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Arc presentation and arc index

An arc presentation of a knot or a link L is an ambient isotopic image of L

contained in the union of finitely many half planes, called pages, with a

common boundary line in such a way that each half plane contains a

properly embedded single arc.
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Figure 1: An arc presentation of the figure eight knot

The minimal number of pages among all arc presentations of a link L is

called the arc index of L and is denoted by α(L).
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Methods of describing arc presentation

Figure 2: Representations of arc presentation
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Brief History

• (Cromwell, 1995) Every link admits an arc presentation.

• (Nutt, 1999) All knots up to arc index 9 are identified.

• (Bae-Park, 2000)

α(L) = c(L) + 2 if and only if a non-split link L is alternating.

(Knot-spoke diagrams are used for the proof.)

• (Beltrami, 2002) Arc index for prime knots up to 10 crossings are

determined.

• (Jin et al., 2006) All prime knots up to arc index 10 are identified.

• (Ng, 2006) Arc index for prime knots up to 11 crossings are

determined.

• (Jin-Park, 2007) All prime knots up to arc index 11 are identified.

A prime link L is nonalternating if and only if α(L) ≤ c(L) .
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Wheel Diagram

A wheel diagram is finite plane graph of straight edges which are incident

to a single vertex. The projection of an arc presentation of a knot or a link

into the xy-plane is of this shape.
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Figure 3: Wheel Diagrams of the figure-eight knot

For a wheel diagram with n edges to represent a knot or a link, each edge

must be labeled with an unordered pair of distinct integers so that each of

the integers, 1, 2, · · · , n appear exactly twice in the wheel diagram. These

number indicate the z-levels of the end point of the corresponding arcs.
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Knot-spoke Diagram

A knot-spoke diagram D? is a finite connected plane graph satisfying

1. There are three kinds of vertices in D? ; a distinguished vertex v0 with

valency at least four, 4-valent vertices, and 1-valent vertices.

2. Every edge incident to a 1-valent vertex is also incident to v0. Such an

edge is called a spoke.
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Figure 4: Knot-spoke diagrams
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Prime knot-spoke diagrams

A knot-spoke diagram D? is said to be prime if no simple closed curve

meeting D? in two interior points of edges separates multi-valent vertices

into two parts.
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Figure 5: Prime diagram and non-prime diagram
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Cut-point

A multi-valent vertex v of a knot-spoke diagram D? is said to be a

cut-point if there is a simple closed curve S meeting D? in v and separating

non-spoke edges into two parts.
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Figure 6: Cut-point

• A cut-point free knot-spoke diagram with more than one non-spoke

edges cannot have a loop.

• If a prime knot-spoke diagram D? has a cut-point, then the

distinguished vertex v0 must be the cut-point with valency bigger than

four.
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Contracting an edge incident to v0

Let e be an edge of a cut-point free knot-spoke diagram D? as in the

figure. The knot-spoke diagram (D?)e is obtained by

• contracting e and

• replacing any simple loop thus created by a spoke.
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Figure 7: Contraction of an edge in D?

A loop in a knot-spoke diagram is said to be simple if the other non-spoke

edges are in one side of it.
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D? and (D?)e

There are important facts to point out.

1. D? and (D?)e represent the same knot or link.

2. The sum of the number of regions divided by the non-spoke edges and

the number of spokes is unchanged.

3. (D?)e is prime if D? is prime.
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Wheel diagram with c(D) + 2 spoke

Starting from a knot diagram D, we end up with a knot-spoke diagram

with c(D) spokes and only one non-spoke edge which is a non-simple loop

where c(D) is the number of crossings in D.
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Figure 8: Folding the last non-spoke edge

The last non-spoke edge, which is a loop, is being folded to create two

extra spokes. This shows the inequality α(L) ≤ c(L) + 2.
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A process converting 41 into a wheel diagram

• Choose a vertex v0 and put labels on the two edges meeting at v0 , to assign

vertical levels of the overpass and the underpass.

