Strong and weak (1, 2, 3)
homotopies on knot projection
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Definition
k: knot in R3
0:R®— R2C R2U{oo}= §2

p(k) : knot projection of k
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Definition
Reidemeister moves on knot projection
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Proposition

V P:, P2 : knot projections on $

P:, P, [ R RIL RIII TBBYES
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Proposition

Pi, P2 : knot projections on 52
(1) Py, P, (& (1, s2, s3) TEYES
(2) Py, P2 & (1, 52, w3) THBYES

(3) Py, P, IE (1, w2, s3) TEBYSES



Proof of proposition

Pi, P2 : knot projections on 52
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Proof of proposition

Pi, P2 : knot projections on 52
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Proposition

Pi, P2 : knot projections on 52

(1) Py, P, I& (1, 52, s3) TEYES



Proposition

Pi, P2 : knot projections on 52
(1) Py, P, (& (1, s2, s3) TEYES
(2) Py, P2 & (1, 52, w3) THBYES

(3) Py, P, IE (1, w2, s3) TEBYSES
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Definition
Knot projection DX m DB %
DIEF=HDZEa—FREELD

Knot projection




Hanaki (2009 OJM)

Theorem

(1) tr(P) = min{P® A—FEIZEHL T, cross chords HY
IHIEAETO—FZRZFLEHE

(2) tr(P) [IEETH D

cross chords



Theorem

g(P) : P @ canonical genus

W(P) : =tr(P) - 2g(P) &£TF %



Theorem

g(P) : P @ canonical genus
W(P) : =tr(P) - 2g(P) &T %
(1) W(P) (& weak(l, 2, 3) CFRZETHD

W(P; # P3) = W(P,) + W(P,)
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W(O) =0 W(72) = 2
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Definition

s(P) := P Z seifert smoothing LT=&Z D circle#X

. seifert
3 smoothing ¢

P>
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Proof of Theorem

(1) W(P) =tr(P) - 2g(P)
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Proof of Theorem

(1) W(P) =tr(P) - 2g(P) (FA5—1BHRDEE)

= tr(P) - (-s(P) + c(P) + 1)
c(P): =P DX MK



Proof of Theorem

(1) W(P) =tr(P) - 2g(P) (FA5—1BHRDEE)

= tr(P) - (-s(P) + c(P) + 1)
c(P):=P DI MH
=tr(P) + s(P) - c(P) - 1



Proof of Theorem

(1) W(P) =tr(P) - 2g(P) (FA5—1BHRDEE)

= tr(P) - (-s(P) + c(P) + 1)
c(P):=P DX A
=tr(P) + s(P) - c(P) - 1

tr(P) + s(P) - c(P) A weak(1, 2, 3) T
RETHAIEFTREIX KL
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strong3a

weak3a

tr(P)
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0,2

0




Ta |strong2a|weak?2a|strong3a |weak3a
tr(P)(0| 02| 2 | 02| O
sP)(11 02| 0 |-20,2] O




Ta |strong2a|weak?2a|strong3a |weak3a
tr(P)]0| 02| 2 [ 02| O
sP)[1]02] 0 [-20,2| O
cP)| 1] 2 2 0 0




Ta |strong2a|weak?2a|strong3a |weak3a
tr(P)]0| 02| 2 [ 02| O
sP)[1] 02| 0 [-202( 0
cP)| 1] 2 2 0 0
«owoer) 0 1-2021 0 [-2024] 0




Ta |strong2a|weak?2a|strong3a |weak3a
tr(P)]0| 02| 2 [ 02| O
sP)[1] 02| 0 [-202( 0
cP |1 2 2] 0 |0
«owoer) 0 1-2021 0 [-2024] 0

tr(P) + s(P) - c(P) A% weak(1, 2, 3) TAHZE




tr(P1 Pz) = tr(P1 ) + tr(Pz)

g(P1# P2) = g(P1) + g(P2)




W(P1 # Pz) —



W(P1 H Pz) = tr(P1 H Pz) - 2g(P1 H Pz)



W(P, # P,) = tr(P; # P,) - 2g(P; # P,)

=tr(P,) + tr(P2) - 2 {g(P1 ) + g(P2)}



W(P, # P,) = tr(P; # P,) - 2g(P; # P,)

=tr(P,) + tr(P2) - 2 {g(P1 ) + g(P2)}

= tr(P;) - 2g(P; ) + tr(P,) - 2g(P,)



