ([6, 7, 10, 16, 18, 19] 7= EBM), X2 7 VR
FrOFELWAREX, [15, 2, 17] ZBH L TAL L,

FHAHLZ BRI T ZEFIE. RO 1, 2128 TF % 2 2 JIVFEIiCET ILEE NS,
CZTC, NDYRERRYIIWVT DT BEETHO, T+SIEETIVT ESDRY
TIWHITH %,

COETIMCBNT, LLFZRET %, BROANZALE—ETHH. ZHUIHED
FREY—icE & 540, o, RIGIE 25X 7V EICBWTREID, EEEY TV
O, E PORYITNHIETZS> TS, BTV O, & Op IFHIZ DIRIEDERICAZETH
%o KAAAZ I 2T P BZ YTV RICIOIAZ 52 2 TIVFINTCET IVIEEN S,
PE RIEEEVIIVERET D, BTV 0 =0 + Oy iFINBR Y 7V L Kign.,
AZ DRISGICBNTED SR TH %,
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o010

U U
(o) (») (o) |
oI10 o0
FIGURE 1. 2V 7IVETIV 1 FIGURE 2. XV 7IVETIV 2

HHEOKUH, AR K, &L, e Ky L35 L. RO T IVIEADE
5%,

(1)

N(O;+ O+ P)=N(O+ P) = K
N(O;+ Oy + R)=N(O+ R) = K,

3. XER RECOMBINATION ON CATENANE

RO AT L Xer FRGEOHICIFEL, 7T AI FOROENEBENZERIC,
HIRDIRIEZ EZ2179,

Bath-Sherratt-Colloms[5] (&, Xer ¥ psi £\ Ei 2 ZNZNORANNCFFDOTITAIR
IMED 2 R HBICEIET 5 C &2, FERICK O/RUTz, 15 DFEERTIE. 2k-catenane
((2,2k)- b —F AFEHHE) I Xer MEH L. (2k +1) RROFECHZAERT 25 LN &
WMEINTVS, RS, FERTIE k= 3,4,5 DAORENRE TN TV 5,

C DRBICHNT %2 7RI, k=3,4,51CH L.

N(O + P) = 2k-cat
N(O + R) = (2k + 1) k50 H

E7x%, TTTRFHC, k=3D%HE, DED M= XEAHT(2,6) h'D 7 R DZRTSHE
UCHMSONDGE2EERT 5,

50l Z % Xer-psi DA LA Tld, #CHEKAHIC LR mE252%8, 227
JVFEITE coherent TH % EARGEL TR &M, A DEETDDH M5 ([8] &),
T T TR VTIVFIMD coherent &1, XV TIVFiD 2 2 T )WL DE > TlE, FHE L
ERIOREN—HL TWBEE2E 9,

SIS NTAERIIROED TH %,

Theorem 1. [8, 13] N(O + P) 2 6-cat L L. N(O + R) %Z 7, UMD 7% 7 LA TH
K&9%, P=(0), P=(%) (a>0) &9 %, TOLEELLNNHIIT B,
(1) a=1. DEONVFFHTHO.
(a) K& 7T 0= (g%)
(b) K& 7, T, O=(5+3)o(—(b+1),0).
(2) a > 1. DED/AY FFHTEL . K E2MH0H N(3) THY. ¢ = (555

0= (5:) (heZ) W3,

6h+1
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K = T; DR N/P%ﬁMﬂ@ﬁﬁayﬁ»%ﬁ@%ﬁﬁwm%bofw%o:

EAkﬁiﬁ@Muﬂ ¢ = (325)s O=(F+F)o(=(b+1),0) (heZ) W
')ﬁf#?f)‘ff'é‘% LL, K = 77 DGEDINY RFEMODFAITHTERMEIATH 5,

EEOHICHN TGRS 27T %0 BEIDY ¢y, ... e iU, B TIVT & (cyy. .. cn)
D circle product 2 Figure 3 DX INTEFEZ L, To(cy,...,cn) EERT,

n : even n : odd

FIGURE 3. T o (c1,...,¢p)

k=4,5DEHEIC, NV FEMICELTINETELSNIMRIILTFO@ED TH5S, C
CCIEMHORS, R = (-1) DEZEZ D, Tl Xer DIFRMEF 0-2 > 7V
5 (=1)-2YTNWANDFE LTETIMEENE T LIC KB, — DN RFINTE i
EHRITTH %,

Theorem 2. [8] N(O+ P)Z 8-cat& L., P=(0). R=(-1) &35, COEELLIH
D RYAC IS

(1) NO+R) =9 &92L, O=(F+3) Fld o=+ &43,

2) NO+R) =9 5L, 0= (3 +3) &R 0= (Z+3)) Lk%,
Theorem 3. [8] N(O+ P)%Z 10-cat& L. P=(0). R=(-1) &9 %, TOELELLFAH
D RYAC R

(1) N(O+ R)=11a247,35% &, O = @% ) TR O=(3+7) &5,

(2) NO+R)=11a343 95 &, O=(F )ihuo (F+3F) &5,

(3) NO+R)=11a363 £ 9% &, O = (3 )é:tr%)

FELIEER 8] 2B L TAL L, TN HDFERIE, FE 1 D 2T HED 5. (2, 2k)-
F—Z AKEHEZ G2 B3 FFROREN T 2 O TEEIE N, U [12] DD
MR TH %,
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Abstract

Two-dimensional topological quantum field theories for surfaces are
characterized by means of Frobenius algebras, where saddle points
correspond to multiplication and comultiplication. We explore gen-
eralizations to essential surfaces in 3-manifolds and foams in 3-space.
Module and comodule structures are used for essential surfaces, and
Lie bracket and bialgebra structures are examined as operations along
branch curves for foams. Relations to the original Frobenius algebra
structures are discussed both algebraically and diagrammatically.

1 Introduction

This is a brief summary of [8, 9], to which we refer the reader for details.
We propose two generalizations of 2-dimensional topological quantum field
theories (2D-TQFTs); one for surface cobordisms in thickened surfaces that
have both inessential and essential circles [8], and the other for foams that
have branch circles along which three sheets merge [9]. Our motivations
come from the differentials of generalizations of Khovanov homology [12]
defined in [3, 19] for thickened surfaces, those for virtual knots [10, 18], and
those for sl(3) knot polynomials [13, 17]. Since the differentials of Khovanov
homology theories come from 2D-TQFTs and Frobenius algebras [14], stud-
ies of generalized 2D-TQFTs are expected to lead to a unified algebraic view
and new constructions.

The paper is organized as follows. In Section 2, we provide a brief review
of necessary materials and establish notation. In Section 3, we propose
an algebraic structure called “commutative Frobenius pairs” and present
examples and constructions. In Section 4, we study algebraic structures
that appear under 2D-TQFTs along branch circles.
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2 Preliminaries

A Frobenius algebra is an (associative) algebra (with multiplication p: A ®
A — A and unit n : K — A) over a unital commutative ring k& with a
nondegenerate associative pairing 8 : A ® A — k. The pairing S is also
expressed by (z|y) = f(z ®y) for x,y € A, and it is associative in the sense
that (zy|z) = (z|yz) for any z,y, z € A.

Xy

Xm X@ y X
v
€
AL e U= s X
X n
y Frobenius X Xy
Multiplication Unit form Pairing Copairing Comultiplication  Transposition

Figure 1: Diagrams for Frobenius algebra maps

A Frobenius algebra A has a linear functional € : A — k, called the
Frobenius form, or a counit, such that the kernel contains no nontrivial left
ideal. It is defined from [ by e(x) = f(x ® 1), and conversely, a Frobenius
form gives rise to a nondegenerate associative pairing § by f(z®y) = e(xy),
for x,y € A. A Frobenius form has a unique copairing v : k - A® A
characterized by

Behler==(eshel),

which we call the cancelation of 8 and . Here and below, we denote by | the
identity homomorphism on the algebra. This notation will distinguish this
function from the identity element 1 = 14 = n(1;) of the algebra that is the
image of the identity of the ground field. A Frobenius algebra A determines
a coalgebra structure with A-linear (coassociative) comultiplication and the
counit defined using the Frobenius form. The comultiplication A : A —
A ® A is defined by

A=pe)(loy)=([eowha]).
The multiplication and comultiplication satisfy the following equality:
Ap=pe)(led)=(euAe])

which we call the Frobenius compatibility condition. In Fig. 1, diagrammatic
conventions of various maps that appear for Frobenius algebras are depicted.
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The diagrams are read from bottom to top, and each line segment represents
a tensor factor of A.