• Choose an edge e to contract and assign the label of a new level at the edges

crossing e at the other end which is the lowest if the crossing is an

undercrossing and the highest otherwise.

• Contract the edge and replace each simple loop with a spoke and label it

with the two labels of the loop.
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Filtered spanning Tree of a Knot Diagram

Let D be a knot diagram. We may consider D as a connected 4-valent

plane graph with c(D) vertices and 2c(D) edges.

A spanning tree of D is a tree which contains all the vertices of D.

A filtered spanning tree of D is an increasing sequence

T0 ⊂ T1 ⊂ T2 ⊂ · · · ⊂ Tc(D)−1

The closure of Ti, denoted by T i, is the subgraph of D obtained from Ti by

adding the edges which are incident Ti at both ends.
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Edges not contained in the spanning tree

An edge e of T i \ T i−1 ⊂ D is said to be good if e meets the edge Ti \ Ti−1

transversely at the vertex not contained in Ti−1.

An edge e of T i \ T i−1 ⊂ D is said to be bad if e meets the edge Ti \ Ti−1

vertically at the vertex not contained in Ti−1.
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Figure 9: Good edges and a bad edge
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Good filtered tree and Good filtered spanning tree

Let T0 ⊂ T1 ⊂ · · · ⊂ Tm be a filtered tree in a diagram D which does not

span D. If the knot-spoke diagram obtained by contraction of the edges

ei = Ti \ Ti−1, i = 1, . . . , m is cut-point free, we say that the filtered tree is

good.

A filtered spanning tree T0 ⊂ T1 ⊂ T2 ⊂ · · · ⊂ Tc(D)−1 is said to be good if

T0 ⊂ T1 ⊂ · · · ⊂ Tm is good filtered tree for each m, 1 ≤ m ≤ c(D)− 2 and

there is only one ‘bad ’ edge in D which belongs to D \ T c(D)−1.

Theorem 1 (Bae-Park, 2000) A prime link diagram D admits a good

filtered spanning tree and therefore we can obtain an arc presentation with

c(D) + 2 arcs.
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Good filtered tree (Cont.)

Proposition 2 Let T0 ⊂ T1 ⊂ · · · ⊂ Tm be a filtered tree in a diagram D

which does not span D. Then the following are equivalent.

1. Every edge of T m \ Tm is a good edge, and a sufficiently small

neighborhood of T m has connected exterior in D.

2. The filtered tree is good.

Corollary 3 Let T0 ⊂ T1 ⊂ · · · ⊂ Tm be a good filtered tree in a diagram

D which does not span D. Let e be an edge in D such that Tm ∩ e is a

single vertex, so that Tm ∪ e is a tree. If T0 ⊂ T1 ⊂ · · · ⊂ Tm ⊂ (Tm ∪ e) is

not a good filtered tree, then one of the following holds.

• Tm ∪ e has a bad edge.

• A sufficiently small neighborhood of Tm ∪ e has disconnected exterior

in D.
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Cutting arc

Let T be a filtered tree in D which does not span D. A simple arc Γ is

called a cutting arc of T if it is satisfies the following conditions.

1. Γ ∩D consists of the endpoints of Γ which are two distinct vertices of

T .

2. A proper subcollection of edges of D \ T is enclosed by the simple

closed curve Γ constructed by Γ and the path in T joining the

endpoints of Γ.

Figure 10: Cutting arc of a filtered tree
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Doubly good edges

A good edge e ⊂ T i \ T i−1 is said to be doubly good if the three edges e,

ei = Ti \ Ti−1, and ei−1 = Ti−1 \ Ti−2 together bound a nonalternating

triangular region in D/Ti−2.
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Figure 11: Doubly good edge on a nonalternating triangular region

The doubly good edge on the filtered tree corresponds to removable spoke

in the knot-spoke diagram obtained by contraction of edges in Ti.
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Doubly good edges (Cont.)

