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Recipe

L: alink

— G(L) :==m1(S?> — L) 2 (x1,..ey T |1y eesTm)
— A = ((a o ) (BT;)): the Alexander matrix of G(L)
— E4(A) = (a1,...,a;): the dth elementary ideal of A
—> A((xd)(L) := gcd(aq,...,a;) the dth Alexander invariant

Def

@ F(1,. .y @pn) = (T1yeeey@n | T1yeeesTm) — (t)
a free group (meridian) — ¢
o a(Z:i : Z|F(x1y...,xn)] = Z[F(x1,...,Tn)]: Fox derivative
ox; _ s 91 _ g 8(gh):89 |g(‘9h
GCBJ LV 833] ? GCBJ 8m] | 8333
0 (d <n—m)
o £ ;(A) :=<¢ I({(n —d)-minors of A}) (n—m < d < n)
R (n < d)

where a k-minor is det B (B: a k X kK submatrix of A)



Example 9

K: trefoll ;cl( k)_))

-1 -1 —1 -1
G(K)= (:cl,azz,w3|::cz T1LT2Tg 5T TIT1TH ,Tg TILIT] )

o)

332_1331:192:1:3_1 E—) 332_1 N 332—1 =% ¢l
0
dzy 1 1 o 1
7} —Ty —|—.c:32 T RN — Ty —]—:132 ry — —t - +1
E) —:cz_lazlzczzcgl 5 -1 —5 =i
- £ —~t— 141 —1
((aow)( %)) = |—t14+1 -1 t—1
~1 t—1 7141
« Eg(A) = (det A) = (0) = AO(K) =0
« E1(A) = (£(=t724¢t71—1)) = ADK)y=t—1+4+¢t1

« Bo(A) =1, —t714+1,-1)=(01) = A@Q(K) =1



Example 9

K. treoll () )

-1 _—1 —1 =1
G(K) = <35‘1,332,583 | 332 m1m2w3 s Lq L3L]1Lo ,CL'3 332933261 >

0

= dxq -
Lo 1331:c2;r:3 T =% Lo 1 N To ! X ¢l
d
Oxo — _
— —Is L + x5 1331 AN — Ty —|— X o 1a91 5 -t 141
d
dxg _ —
—3 —I, 1:131332:1331 =5 = L S |
5o =1 141 -1 o
((aovr) ( Z)) = | —-t71+41 —1 t=t |0
K —1 t—1 ¢ 141}o0
* Eo(A) = (detA4) = (0) = AO(K) —@

¢ E1(A) = (£(—t724+¢t71-1)) = ADK)=t—1+¢t"1
© Eo(A)= ("1, —t714+1,-1)=(1) = A@Q(K) =1




Def [Joyce], [Matveev]
A quandle Q is a nonempty set with % : Q X Q — @ satisfying

®ea*xa=a
e xa : () — Q;x — x x a is bijective
e (axb)xc=(ax*xc)x*(bxc)

Def

D: a diagram of an oriented link L b
A(D) := {arcs of D} E Sl
C: AD) — Q is a Q-coloring of D, if T

Prop

Colg (D) := {Q-colorings of D}

Dy &3 Dy = Colg(Dy) 25 Colg(Dy)




Def [Andruskiewitsch—Grafa]
(Q,<): a quandle. X: aset, *2: X x X — X (a,b € Q).
O = (*g)a,beQ is a dynamical cocycle, if

e rx T =21

) *gy : X > Xyx—x *gy is bijective

o (z +Y y) *C p 2 = (T *g 2) *gz'% (y *f z)

We call (X, (x%)4.peq) @ Q-twisted quandle.

Prop

(Q,<): a quandle. X: aset, ¢ = (*2 : X X X = X)apecq-
(a,x) *¢ (b,y) := (a1 b,z 2 4), Q Xp X = (Q X X, *g).
Then, ¢ is a dynamical cocycle <& Q X4 X is a quandle
Def

We call @ X4 X an extension of (Q, or the associated quandle
of (X7 (*g)a,bEQ)-




Def

(Q,<): a quandle, R: a ring, M: an R-module.
f,/2:QXxQ— R, ¢:Q xQ— M.

(f1, f2) is an Alexander pair, if (1)—(5) hold.
(f1, f2, @) is an Alexander triple, if (1)—(7) hold.