A Frobenius algebra is commutative if it is commutative as an algebra.
It is known ([15] Prop. 2.3.29) that a Frobenius algebra is commutative if
and only if it is cocommutative as a coalgebra. The map pA of a Frobenius
algebra is called the handle operator, and corresponds to multiplication by
a central element called the handle element 6p, = pA(1) ([15], page 128).
Commutative Frobenius algebras are in one-to-one correspondence with 2D-
TQFTs, see again [15].

3 Frobenius pairs and essential surface cobordisms

In this section, we outline the definitions of the algebraic structures that
represent essential surface cobordisms. The ring A and the A-module E
are represented by solid and dotted lines, respectively, and variety of multi-
plication and comultiplication are depicted by trivalent vertices, read from
bottom to top. We note that the possibilities of trivalent vertices are sum-
marized by saying that the dotted line does not end at a trivalent vertex,
while a solid line can. The definition below is motivated from surface cobor-
disms, and the correspondence is exemplified in Fig. 2. Briefly, the elements
of E are associated to essential curves in the surface cobordism and the
elements of A are associated to compressible curves.

‘@ E
= A
ARE

Figure 2: A cobordism with essential curves and module action

In [8], a commutative Frobenius pair (A, E) is defined as follows.
(i) A = (ua,Aa,ma,€4) is a commutative Frobenius algebra over k with
multiplication p4, comultiplication A4, unit n4 and counit €4.

(ii) F is an A-bimodule and A-bicomodule, with the same right and left
actions and coactions.
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(iii) The action and coaction satisfy the canceling conditions with the pairing
and copairing as follows: (B®|)(| ®A§’E) = pap, (| ®ME7E)(7® |) = Ag’E.
(iv) E has an associative, commutative multiplication up : E® E — E and
a coassociative commutative comultiplication Ag : F — E ® E, that are
A-bimodule and A-bicomodule maps, such that the maps pup and Ag satisfy
the compatibility condition:

(|@upep)(Ap®|) =Appr = (ke @ |)(| ® AR).

They satisfy conditions depicted in Figs. 3, 4, 5. See [8] for details.

i Al

Figure 3: Analogs of associativity

A LA L

Figure 4: Compatibility conditions

Aade Ak et

Figure 5: Consistency conditions

There are also three k-linear maps v WA —E, VE FE — A and VE :
E — A, called Mobius maps , corresponding to non-orientable cobordism
(a punctured Mébius band).

It was shown in [8] that cobordisms in thickened surfaces induce, under
a TQFT, the structure of commutative Frobenius pairs. Furthermore, the
following constructions were given in [8].
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Theorem 3.1 Let A =Z[X,h,t]/(X?>—hX —t) and E = (Y, Z). If (A, E)
1s a commutative Frobenius pair with ,ugE = AE’E =0, then A must be of
the form A = 7[X,a]/(X — a)?.

Let A = Z[X,a]/(X —a)?, E = (Y, Z) and assume MEE = Ag’E =0.
Then there exist commutative Frobenius pair structures with Mobius maps

on (A E).

Theorem 3.2 Let A be a commutative Frobenius algebra over a commuta-
tive unital ring k with handle element ¢, such that there exists an element
€ € A with € = ¢. Then there exists a commutative Frobenius pair (A, E)
with Mdbius maps.

Theorem 3.3 If A is a commutative Frobenius algebra of finite rank over a
commutative unital ring k, such that its handle element ¢ € A is invertible,
then there exists a commutative Frobenius pair (A, E) with Mobius maps.

4 Algebraic structures derived from foams

For categorifications of the s/(3) knot invariants, 2-dimensional complexes
called foams have been used [13, 17]. In this section we give an overview of
[9] on algebraic structures induced under TQFTs for branched circles.

A/—\ A
(2
AR A AR A

Figure 6: Operation on a branch circle

As depicted in Fig. 6, we consider the operation m : A ® A — A in-
duced by a TQFT along a branch circle where two circles merge to one,
and A : A — A® A that is represented by the upside-down figure. Thus
A is a commutative Frobenius algebra under the TQFT, and we investigate
additional structures corresponding to the branch circles.

For a commutative Frobenius algebra A over a unital ring R of finite
rank and with a non-degenerate Frobenius form ¢, there is a basis {z;} and
a dual basis {y;}, i = 1,...,n, such that e(z;y;) = J; j, the Kronecker delta,
and = ), yie(x;x). This situation is depicted in Fig. 7, where the identity

191



Figure 7: The A(1)-relation

map z +— x in the LHS corresponds to the annular cobordism in the left of
the figure, and the sum involving the Frobenius form e is depicted in the
right of the figure. We call this the A(1)-relation, as it is also computed
from the value of A(1). Then the operations m, A are computed by this
relation, together with the values of the closed theta foam depicted in Fig. 8.

Figure 8: The theta foam
We found the following operations.

Proposition 4.1 For any commutative unital ring R and a positive odd
integer N > 1, there exist a Frobenius algebra A over R and values of the
theta foams such that the branch circle operation m induces a non-trivial
Lie algebra structure on A.

Proposition 4.2 Let G be an abelian group. For any unital ring R, the
branch circle operation m induces a bialgebra structure on the group ring
A = R|[G] if and only if every non-identity element of G has order 2.

Furthermore, for the Frobenius algebra A = Zla, b, ¢|[X]/(X? — aX? —
bX — ¢) used in [17], the following identities were obtained.

e .
AKX )R b

Figure 9: Web skein relations

w\
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Proposition 4.3 For A = Za,b,c|/(X? — aX? — bX — ¢) with 0 values as
above, the map A : A — A® A satisfies the following identities:

(ma)(|oA) = Al)(epn) -,
(ma)(ea))? = [+A1)(en),
mA = 2|

The skein relations stated in Proposition 4.3, as planar diagrams (in-
stead of surface skein relation), coincide with those described in [13] as a
description of Kuperberg’s invariant [16], with the choice of ¢ = 1.

Thus, the operation at branch curve of the foam used to categorify the
quantum sl/(3) invariant satisfies the skein relations at the classical limit of
the invariant.
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RGO H ORI E AT A b &

[S{IIEGEES
AR AR AR R AT 2 7

=

virtual knot % L "C, real crossing number & virtual crossing number WE#KENS. AR TIE, T
N5 D crossing number OEBIFEICE U THELNIAERZRN FEAZ 52 %. 51T, 1-state number
EEFRL, FONIERZHENT S, F7z, Jones polynomial 35K T Miyazawa polynomial OMEE 7% ik
N%.

1 Definition

virtual link diagram &1, RZICIEDAFENTZNSOHhOHE STU---U St T, K 1IT/RT 2 DR A
ZRFOEDEVS . K1 DD real crossing, £ DA miE virtual crossing EWHEN 5. KFIC virtual
crossing 720 & DEFFZ7RW virtual link diagram 7% classical diagram &9 .

AN
AN

1 real crossing (7£) & virtual crossing (£3)

2 IZRT 7T FDZEIEIX generalized Reidemeister move EPEENS. 2 DD virtual link diagram 7
equivalent TdH % &1, —/FICAREID generalized Reidemeister move Z{795 Z &I K> TH 5 — /5
N3 ELEXRVS . virtual link &1, virtual link diagram 2AOESZ FELORMERER THI - 7z & & OFRES
W9 . FRIC classical diagram THE N5 virtual link % classical link VT, 28D 1 @ virtual link
% wvirtual knot EPER. AR TIZFIC virtual knot IZ DWW THELET

orve T (Y- A

ol TR A PoA

2 generalized Reidemeister moves

K 7 virtual knot & U, D % K OfEED virtual knot diagram &9 %. D IZHF % real crossing, virtual
crossing Dz ENZN r(D), v(D) £h <. r(D), v(D) DMz ENZN K D real crossing number,
virtual crossing number LG 1(K), v(K) T&T.

195



D 7 virtual knot diagram &9 %. D D4 TD real crossing T A-splice 721 B-splice D\ g N7
1> TH5N% diagram Z D O state EPFC, ZDHAEE S(D) &n<.

2 Jones polynomial and Miyazawa polynomial
virtual knot K &Z® diagram D IZK U, fr(A) € Z[A, A7) 7z

fK(A) _ (7A3)7w(D) Z Aa(S)fb(S’)(iA2 - A72)|S|71
SeS(D)

EEDDH. TITT, alS), b(S) FENTN D D S 2135 7dIc{T >z A-splice, B-splice DEIE L,
w(D) & D O writhe, |S] & SIC#53 3% loop DEXT. CDLE, Vk(t) = fr(t™V/4) LLTHELNS
Vi (t) € Z[t /2,712 % K @ Jones polynomial LFES.