It is known that every prime nonalternating diagram admits a good

filtered spanning tree having at least two doubly good edges.

Theorem 4 (Jin-Park, 2007) A prime link L is nonalternating if and

only if α(L) ≤ c(L).

Theorem 5 A prime diagram D of a nonalternating knot has a good

filtered spanning tree which has at least two doubly good edges.

Furthermore, if there are d doubly good edges, then one can obtain an arc

presentation with c(D) + 2− d arcs.
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Goal

Arc presentation Wheel diagram Good filtered spanning tree

properly simple arc spoke good edge

removable arc removable spoke doubly good edge

Goal : To construct a good filtered tree to find as many doubly

good edges as possible.
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Supporting arc and String −→ve

For two regions R and S in a diagram, an arc ∆ is said to be a supporting

arc of R and S if ∆ consists of at least 3 edges and one of the end edges of

∆ is one of the boundary edges of R and the other is one of the boundary

edges of S.

A string from a vertex v extending e in a knot diagram D is a portion of D

that goes from v passing through e along D and is denoted by −→ve.

Figure 12: Supporting arc and String −→ve
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Three types of nonalternating diagram

Let n ≥ 2. A nonalternating knot diagram D is said to be

(n, 1)-nonalternating if it can be decomposed of two alternating tangles one

of which is an (n, 1)-tangle.

Let n ≥ 1. A nonalternating knot diagram D is said to be n-nonalternating

if it can be decomposed of two alternating tangles one of which is an

n-tangle.

A 1-nonalternating diagram is also called an almost alternating diagram.

(a) The (n, 1)-tangle (b) The n-tangle (c) The 1-tangle

Figure 13: Tangles
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Theorem A

Let D be a prime (n, 1)-nonalternating minimal crossing knot diagram

having a nonalternating triangular region with some edges and regions

labeled as in Figure 14 for some integer n ≥ 2. Then α(D) < c(D) if D

satisfies the two conditions below:

Figure 14: (2, 1)-nonalternating diagram
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Theorem A (Cont.)

1. The string −−→q1e4 and at least one of the two strings −−−→q1e51,
−−−→q2e52 meet at

a crossing before they become incident to the region R2, or there is a

supporting arc of R4 and R5 which does not contain any edge of ∂R2

and ∂R3.

2. At least one of the three strings −−→q1e4,
−−−→q1e51,

−−−→q2e52 is incident to R2

before or at the same time to R1, or there is a supporting arc of R4

and R5, not incident to R3, whose extension is incident to R2 before

or at the same time to R1.
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Diagrams on which Theorem A can be applied
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Theorem B

Let D be a prime, (n)-nonalternating and minimal crossing knot diagram

having a nonalternating triangular region. If D satisfies the condition 1, 2,

and 3 where the regions and edges near the nonalternating triangular

region are labeled as in Figure 15. Then α(D) < c(D).

Figure 15: 2-nonalternating diagram
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Theorem B (Cont.)

1. String −−→q1e4 and at least one of the two strings −−−→q1e51,
−−−→q2e52 meet at a

crossing before they become incident to the regions R1 or R2, or there

is a supporting arc of R4 and R5 which does not contain any edge of

R1, R2 and R3.

2. At least one of the three strings −−→q1e4,
−−−→q1e51,

−−−→q2e52 is incident to R2

before or at the same time to R1, or there is a supporting arc of R4

and R5, not incident to R3, whose extension is incident to R2 before

or at the same time to R1.

3. R2 is bounded by at least n + 3 edges.
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Diagrams on which Theorem B can be applied
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Theorem C

Let D be a prime, almost alternating, and minimal crossing knot diagram

having a nonalternating triangular region. If D satisfies the condition

1, 2, 3 where the regions and edges near the nonalternating triangular

region are labeled as in Figure 16. Then α(D) < c(D)

Figure 16: Almost alternating diagram
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Theorem C (Cont.)