Def (c.f. [Carter—Elhamdadi—Grana—Saito])
We call ¢ a ( f1, fo)-cocycle or a generalized quandle 2-cocycle.
Prop
® (*Z)a,beQi a dynamical cocycle = x: a quandle operation
(a,x) * (b,y) = (aqb,w*gy)
® (f1,f2): an Alexander pair = %: a quandle operation
(a,, 213) * (ba y) — (a' 10, fl(a'a b)iB + f2(a'9 b)y)
® (f1, f2,¢): an Alexander triple = %: a quandle operation

(a,, 213) * (ba y) — (a' <4 b, fl(a'a b)iB + f2(a'9 b)y + Cb(a'a b))




L: an oriented link, D: L® diagram. C € Colg(D).

The (f1, f2)-Alexander matrix A(Dj; f1, f2) i
+
coN\*P)a L L =7 |e
©|0 file,B) 0 fa(e,8) 0 -1 0
\* * * o * * *)

The ¢p-augmented (f1, f2)-Alexander matrix A(Dj f1, f2, @)

co\P) o« 8 9
2 * % % >|< % ¥ 5 \
0|0 fi(a,8) 0 fala,B) 0 —1 0 |¢(a;PB)
\ * * * * * * * * /

where f;(a, B8) := fi(C(a), C(B)), ¢(a, B) := ¢(C(a), C(B)).

=2



Thm [[-Oshiro]

D RE3 D' = A(D; f1, f2) ~ A(D'; f1, f2)

A(D;f19f2a¢) ~ A(D,; f13f27 Qb)

Recipe

L: an oriented link, p: Q(L) — Q

— D: a diagram of L, C, € Colg(D)

— A := A(D, f1, fo) or A(D; f1, fo, ®)

— E4(A) = (a1,...,a;): the dth elementary ideal of A
— Af,d)(L) := gcd(ay,...,a;) the dth Alexander invariant




e fi(a,a)+ fa(a,a) =1 e fi(a,b) is invertible

e fi(a<db,c)fi(a,b) = fi(a<c,b<e)fi(a,c)

e fi(a<b,c)fa(a,b) = fa(a<c,b<c)fi(b,c)

o fo(adb,c) = fi(adc,b<c)fa(a,c)+ fa(a<de,b<c)fa(b, c)

Def
We call (1,0) the trivial Alexander pair.
Example

The following are Alexander pairs.
® (Q,<): a quandle, R := Z[t¥1].
e fi(a,b) =t, fo(a,b) =11
® (Q,<) := Conj,, G (a<db=>b""Tab"), R:= (Z[tT1])]G].
e fi(a,b) =b""a", fa(a,b) =0
e fi(a,b) =tb™ ", fa(a,b) =1 —tb™ "
e fi(a,b) =tb™ ", fa(a,b) =b " "a™ —tb™ "



Prop
The (f1, f2)-Alexander matrix is

e the Alexander matrix

if Q is a quandle, (f1, fo) = (t7 1,1 —t1).
e the twisted Alexander matrix,

if @ =ConjGL(n; F), (f1,f2) = t o~ 1, b7 1la —t=1b7 1)
Proof

o

— — ox — e o _
To 1:131332:133 1 s Tq . St To 1 = ¢l
o
ox _ — T — _— « _
Lo —2 —J:21+:c21m1 — —wzl—l—azzlacl % =L
0
ox _ - T «
+ —2 — Lo 1331:1323:3 — —1 — —1
1 I3 0
Ba:j T 87
— 0 — 0 — 0




¢ p(a,a) =0 o $(a<ab,c)+ fi(a<b,c)p(a,b)
= ¢p(adc,b<c)+ fi(a<e,b<c)p(a, c)+ fa(a<c, b<c)p(b, c)

Remark

e (f1, f2): an Alexander pair< (fi1, f2,0): an Alexander triple
e ¢: a quandle 2-cocycle < (1,0, ¢): an Alexander triple
Example

Q=Rs3, R=M = 7.

e fi(a,b) =1, fo(a,b) =0, ¢(a,b) =0. Then Q Xx M = Rg.
¢ Ji(@0) =1, fafa,0) = { ] (G 5 p). (@b =0

Then Q x M = QS6.
.fl(a,b):l.f2(a,b):{1(a;éb) @»(a,b) = {éggig:iig

Then Q X M = (QS65.




Prop
(f1, f2) :== (1,0), ¢: a quandle 2-cocycle.

K: an oriented knot, p: Q(K) — Q.

®(K;Cp): the quandle cocycle invariant of (K, p).
Then AL (K) = &(K;C,).

Proof

I6; Y
c(o 1 000 -1 0 gb(cp(a),Cp(ﬁ)))
C(O sign(c) 0 0 0 —sign(c) 0]sign(c)p(Cp(e), Cp(ﬁ)))
~ | * X % k% K X *
c /0 sign(c) 0 0 0 —sign(c) O sign(c)p(Cp(a), Cp(B))
0 0 000 0 0 ®(K;C)p)