Jones polynomial 2% Z 72\ local move & LT, XDVHISN TN 5.

Lemma 2.1. X 31Z/R9 local move T, Jones polynomial (25 L7&W.

3 Jones polynomial Z% Z 7%\ local move

virtual knot K @ Jones polynomial Vi (t) IZ351F 228 t O XE D SERARKE 25 W28 D72 Vi (t)
D span EWFC, spanVi () £ <. classical knot @ crossing number A% Jones polynomial @ span 7% F\»
T TEE 2 LI X <HIBNTWS D, TDT &id virtual knot @ real crossing number (6 LT & [Ekk
IZHK D ATD.

Theorem 2.1. {LE® virtual knot K IZxf LT, r(K) > spanVi (t) B D V7D,
Theorem 2.1 " 5XD corollary Z435.

Corollary 2.1. D 7% classical knot diagram &3 %. D M reduced alternating diagram Td % & &, XD
2 DD ILD.

(i) D MK virtual knot 2 K £ 95 & E, r(D) =1r(K) DO ILD.

(ii) D @ 1 DO real crossing % virtual crossing ICE A TR 5N S virtual link diagram %2 D, & L,
D, MY virtual knot Z K, £ 9% & &, r(D,) = r(K,) DD LD,

(i) I alternating classical knot IZ 31} % E D crossing number &, virtual knot D27 F AT % real
crossing number & —9 % L ZEMT 5. & 51T, Corollary 2.1 D5 DEH & T, K, D real crossing
number [FXD K I ICHEEINS.

Theorem 2.2. Corollary 2.1 DF25D% & T,

r(K) = spanVk (1),

1
r(K,) = spanVk, (t) + 3
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AR D ATD.

[6] 123U\ T, Jones polynomial ICH1F % Kauffman @ state sum Z—ff{kd 2% Z LIC K D, virtual knot
DH7=7% polynomial invariant DFERE Nz, TN Miyazawa polynomial LPHIN TS, RICEEIDK
BOWREINTVED, Sk [9) TEESNLEOZHNS.

K 7% virtual knot & L, D % K @ diagram &9 %. D @ real crossing 7 splice 35, K4 DX 5IC
coherent splice & non-coherent splice D 2 fifHN# Z 541%. non-coherent splice I L TIEX 4 DFIC
RY K DI pole EFHIN B EW 2 ADKEZVTTHL [3].

4 coherent splice (/£) & non-coherent splice (47)

o5 LTHELNT state S € S(D) D% loop ICBWT, EESK 5 FEICRT XS pole ZREEE 5.
EHICK 5 FRITRT KD ICBHE L2 2 KD pole DA CME ZMWNVTWNS L EIETD 2 AK%ZIHEL T pole
DOEEPZITS . FRlOEMEICK D, S DF loop RITIEK 5 HITRT K 5 ITHEARD pole MAIE MR HICE S
IIZBINS. S D loop C LI 20 KD pole WEET B EE, C D index 131 THB LWV, 0(C) =i &M

<. SIcHBF% index i TH 5 loop DK ¢;(S) &£ <.

5 pole DFE (J£) it (k) 38 X OIS M7z loop(£7)

T D& &, Miyazawa polynomial @ bracket polynomial (D) € Z[A, A=Y, xy,x0,...] &

(D) = Z Aa(S)—b(S)(_A2 _ A—z)cO(S)xrln(S)xgz(S)m
Ses(D)
LEZEINS. THIT, TO bracket polynomial T Miyazawa polynomial Ry € Z[A, A7, 21, 29, ... ]
& Ry = (=A%)~ *(PUD) L LTEHRINS.

Miyazawa polynomial 2254 x; ICDWTHEIIT 2. JEEEM e; (i > 1) OIBEH| T = (e1,e2,...) T, B
RIEZRNT 0 THREDDOHEEET AL, BTO (> 1D)IKHLTe;,=008FX T =(0), HB5HER
BnlcwlTe, #Z00De;=00G>n)DEEET=(e1,...,e,) EMFLT 5. [ = (e1,€2,...) ITHLT,
xr=xias? ... LiEDS L, Miyazawa polynomial &XD &K 5 &IERHZRD.

RK = ZF[(A)(E]

IeT
= FO(A) + Fy (A):Z?l + F()l(A)JEQ + F2(A)l‘% + Fogl(A)Ig + FH(A)SC1£E2 + F‘g(x‘l)ﬂv‘l3 + ...
cCTw, Fleyes,..., en)(A) =Feien.en(A) EigRC LTz,

Example 2.1. 6 IC/R9 virtual knot diagram A2 9 virtual knot &z K £ 9% &, K @ Miyazawa
polynomial Rg lFXDKHICTE%.

Rg=(-A"2-247% - A7) 4 (2472 4+ A0 - A0z 4+ A 80y + A7 1027 + A8z 00 + A 025,
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Liehio T, SREEZIEN Fr(A) U FDE31CH 5.

Fo(A) = —A72 2475 — A710 F(A) = 24724 A6 - 4710,
For(A) = A8 Fy(A) = A" F1(A) = A8, Fy(A)= A5,

X 6

Miyazawa polynomial OfREZIEN Fr(A) ICB T 5 A DIREICBIL T, XOFREDBE SN

Theorem 2.3. L 7 virtual link £ 9 %. B3| I = (e1,e2,...) €ZITHLT Fr(A) #0 THdEE, KM
OAiD. TTT, (L) W& L D BEET.
(i) Fi(A) € Z[A*, A4 A20) RO LD T DRE A5, D e = 0 (mod 2) BHLD DT LTH

k>1
%.
(ii) Fr(A) € Z[A*, A=) - A2(E)+2 PREE D 7D T2 b DR+ 541, Ze% =1 (mod 2) Kb IIDT &
k>1
Th%.

virtual knot K @ Miyazawa polynomial Ry IZBWTC, Fi(A) #0ZRH7zd2TD I = (er,e3,...) €TIT

bls Z ker DIRKMEZ Ry O weighted degree EWET, wdegRy &M <. THZHWT, virtual crossing
k>1

number OFHEXNEGZ 5N BT EAMLNTVS.

Theorem 2.4 ([1, 10]). fEE® virtual knot K I LT, v(K) > wdegRx DD L D.

3 real and virtual crossing numbers

real crossing number & virtual crossing number ORI U CTROBEIZ R TH 5.
Open problem. {LE® virtual knot K i< LT, v(K) < r(K) I&HICK D LDM?

C ORI U T RIEROFERZ G

Theorem 3.1. m < n ZHITEREOARE m, n ICH LT, v(K) = m DD r(K) =n ZH7T virtual
knot K WHEICFES %.

Theorem 3.1 ZFEHHT %721, RO lemma ZHE(HFT 5.

Lemma 3.1. (i) FI%p IS LT, KB D 1D, 72721, XX i) 295,
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()= ()35 (00

(it) EOMWE g A LT, KD, 7L, ] o [7= XN N(g ) £95.
A 4
<>:Aq<<—>+‘4q 211+A 4q <> C>

Theorem 3.1 OFERHIE m & n OMWFTF THED T 2TV, K7, 9 I1/RT virtual knot diagram Z %

Proof of Theorem 3.1.

(i) m £ n (mod 2) DFH

X 7127”9 virtual knot diagram Dy TRE NS virtual knot 2 Ky £3%. v(Dy) =m, r(D1) =n TH
52L&X0,v(Dy) <m, (D) <nhEKHILD.

G XX -

1 m m+1

X7 D

R v(Ky) > m TdHBT &%Zmd. Theorem 2.4 &V wdegRg, > m ZnEBd 77 TH%. Lemma 3.1(i)

&0,
= @mof >m€>
1 2 m-1

1— A74(n7m+1)
n—m-—1
e Y= - XKD
1

m—1

MDD, U EM D diagram 1BV TSR D 2 DD virtual crossing Z {25 T& % DT, virtual
crossing DEEIE m — 2 LI FICT&E%. Theorem 2.4 KD /D diagram N 574545 weighted degree 1&
m — 2 LLTN75 DT, weighted degree 2 m T 2HZ2 FLAREMEDN D % DIFH IO diagram TH 5. FHEEIC,
weighted degree 5 m & & 2IEHIZAMIARID diagram 1BV TETD real crossing % non-coherent splice
LT TE% state DHMNSHEEN, ZDOHIE 2, ZFE. R, KBTS 2, DIFRBZHEAIL

—4(n—m+1
(_1)7w(D)A73w(D)+n72m 1-A ( ) 0

14+ A4
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TH5T XD, wdegRg, > m WEKDIID.