1. −−→q1e4 and at least one of −−−→q1e51,
−−−→q2e52 meet at a crossing before they

become incident to the regions R1 or R2, or there is a supporting arc

of R4 and R5 which does not contain any edge of R1, R2 and R3.

2. At least one of the three strings −−→q1e4,
−−−→q1e51,

−−−→q2e52 is incident to R2

before or at the same time to R1, or there is a supporting arc of R4

and R5, not incident to R3, whose extension is incident to R2 before

or at the same time to R1.

3. At least one of −−→q1e4,
−−−→q1e51 is incident to R1 at v0 for the first time

without being incident to R2.
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A diagram on which Theorem C can be applied
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A sketch of proof of Theorem A

Let D′ be the diagram obtained from D by a type 3 Reidemeister move over the

region R3 as in Figure 17.

Figure 17: (2, 1)-nonalternating diagram after a type 3 Reidemeister move

We construct a good filtered tree whose closures gradually contain

∂R′1, ∂R′2 and ∂R′3. Let vivj denote the edge joining vi and vj . The edges v2v3,

v4v5 and v6v7 will become doubly good edges.
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A sketch of proof of Theorem B

Let D′ be the diagram obtained from D by a type 3 Reidemeister move over the

region R3 as in Figure 18.

Figure 18: 2-nonalternating diagram after a type 3 Reidemeister move

We construct a good filtered tree whose closures gradually contain

∂R′1, ∂R′2 and ∂R′3. The edges v1v2, v3v4 and v5v6 will become doubly

good edges.

International Workshop on Spatial Graphs 2010 Waseda University, August 17-21, 2010



33

A sketch of proof of Theorem C

Let D′ be the diagram obtained from D by a type 3 Reidemeister move over the

region R3 as in Figure 19.

Figure 19: Almost alternating diagram after a type 3 Reidemeister move

We construct a good filtered tree whose closures gradually contain

∂R′1, ∂R′2 and ∂R′3. The edges v1v2, v3v4 and v4v5 will become doubly

good edges.
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An Example of Theorem A

Figure 20: (2, 1)-nonalternating diagram : 13n2004
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Examples of Theorem A (knots with arc index 12)

13n563 13n572 13n651 13n652 13n689

13n690 13n789 13n790 13n820 13n926
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13n1000 13n1001 13n1002 13n1003 13n1004

13n1021 13n1042 13n1133 13n1134 13n1165
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13n1166 13n1167 13n1187 13n1206 13n1222

13n1223 13n1237 13n1238 13n1270 13n1276
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13n1296 13n1298 13n1331 13n1357 13n1394

13n1395 13n1396 13n1399 13n1400 13n1404
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13n1405 13n1406 13n1469 13n1645 13n1678

13n1715 13n1760 13n1778 13n1792 13n1795
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13n1825 13n1829 13n1857 13n1870 13n1873

13n1885 13n1915 13n1919 13n1944 13n1961
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13n1963 13n1973 13n1974 13n1977 13n1978

13n1999 13n2004 13n2010 13n2013 13n2015
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13n2031 13n2033 13n2038 13n2045 13n2068

13n2072 13n2078 13n2093 13n2126 13n2132
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13n2142 13n2144 13n2145 13n2163 13n2164

13n2166 13n2172 13n2181 13n2182 13n2200
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13n2206 13n2212 13n2219 13n2226 13n2230

13n2233 13n2251 13n2259 13n2271 13n2279
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13n2282 13n2286 13n2288 13n2296 13n2301

13n2314 13n2337 13n2343 13n2344 13n2364
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13n2365 13n2390 13n2391 13n2395 13n2419

13n2422 13n2425 13n2439 13n2445 13n2450
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13n2462 13n2475 13n2479 13n2484 13n2490

13n2504 13n2508 13n2510 13n2511 13n2532
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13n2537 13n2538 13n2542 13n2557 13n2559

13n2580 13n2583 13n2592 13n2599 13n2616
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13n2618 13n2625 13n2632 13n2635 13n2637