W(P1 H Pz) = tr(P1 H Pz) - 2g(P1 H Pz)
=tr(P,) + tr(P2) - 2 {g(P1 ) + g(P2)}
= tr(P; ) - 2g(P; ) + tr(P2) - 2g(P>)

= W(P;1 ) + W(P,)



Theorem

g(P) : P @ canonical genus
W(P) : =tr(P) - 2g(P) &T %
(1) W(P) (& weak(l, 2, 3) CFRZETHD

W(P; # P3) = W(P,) + W(P,)



Theorem

(2) W(P) IX OLLEDB#MTH S
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Townsend, JKTR, 2011)



Proof of Theorem

(2) W(P) IX OLLEDB#MTH S

W(P) = tr(P) - 2g(P)
(5 T o5

( Henrich, Macnaughton, Narayan, Pechenik, and
Townsend, JKTR, 2011)

&Y tr(P) = 2g(P)



Theorem

(3)
(i) c(P)=0MD&EE W(P)=0
(i) 1<c(P)DEZT0<W(P)<c(P)-1

(iii) W(P) =c(P)-1 < c(P) =1



Proof of Theorem

(3)
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Proof of Theorem

(3)
(i) c(P)=0 D EZE W(P)=0
W(P) = tr(P) - 2g(P)

=0
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Proof of Theorem

(3)(ii)1<c(P) DE=Z0<W(P)<c(P)-1
1<c(P)DEE

tr(P) <c(P)-1
(Hanaki, OJM, 2010)



Proof of Theorem

(3)(ii)1<c(P) DE=Z0<W(P)<c(P)-1
1<c(P)DEE
tr(P) < ¢c(P) - 1

(Hanaki, OJM, 2010)

s(P) <c(P)+1



Proof of Theorem

(3)(ii)1<c(P) DE=Z0<W(P)<c(P)-1

| <c(P) DEE tr(P) + s(P) < 2¢(P)
tr(P) <c(P)-1
(Hanaki, OJM, 2010)

s(P) <c(P)+1



Proof of Theorem

(3)(ii)1<c(P) DE=Z0<W(P)<c(P)-1

1<c(P) DESE tr(P) + s(P) < 2c(P)

tr(P) < c(P) - 1 tr(P) +5(P) - c(P) < c(P)

(Hanaki, OJM, 2010)

s(P) <c(P) +1



Proof of Theorem

(3)(ii)1<c(P) DE=Z0<W(P)<c(P)-1

| <c(P) DEE tr(P) + s(P) < 2¢(P)

tr(P) < c(P) - 1 tr(P) +5(P) - c(P) < c(P)

(Hanaki, OIM, 2010)  ¢(p) +5(P) - c(P) - 1 < c(P) - 1

s(P) <c(P)+1
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(3)(ii)1<c(P) DE=Z0<W(P)<c(P)-1

| <c(P) DEE tr(P) + s(P) < 2¢(P)

tr(P) < c(P) - 1 tr(P) +5(P) - c(P) < c(P)

(Hanaki, OIM, 2010)  ¢(p) +5(P) - c(P) - 1 < c(P) - 1
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Proof of Theorem

(3) (iii) W(P)=c(P)-1 < ¢c(P)=1

tr(P) =c(P) -1
(Hanaki, OJM, 2010)

(2, P) torsu knot

s(P) =c(P) +1 Q@







Theorem

(4) {FED 0 LLEDIEE m [TxtL
W(P) =m &7%% prime 42 P DNFTET 5




a1,a2:1%§51 3123222

c(P) =a;+ay, s(P)=a;+a>-1, tr(P) = a

W(P1) =a-2




b1,b2,b32%_|='%ré& b12b22b321

C(P)=b1+b2+b3, S(P)=b1+b2+b3-1
tr(P) = b, + bs

W(Pz) = b2+ b3-2
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Theorem

(4) {FED 0 LLEDIEE m [TxtL
W(P) =m &7%% prime 42 P DNFTET 5




Question 1

weak(1, 2, 3)

W(P)=0MD P~ O
E1GBHPITIHAMN?



Question 2

(1)1

(2) 1

O

A

M strong 2a T W(P) HY -2 LT 5HlILdHSHH ?

@M strong 3a T W(P) A +4 Tt T BHl(EHHM ?
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wenseel O 1-202 | 0 [-2024] O
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