R, r(Ky) >nThHsT &Z2RT.
mMEBDOLE D IS LU TH 31”9 local move %2 2 [T > T 5N % diagram % D] &L, D}
MK virtual knot & Ki &9 % &, Theorem 2.1 &0 Vi, (t) = Vi, (t) WO ILD. Dj & reduced
alternating diagram T& 2% 5, Corollary 2.1(i) XU Theorem 2.2 &Y spanVi, () =n TH%. ®Z
IZ, spanVk, (t) =n TH2M 5, Theorem 2.1 £ r(Ky) > n hbh b
mBEFBOEE Dy IS L TH 31”7 local move % 22t [El{7 - THFH5MN % diagram & DY &L, DY
MEJ virtual knot & Ki' &9 % &, Theorem 2.1 &V Vi, (t) = Viu(t) WK DD, DY & reduced
alternating diagram I3 T 1 DD real crossing % virtual crossing ICEZHLZ TR 5N S5, Corollary
2.1(ii) B &K U Theorem 2.2 &V spanViu(t) = n — 3 TJ@% WZIZ, spanVi, (t) =n— 5 THBMN5,
Theorem 2.1 X9 r(Ky) > nhbhd. LILEKD, v =m, r(K1) = n DD LD,

S, 0%

M8 Di(k

(i) m = n (mod 2) DGFH
9 1Z/”9 virtual knot diagram Dy TEIE NS virtual knot Z Ky &9 5. v(Ks) = m, r(Ks) = n DK
DIIDT &, (i) EFAROMEI TRENS.

XX~

m+1 m+2

K9 Do

PLEX D, Theorem 3.1 H/RENT. O

4 state number

D % virtual knot diagram &9 %. state DES S(D) ICBWVT, 1 DD loop THKE NS state DfEEL
72 Sl(D) em < .
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Example 4.1. [X 10 127739 diagram D 1&, 8 DD state Z#FH, 1 DD loop TIN5 state 1& 5 DOH
%. LEH-T, s1(D) = 5 ThH 5,

Coy

S E
D (D (@Y

=30

10 D %D 8 DD state

K 7 classical knot &9 % & &, K D2 TD classical diagram D723 s1(D) DiIMiZ K O classical
1-state number LPECF, s§(K) &M <. classical 1-state number ICB U TROFERENH SN T VS, TT T,
det(K) 1& K @ determinant 27 .

Fact. K % classical alternating knot 75, s§(K) = |det(K)| DD 37D.
classical 1-state number IZBI L T, ROFERDE S N,

Theorem 4.1. K 7 classical knot £ 9% & &, XD 3 DMK DITD.

() s (K) > [det(K)] = [Vie(—1)].

(ii) s§(K) =1 (mod 2).

(iii) s§(K) = |det(K)| WD L DI DREA 751, K B classical alternating knot TH5Z & TH 5.

classical 1-state number @ virtual knot “\OHLIEZ#E 2 5. K 7% virtual knot £ 95X K DETOD
virtual diagram IC97z% s1(D) OiMiZ K @O 1-state number MU, s (K) &< 1-state number I
B L TROMIRZ 1372

Theorem 4.2. K 7 virtual knot &9 % & &, XD 3 DMK DD,
() s1(K) = Vi (=Dl = [V (=1)].

(ii) s1(K) =1 (mod 2).

(iii) K A classical alternating knot 725, s1(K) = s{(K) MWD 7D.

TTTC, K virtual knot D& F&—fIC Vi (t) € Z[tY/2,t71/2) I2DT, Vi (—1) € C THB T LICHE
I%. a,b e RICHLT, ||a+bil| = |a| + o] £EDS.

Theorem 4.2(i) IZ$1F % 7z, Miyazawa polynomial ZHWTRD XS ICHRTES. TT T, EHK
D Fy(A) 13 —A2 — A2 TEIDYINS T LICTEE LT, Fo(A) = Fo(A)/(—A2 — A2) k6L

Theorem 4.3. {£E® virtual knot K &% ® Miyazawa polynomial Ry IZH LT,

s1(K) = [Fo(e®)[ + D [Fi(e)] = |[Vi(~1)]
1#(0)

AR D ATD.
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GOUSSAROV-POLYAK-VIRO FINITE TYPE INVARIANTS FOR
NANOWORDS AND NANOPHRASES

ANDREW GIBSON AND NOBORU ITO

ABSTRACT. Goussarov, Polyak and Viro defined finite type invariants for vir-
tual knots and links using the virtualization operation, which changes a real
crossing into a virtual crossing. In this paper we generalize their definition to
nanowords and nanophrases. We give several examples of finite type invariants
for nanowords and nanophrases.

1. NANOPHRASES

In this section we recall definitions from [10] and [9]. Let o be a finite set. An
a-alphabet is a finite set with a map to a. Elements of an a-alphabet are called
letters. The image of a letter A under the map to « is written |A|. A word is a finite
sequence of letters. The word with no letters is called the trivial word and is written
(). A Gauss word is a word such that every letter in the word appears exactly twice.
The trivial word ) is a Gauss word. The trivial n-component nanophrase is the
n-component nanophrase where every component is §). It is written (,,.

An n-component nanophrase over « is a pair (A, w1 |wz] ... |w,). Here, each w;
is a word such that the concatenation of all the words w; is a Gauss word. Then A
is an a-alphabet consisting of the letters appearing in the words w;. A nanoword
is a 1-component nanophrase. The rank of a nanophrase p (written rank(p)) is the
number of elements in its a-alphabet. We will sometimes write a nanophrase simply
as wi|ws| ... |w,, omitting the a-alphabet. However it should not be forgotten that
there is still a map from the letters in the nanophrase to «.

Example 1.1. Let « be the set {a, b} and let A be the a-alphabet {A, B, C'} where
|A] = |C| = a and |B] = b. Then (A, ABC|AC|B) is a nanophrase over « and
(A, ABBCAC) is a nanoword over a. Both (A, ABC|AC|B) and (A, ABBCAC)
have rank 3.

Two nanophrases over «, (A, p) and (B, q), are isomorphic if there is a bijection
f from A to B which preserves the projection to o and, when applied letterwise to

P, gives q.

Example 1.2. Let « be the set {a,b}. Let A be the a-alphabet {A, B, C'} where
|A| = |C] = a and |B| = b and let B be the a-alphabet {D, E, F'} where |D| =
|F| = a and |E| = b. Then the nanophrases (A, ABC|AC|B) and (B, DEF|DF|E)
are isomorphic. The corresponding bijection f takes A to D, B to E and C to F.

Let 7 be a map from « to itself such that 7 o 7 is the identity map (in other
words, 7 is an involution on «). Let S be a subset of a x o x a. We call the triple
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2 ANDREW GIBSON AND NOBORU ITO

(o, 7,.5) a homotopy data triple [4]. Homotopy moves, based on the Reidemeister
moves for classical knots, are defined as follows:

H1: (A,xzAAy) < (A—{A}, zy)

H2: (A,2AByBAz) < (A—{A, B}, zyz), if |A| = 7(|B])

H3: (A, 2AByACzBCt) « (A, 2 BAyCAzCBt), if (JA],|B|,|C]) € S
Here, each lower case letter represents a sequence of letters, possibly including one
or more ‘|” symbols which separate components in a nanophrase such that each side
of each move is a nanophrase.

Homotopy is the equivalence relation on nanowords over « generated by isomor-
phism and the three homotopy moves. Note that picking a different homotopy data
triple may give a different equivalence relation.

2. FINITE TYPE INVARIANTS

We first recall the definition of finite type invariants of classical links (originally
given in [11]). Let G be an abelian group and let v be a classical link invariant
taking values in G. We extend v to singular links by:

()= 0A)~0X)

We say that v is a finite type invariant (Vassiliev invariant) if there exists a non-
negative integer n such that for any Slngular link L which has more than n crossings,
v(L) is equal to 0. Kauffman considered this definition for virtual links [7].
Goussarov, Polyak and Viro defined finite type invariants for virtual links in a
different way [6], which we now explain. Let D be the set of virtual link diagrams
and let G be an abelian group. Let v be a virtual link invariant defined as a map
from D to G. Extend v to ZD linearly. A semi-virtual crossing is defined as follows:

w X

The crossing on the left is a semi-virtual crossing, the crossing in the middle is
a real crossing and the crossing on the right is a virtual crossing. Note that the
semi-virtual crossing contains over-under crossing information. Goussarov, Polyak
and Viro define v to be a finite type invariant if there exists a non-negative integer
n such that for any virtual link diagram D which has more than n semi-virtual
crossings, v(D) is equal to 0.