13n2638 13n2648 13n2650 13n2656 13n2660
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13n2683 13n2685 13n2692 13n2698 13n2708

13n2710 13n2711 13n2721 13n2723 13n2725
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13n2728 13n2731 13n2732 13n2733 13n2734

13n2740 13n2744 13n2766 13n2768 13n2774

International Workshop on Spatial Graphs 2010 Waseda University, August 17-21, 2010



52

13n2778 13n2783 13n2786 13n2791 13n2797

13n2800 13n2803 13n2806 13n2807 13n2809
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13n2810 13n2815 13n2818 13n2819 13n2820

13n2821 13n2822 13n2932 13n2940 13n2951
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13n2957 13n2965 13n2969 13n2978 13n2979

13n2995 13n2999 13n3001 13n3002 13n3004
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13n3011 13n3014 13n3017 13n3026 13n3060

13n3061 13n3066 13n3076 13n3084 13n3086
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13n3087 13n3096 13n3098 13n3118 13n3119

13n3124 13n3127 13n3142 13n3144 13n3149
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13n3155 13n3163 13n3175 13n3185 13n3211

13n3226 13n3227 13n3228 13n3234 13n3238
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13n3252 13n3255 13n3256 13n3257 13n3258

13n3288 13n3297 13n3298 13n3301 13n3309
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13n3320 13n3321 13n3335 13n3343 13n3347

13n3350 13n3363 13n3370 13n3404 13n3406
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13n3413 13n3428 13n3450 13n3465 13n3468

13n3477 13n3484 13n3501 13n3503 13n3514
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13n3518 13n3521 13n3534 13n3541 13n3550

13n3553 13n3554 13n3555 13n3558 13n3562
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13n3581 13n3594 13n3597 13n3600 13n3611

13n3617 13n3673 13n3676 13n3683 13n3684
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13n3685 13n3686 13n3689 13n3696 13n3697

13n3698
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Examples related to Theorem A (knots with arc index 12)

13n2204 13n3051 13n3070 13n3401 13n3680

13n3701
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An Example Theorem B

Figure 21: 2-nonalternating diagram : 13n2942
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Examples of Theorem B (knots with arc index 12)

13n1221 13n1252 13n1558 13n1943 13n2053

13n2174 13n2433 13n2473 13n2942 13n3180
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13n3359 13n3482 13n3529 13n3568 13n3700

13n4159 13n4177 13n4202 13n4229 13n4231
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13n4235 13n4236 13n4258 13n4276 13n4333

13n4336 13n4367 13n4375 13n4379 13n4573
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13n4588 13n4797 13n4800 13n4858 13n4894

13n4895 13n4897 13n5095
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Examples related to Theorem B (knots with arc index 12)

13n1824 13n1933 13n3047 13n3475 13n4308

13n4386 13n4467 13n4580
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An Example of Theorem C

Figure 22: Almost alternating diagram : 13n0635
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Examples of Theorem C (knots with arc index 12)

13n613 13n635 13n649 13n714 13n4031
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Knots whose arc index equals crossing number (1)

Figure 23: α(9n8) = 9, α(10n41) = 10
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Knots whose arc index equals crossing number (2)

Figure 24: α(10n42) = 10, α(11n163) = 11
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Knots whose arc index equals crossing number (3)

Figure 25: α(10n24) = 10, α(11n85) = 11
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Knots whose arc index equals crossing number (4)

Figure 26: α(11n113) = 11, α(11n169) = 11
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Knots whose arc index equals crossing number (5)

Figure 27: α(11n93) = 11, α(11n124) = 11

International Workshop on Spatial Graphs 2010 Waseda University, August 17-21, 2010



78

Knots whose arc index equals crossing number (6)

Figure 28: α(11n121) = 11, α(11n127) = 11
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Thank you very much.

International Workshop on Spatial Graphs 2010 Waseda University, August 17-21, 2010