We define finite type invariants for nanophrases in a similar way to Goussarov,
Polyak and Viro. To do so, we define a singular letter which corresponds to a semi-
virtual crossing. A singular letter is a letter which we marked with a dot: A. A
singular letter also has a map to «. A nanophrase with a singular letter is defined
to be a linear sum of nanophrases as follows:

rAyAz = 2 AyAz — xyz

where |A| = |A|]. Note the similarity of this definition to Equation (2.1). We note
that Fujiwara defined singular letters for nanowords associated with plane curves
in exactly the same way [1].

We fix a homotopy data triple (o, 7,.5) and thus fix a homotopy. Let G be an
abelian group and let v be a homotopy invariant of nanophrases taking values in
G. We extend v to linear sums of nanophrases over a by linearity. We say that
v is a finite type invariant if there exists a non-negative integer n such that for
any nanophrase p which has more than n singular letters, v(p) is equal to 0. The
minimum such n is called the degree of v.
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GOUSSAROV-POLYAK-VIRO FINITE TYPE INVARIANTS 3

If v is a finite type invariant of degree 0, then for any n-component nanophrase
p, v(p) is equal to v(,). In particular, for nanowords, v is constant.

3. DEGREE 1

We recall the definition of the linking matrix of nanophrases defined by Fukunaga
[2]. Fix a and 7. Let m be the multiplicative abelian group where the generators
are the elements in « and for each element a of « there is a relation ar(a) = 1.
For an n-component nanophrase p let A;; be the set of letters which appear once
in the ith component of p and once in the jth component of p. Let L be the n x n
matrix with elements in 7 defined as follows. Write the elements of L as [;;. Then
li; is 1 for all 4, and, for all 4 and j with ¢ not equal to j, l;; is given by

b= [ IXI.
XeA;;

We call L the linking matriz of p. Fukunaga proved that L is a homotopy invariant
of p irrespective of the choice of S in the homotopy data triple («, 7,.5) [2].

Example 3.1. Let a be the set {a,b} and let 7(a) = b (and so 7(b) = a). Let A
be the a-alphabet {A, B, C} where |A| = |C| = a and |B| = b. Then

1 at a
L(ABC|B|AC) = a~? 1 1

a? 1 1
and
1 1 1
L(AB|BAC|IC)=11 1 a
1 a 1

As the matrices are not equal we can conclude that the nanophrases ABC|B|AC
and AB|BAC|C are not homotopic.

Theorem 3.2 ([5]). The linking matriz is a finite type invariant of degree 1. Any
other finite type invariant of degree 1 can be calculated from the linking matriz.

4. DEGREE 2

We recall the definition of Fukunaga’s T' invariant for nanophrases [2]. Let
p = (A, wr|ws]---|w,) be an n-component nanophrase. For letters X and Y in
A we define n,(X,Y) as follows. If X and Y appear alternating in p, we define
ny(X,Y) to be 1 if the first X appears before the first Y and —1 if the first YV
appears before the first X. If X and Y do not appear alternating (or X and Y are
the same letter), we define n,(X,Y’) to be 0. For a letter X in A and an element
a of a we define £,(X) by:

1 if | X|=a
ca(X)=< -1 if|X|=7(a) #a
0 otherwise

For a letter X in A and two elements of «, a and b, we define ¢, (a, b, X) by
tpla,b, X) =Y ea(X)ep(Y)n,(X,Y).
YeA

Let A;(p) be the set of letters which appear exactly twice in w; (the ith component
of p). For i an integer between 1 and n inclusive and for two elements a and b of
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4 ANDREW GIBSON AND NOBORU ITO

a, we define T;b(p) as follows:

i (p) = 2 Acai(p) tr(a;b,A) EZ if a # 7(a) and b # 7(b)
ab\P) = Y acasp tr(ab,A) mod2€Z/2Z  otherwise.

From the definition the following relation holds:

Ty o(p) = =Tlays(P) = =Tt -0y (0) = T (0 - (1) (D)-

From each orbit of o under 7 pick a representative element. Let a, be the set
of these representative elements. We write 7"(p) for the tuple of elements T} ,(p)
where a and b range over all of «,. We then write T'(p) for the n-tuple

(T (p), T*(p), ..., T™(p))-

Fukunaga proved that when S has the form {(a,a,a) | a € a}, T(p) is a homotopy
invariant of nanophrases [2].

Theorem 4.1 ([5]). Fukunaga’s T invariant is a finite type invariant of degree
2. Howewver, there exists a finite type invariant of degree 2 (when S has the form
{(a,a,a) | a € a} ) which is independent of T.

5. UNIVERSAL INVARIANT

Let P,(«) be the set of r-component nanophrases over a. Let G be an abelian
group and let v be a homotopy invariant of r-component nanophrases over « taking
values in G. The invariant v is said to be a universal invariant of degree n if, for
any finite type invariant v’ of degree less than or equal to n taking values in some
abelian group H, there exists a map f such that this diagram

Prla) —— G

N

H

is commutative. Goussarov, Polyak and Viro defined a universal invariant for vir-
tual links in [6]. In a similar way we define a universal invariant for nanophrases.

Let w be a nanoword. A nanoword u is a subword of w (u < w) if u can be
derived from w by deleting 0 or more letters.

Example 5.1. Let a be the set {a,b} and let |A| = a and |B| = |C| = b. Let w be
the nanoword ABCBAC'. Then the subwords of w are the following 8 nanowords:
ABCBAC,ABBA,ACAC,BCBC,AA,BB,CC\0.

Let g be an n-component nanophrase. An n-component nanophrase p is a sub-
phrase of q if p can be derived from ¢ by deleting 0 or more letters.

Example 5.2. Let « be the set {a,b} and let |A] = a and |B| = |C| = b. Let
q be the nanophrase AB|CBA|C. Then AB|BA|() is a subphrase of q. Note that
the nanophrase AB|BA is not a subphrase of ¢ because AB|BA only has two
components but ¢ has three components.

Let ZP,(«) be the free abelian group generated by P,.(«). Let 0, be the map
from ZP,(«) to itself defined as follows. For a nanophrase p, 6,.(p) is the sum of all
the subphrases of p. We then extend this linearly to ZP,(«).

Example 5.3. Let « be the set {a,b} and let |A| = a and |B| = b. Then
62(ABA|B) = ABA|B + AA|0 + B|B + 0|0.
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GOUSSAROV-POLYAK-VIRO FINITE TYPE INVARIANTS 5

Let ZZ,(«) be ZP, () modulo isomorphism of nanophrases. The map 6, induces
a map from ZZ,(«) to itself which we also call 0,..
The following relations are derived from the homotopy moves [5]:

R1: xAAy =0, for any |A]

R2: *AByBAz + xAyAz + xByBz =0, if 7(|A|) = |B|

R3: 2 AByAC2BCt + xAByAzBt + x AyAC2Ct + xByCzBCt =
xBAyCAzCBt + xBAyAzBt + xAyC AzCt + x ByCzC Bt,
if (4], |BL,|C]) € .

As for the homotopy moves, each lower case letter represents a sequence of let-
ters, possibly including one or more ‘|” symbols which separate components in a
nanophrase such that each term in each relation is a nanophrase. We also have a
relation

R4(n): p =0, if rank(p) > n.

Let G(o, 7, 5,7) be ZZ, () modulo the relations R1, R2 and R3. Let G, (a, T, S,7)
be G(a, 7,S,r) modulo the relation R4(n).

We define a map O,, from ZZ, («) to itself as follows. For a nanophrase p we
define O,,(p) by:

On(p) = p if rank(p) <n
n\P) = 0 otherwise.

We then extend this linearly to ZZ, (). Define T';, , to be the map from ZP,(«) to
Gn(a,1,8,7) given by O,, 06,.

Proposition 5.4 ([5]). The map 'y, is a universal invariant of degree n.

This proposition is a generalization of Theorem 2E in [6] in the case of open
virtual knots.

The group G, («,7,5,7) depends on the choice of n, o, 7, S and r. A different
choice of n, a, 7, S and r may give a different group. However, there are relations
between these groups. We note a few of them here. From the definition it is
immediately clear that G, («, 7, S,r) is isomorphic to G, 11(«a, 7, 5,7)/R4(n). Let
S’ is a subset of S. Then there is a surjective homomorphism from G, («, 7,5, 1)
to G (ay,7,8,7) [5]. Let (e, 7,.5) be a homotopy data triple. Let § be a set and let
f be a surjective map from « to §. In this case there is a surjective homomorphism
from Gy (a,7,5,7) to G (B, foT, f(S),r) [5].

We explicity calculated some groups Ga(a, 7,5,1). In order to give our results
we need the following definitions. As 7 is an involution, orbits of « under 7 contain
either one element or two elements. If an orbit only contains one element, we say
it is a fized orbit. If an orbit contains two elements, we say it is a free orbit.

Theorem 5.5. Fiz « and 7. Let k be the number of fixed orbits of o under T. Let
I be the number of free orbits of o under 7. We write Sgiag for {(a,a,a) | a € a}.
Then we have

Ga(a,7,0,1) = 8+ g (Z/Qz)k2+2kl
¢
Ga(a, 7, Sdiag: 1) >~ 7Pl g (7,/27)K +2k—k
¢
Gola,T,ax axa,l) = 7 & (Z/27)k+ -1

where — denotes a surjective homomorphism.
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6 ANDREW GIBSON AND NOBORU ITO

6. GAUSS WORDS

Let « be a set with a single element a. In this case, the letters of any nanoword
over « all map to a. Then there is no need to record the map to a and the a-
alphabet is redundant. Thus we may simply consider any nanoword over « to be a
Gauss word.

Let 7 be the identity map and S be the set {(a,a,a)}. Then the homotopy
data triple («, 7, S) defines a homotopy on Gauss words which we call Gauss word
homotopy (see [3]).

In [10], Turaev conjectured that Gauss word homotopy is trivial. In other words,
he conjectured that every Gauss word is homotopic to the trivial Gauss word.
However, the following theorem, which was proven independently by the first author
in [3] and by Manturov in [8], shows that Turaev’s conjecture is false.

Theorem 6.1 (G.; Manturov). There exist Gauss words which are not homotopic
to the trivial Gauss word.

Consider some other homotopy data triple (3,73, S3). We define a map f from
the set of nanowords over 3 to the set of Gauss words as follows. For any nanoword
over 3, (A, w), f maps (A, w) to w. In other words, we forget the -alphabet A.

Let p and ¢ be two nanophrases over 3. If p and ¢ are homotopic under the
homotopy given by (3,73, 53), it is easy to check that f(p) and f(q) must be ho-
motopic as Gauss words. From this we can conclude that any Gauss word homotopy
invariant is an invariant for any homotopy of nanowords.

We will define a finite type invariant of degree 4 for Gauss words. In order to do
so, we need to define some more notation.

Let u and w be Gauss words. We define the bracket (u,w) as follows:

(u,w) := #{t < w | t isomorphic to u} € Z>o
where § means the number of elements in the set.
Example 6.2. We calculate (DEDE, ABCBAC). Tt is enough to calculate the
subwords of ABC'BAC' of rank 2 and check whether or not they are isomorphic to
DEDE. The subwords of ABCBAC' of rank 2 are ABBA, ACAC and BCBC.
Of these, ACAC and BCBC' are isomorphic to DEDE and ABBA is not. Thus

(DEDE, ABCBAC) is 2.
From this calculation we also see that (DEED, ABCBAC) is 1.

We extend this bracket notation to allow a linear expansion of the first term as
follows. For each i from 1 to m, let u; be a Gauss word and let \; be an integer.
Write © as Adjuq + Aguz + -+ - Ay tt,. Then (x, w) is defined by

<£C, w> = )\1<u17w> + )\2<'LL2, w> 4 )\m<uma w>
Example 6.3. From the calculation in Example 6.2, we have

(2DEDE + DEED,ABCBAC) = 5.

We define the Gauss words wi through to wg as follows:

wi = ABACDCBD,
ws = ABCACDBD,
w3 = ABCADBDC,
wy = ABCBDACD,
ws = ABCDBDAC,
wg = ABCDCADB.
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GOUSSAROV-POLYAK-VIRO FINITE TYPE INVARIANTS 7

Then we define v, a map from the set of Gauss words to Z/2Z, by
6
v(w) = (Z wi, w) mod 2.
i=1

Theorem 6.4. For Gauss words, there are no finite type invariants of degree 1, 2
or 3. There is only one finite type invariant of degree 4 which is given by v.

It is simple to check that v(0) is 0 and v(wy) is 1. Thus we can conclude that wq
is not homotopic to the trivial word. This gives an alternate proof of Theorem 6.1.
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EFH 1.2 [E I AIER surface-knot F WEBETH S L1k, FHR* TNV RIVEADESRICK>TWbT &
ZEI,

normal Euler number EMEENAZAREZ R 0 D& X, MESHIARAGEE F AEBATHSC e, (ME
MIARATHER) N RIVADEIFUCE > TWA T Lid, BEfEICARS C EAHSENT WS,

SlEl, = MEMENEZALEEHANE T LT, P BXU P. O—D0FHDF 21537z,

Y— ML T, sh(K) =1 &75% S2-knot K IXEMEEDICIES T L. sh(K) =2 7213 3 Zifilz
9 S%knot FAELIRWT EAHIBNTWS [5, 6],

—J5. [AREDHEFD P2knot I L THOLT 2ME 5 MEHIENTWiah - 7,

ROER 1.3 W5 DO TRTRICE S,
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FHE 1.3 P2-knot F XL,
sh(F)=1% Fl3 P, £7z1& P_IC[FAf#

FTIE 77 A NS 7 M, TPy, Po OFDFRAISNTVWAEN] EF WD, MiEWY (3],

2 g
XDV

7R = R3 % (2,9,2,t) — (2,y,2) CTERSNZHHE LTS,
7(F) O, regular, double. triple % 7zld branch point DWW FNMnE L TR,

7(F) @ double XU triple point i > TRANKRZ DI LED%Z F ORI E VW, D £FEL,
—+ —
double triple branch

#% branch point ICiF, ZEFMICIGC T, FOXSICHEZERT ST ENTE S,

Remark 2.1 branch point DfF5H1E. normal Euler number & —%(9 %,

¥— MR DNT

double point p IZxH L, 771 (p) N F & 2 ip_ Upy K755,
p_ 7% lower point, py 7 upper point £\ 9,

triple point t I L, 771 ()N F & 3 5ty Uta Utz K55,
t; 7 bottom point, t % middle point. t3 7 top point £\ 9,

- Ii o
) L&)
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branch point b iIZxf L, 771 (b) N F & 1 5 b, 1755,
b, & branch point &PES,

\)

S
>

b

- & &
\)

e lower, bottom, middle &2Tf branch point kDS % A_ (D).
e upper, middle. top XU branch point £EDERZ A, (D) &<,

EE 2.2 ([4]) F\A_(D) O #7% D O — bW, sh(D) £FEHL, FOITXXTORNICHT S
sh(D) DEyIMEiE F O — MEEW, sh(F) £E<,

D @ double, triple &z T branch point 2(ADHGE%Z I'(D) £35<, 7. D D triple point D% t(D)
EB<,

['(D) &, immersed circle 3 X T arc DFNCIE> T3, £z, EEHNS 7 1(I(D))NF = A_(D)UA (D)
VAP RYAC RIS

P2?-knot @ normal Euler number (& +2 TH % &, XU Remark 2.1 & D, P%knot F DX D IC

&, Wik branch point DFFEHE Tl 7% K 9 & double point arc A 1 DIIFFET %,

i 2.3 D % P?knot F OKR L3 %,
M0 branch point D5 H3H U double point arc o T, triple point ZE S WVWEDNH B LT 5%, T
DOFf, %% S?knot K & K O D' BME(EL T,

(i) sh(D") = sh(D).
(i) F = P.4K

iz, TT T, P.ld Py ElE P OEBLHN,

i 2.3 OFEH, o DR N I FTROLEDED,

D D’

N ZEROBRE, GROX I 2-disc TEHeZ2T 5, Thid. FOAL ALY ADHEZEOERE, 2-disc TS
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TRE BT LICHIST %, %72, NIC 2-disc THEELEEDE P. (e € {£1}) K52 D, TEM
KIRDZ D 1755, I
F=P#HK £%5->T0HEE, &L K BEWAD, F & P ICffIcR%. COTEME, DD HD 5,

W 2.4 sh(D) =1, (D) =0 = F & P. IC[Aff

iR 2.4 OFFH, Remark 2.1 L4 2.3 5. F & P. & sh(K) = 1 Z{ii’zd S%-knot K & OEEERNC
o TW5, sh(K)=1xb0, KIZHAMH, 1

3 triple point MiEZE

A_(D) & branch point % 1 fffi, middle point % 2 ffi. bottom point Z 4 ffilHiL 27T T LHET &
MWTE5,
A_(D) D2 DDTEMNERYEDI LIF. H2UTHIENTVWEILEEZES,

##78 3.1 H 5 bottom point t; IZ, 3 DD branch point by, by, by NEEZDESTNDB LTS, TODR, X
D (i) £zl (i) B O LD,

(i) F O D' T, sh(D') = sh(D). t(D') = t(D) — 1 Zili7= 5 & DIMAHET B,
(ii) % S2-knot K O D’ T, sh(D") < sh(D) + 1. F = P.4K %ili?e T & DMMAAET %,

fified 3.1 DFEIHOMEE

(I) b1 ba. b3 DX DHHEICDNT NG & &,

(II) bi. bo. b3 DEDONMBEICDOWNT NS L E,

(I)-1 by & by DIFEAES L%,
(i) Zih7=d D' BEET S [5],
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(I)-2 by & by DIFEAFL L%,
by Zf LAL T & C. Wik branch point DFFSHE U Tdh % &K 5 7% double point arc a T, triple
point ZHSZNWEDMNTE S,

ST

COBETHRENTEXAD T — MG sh(D) + 1 LANICED . i 2.3 05, (ii) DALY %o
LLEM S, #ifE 3.1 AR D D, 1

fmed 3.2 middle point to &, branch point b & EDES &F %,
CorE. FORKD T, sh(D') = sh(D). (D) = (D) — 1 Zilld & DIFET %,

4 OAWIOME, b ZMUAGT T, Rk D 5N, '
4 TE 13DFERADTIFZA
EHL 1.3 DAMOBBEZ OB 5T LR FDL 31755,

D % P?knot F ORKT, sh(D) = 1 BT D LTS, COWE FA P CRAfTH2C LEid,
sh(D)=1&D. Hi(A_(D)) i&. {e} » Z CAMIZIE%,

Hy(A_(D)) = {e} D =, Hi# 3.1 BXUHE 3225, FORK D' T D) = 0 Zili7ed & DI
%, Wil 2425, F & P. I,

Hi(A_(D)=2Z D& ZE, fii# 3.1 BLUTmE 3.2 5. % bottom point WRKD EH HMTTE> TV B
wEZ U157,

o I71 ... ¢, LEEDES branch point DD 2 T, KDOXHICDL,
o LA ... t; BEDE S branch point DA 2 HT. KDL HICDL,

214



fEd 4.1 SOIRM T L A D bottom point B’H -7z &9 %, TOW, F O D' T, Rzwilzd & DHF

19 %,
() Hi(A_(D')) = {e} 21213 Z

(ii) ¢(D') = t(D) — 1

e 4.1 OFFBHOMEE, XD X 5 1< branch point Z#f LIATEIEEIT S,

DI

COBED A_ OZLEFH LIRS E. Hi(A_(D) 2 {e} B Z LBBHT ENIDB .

. % bottom point 2 T D Hy(A_(D')) = Z 7%ii7z3 P?-knot DK D' ¥, P. &z %

i 4.1 5
COXIBED O— M1 7213 2

9] T ezmEE K,
o sh(D')=20DbE, ¥— MIEEDTZNWESICLT triple point 29 LMW TE, fiid 2.3 05,

F M P. L sh(K) <2 %723 S%-knot K & DEFERNCE> TV, sh(K) <2h56, KIZHWH,

e sh(D')=10D, %, I(D') DgZ2H% . BW orientation ZDF 3T EMNTEENT ENTH5B

EoT, TOXSAHET LR HXEL,
DLEMS . 8 1.3 AED LD,
SBROBEL LTI, UTDESHEDNEZLNS,

B 4.2 JFHAZ P2knot DS B, ¥ — MIDWRND E DI ?
KR, o= M2 X723 3D8DEHZM?
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SURFACE LINKS WITH FREE ABELIAN LINK
GROUPS

Inasa Nakamura

0 Introduction

Closed 1-manifolds embedded locally flatly in the Euclidean 3-space R? are
called classical links, and closed 2-manifolds embedded locally flatly in the
Euclidean 4-space R?* are called surface links. A surface link whose each
component is of genus zero (resp. one) is called a 2-link (resp. T2-link).
Two classical links (resp. surface links) are equivalent if one is carried to the
other by an ambient isotopy of R? (resp. R?).

It is known that if a classical link group is a free abelian group, then
its rank is at most two (cf. [8] Theorem 6.3.1). It is also known that a
p-component 2-link group for g > 1 is not a free abelian group (cf. [4]
Corollary 2 of Chapter 3).

In this paper in Section 2 we give examples of surface links whose link
groups are free abelian groups of rank three (Theorem 2.1) or four (Theorem
2.2). These examples are link groups of torus-covering T?-links, which are
T2-links in R* which can be described in braid forms over the standard torus
(see Definition 1.5).

In Section 3 we study the torus-covering-links S,, of Theorem 2.1, i.e.
the torus-covering 7T2-links whose link groups are free abelian groups of
rank three, where n are integers. Computing triple linking numbers, we
show that S, is not equivalent to Sy, if n # m (Theorem 3.1). We can
moreover determine the triple point number of S,, of Theorem 2.1. In fact,
the triple point number of S,, is 4n for n > 0 and 4|n| + 4 for n < 0, and its
associated torus-covering-chart I'z ,, realizes the surface diagram with triple
points whose number is the triple point number (Theorem 3.3).

The author would like to thank Professor Shin Satoh for his useful advice.
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1 Definitions and Preliminaries

Definition 1.1. A closed locally flatly embedded 2-manifold in R* is called
a surface link. A surface link with one component is called a surface knot.

Definition 1.2. S is a braided surface of degree m if S is an compact and
oriented 2-manifold, embedded properly and locally flatly in D? x D3 and
satisfies the following:

(i) pry|s : S — D3 is a branched covering map of degree m,

(ii) DS is a closed m-braid in D? x D3,

where D? D3 are 2-disks, and pry : D? x D3 — D3 is the projection to the
second factor. The braided surface S is called a surface braid if S is the
trivial closed braid. Moreover, S is called simple if every singular index is
two.

There is a chart which represents a simple surface braid.

Definition 1.3. Let m be a positive integer, and I" be a graph on a 2-disk
D2. Then T is called a surface link chart of degree m if it satisfies the
following conditions:

(i) TNoD3 = .

(ii) Every edge is oriented and labeled, and the label is in {1,..., m —1}.
(iii) Every vertex has degree 1, 4, or 6.
(iv) At each vertex of degree 6, there are six edges adhering to which,

three consecutive arcs oriented inward and the other three outward,
and those six edges are labeled i and i + 1 alternately for some 1.

(v) At each vertex of degree 4, the diagonal edges have the same label and
are oriented coherently, and the labels ¢ and j of the diagonals satisfy
li — 7] > 1 (Fig. 1).

A vertex of degree 1 (resp. 6) is called a black vertex (resp. white vertez).
A black vertex (resp. white vertex) in a chart corresponds to a branch point
(resp. triple point) in the surface diagram of the associated simple surface
braid by the projection pry.

A chart with a boundary represents a simple braided surface.

There is a notion of C-mowve equivalence between two charts of the same
degree. The following theorem is well-known.
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%H%X

black vertex -l =1 - > 1

white vertex

Figure 1: Vertices in a chart

Theorem 1.4 ([6, 7]). Two charts of the same degree are C-move equivalent
if and only if their associated simple braided surfaces are equivalent.

Now we will give the definition of torus-covering-links (cf. [9]).

Definition 1.5. Let D? be a 2-disk, and S* a circle. First, embed D? x S! x
St into R* naturally, and identify D? x S* x S with D? x I3 x I/ ~, where
(x,0,v) ~ (z,1,v) and (x, u, 0) ~ (v, u, 1) for x € D? u € I3 = [0, 1]
and v € Iy = [0, 1].

Let us consider a surface link S embedded in D? x S' x S' such that
SN (D? x I3 x I4) is a simple braided surface. We call S a torus-covering-
link. In particular, if each component of a torus-covering-link is of genus
one, then we call it a torus-covering T?-link.

A torus-covering-link is associated with a chart on the standard torus,
i.e. a chart I'r in I3 x Iy such that N (I3x{0}) = T'rN (I3 x {1}) and I'rN
({0} x 1) =TrN ({1} x I4). Denote the classical braids represented by I'rN
(I3x{0}) and I'rN ({0} x I4) by a and b respectively. We will call I'r a torus-
covering-chart with boundary braids a and b. In particular, a torus-covering
T?-link is associated with a torus-covering-chart without black vertices, and
the torus-covering 7%-link is determined from the boundary braids a and b,
which are commutative. In this case we will call I'r a torus-covering-chart
without black vertices and with boundary braids a and b.

We can compute link groups of torus-covering 72-links.

Lemma 1.6 ([9] Lemma 3.4). Let I'r be a torus-covering-chart of degree m
without black vertices, and with its boundary braids a and b. Let S be the
torus-covering-link associated with U'r. Then the link group of S is obtained
as follows:

m(R* = 8) = (21,...,2m |z; = Artin(a)(z;) = Artin(b)(z;), j € {1,2,...,m}),

where Artin(a) : F,,, — F,, (resp. Artin(b)) is Artin’s automorphism of the
free group F, = (x1,...,Tm) associated with the m-braid a (resp. b).
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2 Surface links whose link groups are free abelian

There are torus-covering T2-links whose link groups are free abelian groups
of rank three (Theorem 2.1) or four (Theorem 2.2).

Theorem 2.1. Let I'r ,, be the torus-covering-chart of degree 3 without
black vertices and with boundary braids 0%0%” and A%, where A = o090
(Garside’s A) and n is an integer. Then the torus-covering T?-link S,

associated with I'r , has the link group m R*~S,)=ZOZDTZ.

Theorem 2.2. Let 't be the torus-covering-chart of degree 4 without black
vertices and with boundary braids 0%03032) and A?, where A = 010203010201
(Garside’s A). Then the torus-covering T?-link S associated with T'r has

the link group m(R* —S) =Z O Z O Z D Z.

Proof of Theorems 2.1 and 2.2.  Compute the link group using Lemma
1.6. O

3 The surface links of Theorem 2.1

As surface links which can be made from classical links, there are spun T?2-
links, turned spun T?-links, and symmetry-spun T?-links. Consider R* as
obtained by rotating Ri around the boundary R%. Then a spun T?-link
is obtained by rotating a classical link (cf. [1]), a turned spun T2-link by
turning a classical link once while rotating it (cf. [1]), and a symmetry-spun
T?-link by turning a classical link with periodicity rationally while rotating
(cf. [11]). By definition, torus-covering-links include symmetry-spun T-
links. Indeed, a symmetry-spun 72-link is represented by a torus-covering-
chart with no (black nor white nor degree-four) vertices.

It is well-known that if a classical link group is isomorphic to Z & Z, then
it is a Hoph link. On the other hand, by definition, the torus-covering 72-
link associated with a torus-covering-chart of degree 2 is a symmetry-spun
T?-link. Here it is known that a symmetry-spun 72-link is either the spun
T?-link or the turned spun 72-link of a classical link, say L, and the link
group of the spun (or turned spun) 7%-link of L is isomorphic to the classical
link group of L (cf. [11]). Hence we can see that if a torus-covering 72-link
has the link group Z & 7Z and moreover it is associated with a torus-covering-
chart of degree 2, then it is either the spun or the turned spun 72-link of a
Hoph link. Thus for the torus-covering 72-links with the link group Z @ Z
which are associated with torus-covering-charts of degree 2, there are just a
finite number of link types.
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Then what about the torus-covering T2-links of Theorem 2.17 Are the
number of the link types of them finite? The answer is no.

Theorem 3.1. For the torus-covering T?-links of Theorem 2.1, S,, and S,
are not equivalent for n % m, where n and m are integers.

Before the proof, we give the definition of the triple linking numbers(]2]).
Let F = K1U---UK, be an oriented surface link such that K;,i =1,...,n,
are components.

Let 7 : R* — R? be a generic projection. In the surface diagram
D = 7t(F), there are two intersecting sheets along each double point curve,
one of which is higher than the other with respect to m. They are called the
over sheet and the under sheet along the double point curve, respectively. In
order to indicate crossing information of the surface diagram, we break the
under sheet into two pieces missing the over sheet. This can be extended
around a triple point. Around a triple point, the sheets are called the top
sheet, the middle sheet, and the bottom sheet from the higher one. Then the
surface diagram is presented by a disjoint union of compact surfaces which
are called broken sheets. We denote by B(D) the set of broken sheets of D.

At a triple point of D, there exist broken sheets .Ji, Jo, J3 € B(D)
uniquely such that Jj is the bottom sheet, J5 is the middle sheet, J3 is the
top sheet and the normal vector of Ja (resp. J3) points from J; (resp. Ja).
The sign of the triple point is positive or +1 (resp. negative or —1) if the
triplet of the normal vectors of Ji, J, J3 is right-handed (resp. left-handed).

If D has a corresponding chart, this corresponds to the following (cf. [3]
Proposition 4.43 (3)). The white vertex is positive (resp. negative) if j > i
(resp. i > j), i.e. if there is exactly one edge with the larger (resp. smaller)
label oriented toward the white vertex.

Definition 3.2. Let 7% (i, j, k) denote the number of positive and negative,
respectively, triple points such that the top, middle, and bottom sheets are
from components K;, K;, and K}, respectively. Such a triple point is called
of type (7,4, k). Then define T'(i,j, k) = T4 (i,j,k) — T—(i,7, k). Then the
numbers 7'(¢, j, k) with ¢ # j and j # k are invariants of isotopy classes of
F', which we call the triple linking numbers.

Proof of Theorem 3.1.  First let us consider the case when n is a non-
negative integer. Let us denote by K; the component consisting of the ith
sheet of the braided surface associated with the torus-covering-chart I'r,.
Then the diagrams of the vertical boundary braid ¢303" and the horizontal

boundary braid (o10201)? is as in Fig.s 2 and 3, where a = 1, b = 2 and
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; XX XX
) /\b/\ b b c

Figure 2: The braid o}03", if n. > 0

a

Y /'\ h\ / :
i a/\ — \/\
a—'—/ /

C(T(zkl (T”) C(Tlg)"l ¢ C(T(zk n2)

Figure 3: The braid for (c10201)?

¢ = 3. We can draw the part of the torus-covering-chart without black
vertices and with boundary braids o; and (010201)2 such that it has two
white vertices as in Fig. 4. Denote them by 7;; and 79 from left to right
as in Fig. 4, where i = 1,2. The types C(711) and C(712) of the first two
white vertices 711 and 112 are obtained from reading the numbers along the
dotted paths in Fig. 3. Since there is exactly one edge with the larger (resp.
smaller) label, i.e. the label 2 (resp. the label 1) oriented toward 711 (resp.
T12), we see that the sign of 71 (resp. 712) is positive (resp. negative). Thus
the signs and types are +(b, a, c¢) for 711 and —(c, b, a) for 712. Similarly, the
color of 751 (resp. T92) is obtained from that of 711 (resp. 712) by exchanging
a and b, and the sign of 791 (resp. T92) is the same with that of 71 (resp.
712). Thus we can see that the signs and types are +(a, b, ¢) for 7o and
—(c, a, b) for moa.

Similarly, We can draw the part of the torus-covering-chart without black
vertices and with boundary braids o2 and (010201)2 such that it has two
white vertices as in Fig. 5. Denote these by 7;; and 745 for i = 3,4, ...,2n+2
as in Fig. 5. Then the signs and the types are —(a, b, ¢) for 7io_1)1,
+(b, ¢, a) for Tap_1)2, —(a, ¢, b) for Tapy1, and +(c, b, a) for 7(ay), where
k =23,...,n+ 1. Fig. 3 shows the types of 7(o;_1); and T(o;_1)2, and
the color of 7(g1)1 (resp. T(ap)2) is obtained from 755 _1)1 (resp. T(ax—1)2) by
exchanging b and c.

Since 7;; for i = 1,2,...,2n 4+ 2 and j = 1,2 are all the white vertices
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Figure 5: White vertices 7,7 and 752 (i = 3,4,...,2n+2),ifn >0

of I'r ,, we have the triple linking numbers as follows. We will consider
To(i,5,k) = T(i,7, k) with {4, j,k} = {a,b,c}:

Tn(a,b,c) =—n+1, T,(a,c,b) =—n,
Tn(b7 a, C) = 17 Tn(b7 c, a’) =n,
T.(c,a,b) = =1, T,(e,b,a) =n—1. (3.1)

for n > 0.
Similarly, we can see that the triple linking numbers (3.1) hold for n < 0,
too. Thus we see that the triple linking numbers are different for n # m. O

The triple point number of a surface link F' is the minimum number of
triple points in a surface diagram of F', for all the surface diagrams. Since
> |T(i,7,k)| is smaller than or equal to the triple point number of F', we
can moreover determine the triple point number of .S,,.

Theorem 3.3. The triple point number of Sy, of Theorem 2.1 is is 4n for
n >0 and 4In| + 4 for n < 0, and its associated torus-covering-chart I'r
realizes the surface diagram with triple points whose number is the triple
point number.
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