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§1. Multiplicity in a category
C= (0) {HOIII(X, Y)}X,Y€O7 O) . category
Y € Hom(X, Y), "y € Hom(Y, Z), ¥ o p € Hom(X, Z) is

defined.

Notation: ¢ € Hom(X,Y) < ¢ : X — Y



V)% X—=Y,"%:Y—=Z7:Z—W,
(pop)oT=po(por)

(2) "X € 0, Fidx : X — X s.t.

Vo: X =Y, poidx =¢

Vi Y — X, idxoyp =

(3) Hom(X, Y)NHom(Z, W) # 0
=>X=Zand Y =W



Definition.

m: U Hom(X,Y) — NU{co}
(X,Y)eOxO

is a multiplicity on C

&% (1) YX € O, m(idx) = 1, and

(2) "o X =Y, Y = Z, m(d o) < m(g)m(y).

Here Vne N, n< oo, n-00o=00-n= 00,

00 < 00, 0000 = Q.



Definition. X, Y € O
m(X : Y) =min{m(p) | ¢ € Hom(X, Y)}
multiplicity of X over Y with respect to m

Proposition. m: multiplicity on C
(1)"X €O, m(X:X)=1
(2)"X,Y,ZcO, m(X:Z)<m(X:Y)m(Y:Z).



m has finite multiplicity property (FMP)

&L vX, Y €O, m(X:Y) < oo

Definition.
dm(X,Y) =log (m(X : Y)m(Y : X))
m-distance of X and Y

Proposition. m: multiplicity on C with FMP
(O, dm) is a pseudo metric space i.e.

(D1") dm(X,Y) >0, dn(X,X) =0,

(D2) dm(X,Y) = dn(Y, X),

(D3) dm(X,2Z) < dm(X,Y)+ dn(Y, 2).



Example. C: subcategory of the category of sets and maps (SET)
X,YeO f: X—=Y

m(f) = sup{|f *(y)lly € Y}
m: map multiplicity

Proposition. map multiplicity is a multiplicity, i.e.
(1) VX € O, m(idx) = 1, and

2 X—-Y,Yg:Y—2Z

m(g o f) < m(f)m(g)



Example.

m(%ef)=5<% 6 =3-2

Remark. There are canonical functors from TOP, GROUP, etc. to

SET.



Example.
m(K5 . Sl) =3 , m(Sl . K5) =1
dm(Ks,St) =log.(3-1) = log,3




Example. R: PID, M, N: R-modules finitely generated over R
r(M): the minimal number of generators of M over R

f:M— N : R-linear map

mker(f) _ er(kerf)

mcoker(f) _ er(cokcrf)

(cokerf = N/f(M))



Proposition. (1) my., is a multiplicity.

(2) Meoker is @ multiplicity.

R
Proposition. (1) dp, . (M,N) =0 M = N.
R
(2) dm.,..(M,N) =0 M= N.

When R is a field,
M and N are finite dimensional vector spaces over R, and

dmker(M7 N) =d,

Mcoker

(M, N) = |dimM — dimN|.



§2. Multiplicity category of knots and its distance
IC: oriented knot types in S3, K1, Ko € K

f = (Va, ki) is a morphism from Kj to K>

g, V5 C S® @ 1-oriented knotted solid torus with knot type K3,

ki C intV» : oriented knot in S® with knot type Kj.

(V. k)= (V' K) L4 3. s3 . S3 ori, preserving homeo. s.t.
h(V) = V' respecting 1l-orientation, and

h(k) = k’ respecting orientation



Hom(Ki, K3) : the set of morphisms from Kj to K>

f:Ki— Ky g:Ko— Kz, f=(Vo,ki), g =(V3, ko)

VJ : regular neighbourhood of k with VJ C intV3, ki : knot in V}
s.t. (V3. k1) = (Va, ki)

gof =(Vs,k)



Example.

80&)

| 7.

f K‘—)Kl 2 Kz'éKS
gef: K= K;s



Proposition. Cx = (K, {Hom(K, J)}k sek,©) is a category.
Cxc : multiplicity category of Knots

idk : K — K is given by idx = (V/, k) where V is a regular
neighbourhood of a knot k with knot type K.

idyg T K > K



Definition. f : K; — K : morphism, f = (V5, k1),

h: Vo —S!xD?: homeo. 7:S!xD?— S!: natural projection

. . def .
h is generic &= mo hlk, : ki — St is a Morse map,
i.e. it has only finitely many critical points

in different levels.

m(h) = max{|(m o hli) "} (y)| | y € S}

m(f) = min{m(h) | h: Vo — S* x D? generic homeomorphism}



Proposition. m is a multiplicity on Cx with FMP.

Example.

K Ka

Q38 £ O

mH#)=3 m(3)= 7 3f K> Ks
m(gef) =t < 6232



Proposition. (1) f: Ky — Ky, m(f) =1 = K; = £K.
(2) m(K1 : Kg) =1« Kl = :|:K2.
(3) dn(K1, K2) =0 & K; = +K>.

Proposition. (I, dn) is an unbounded pseudo-metric space.
dm, : multiplicity distance of knots

Proposition. K, J € K

(1) m(K : 01) < braid(K)

(2) m(K : 01) < 2bridge(K) — 1

(3) m(K :J)=2= K isa(2,p)- cable of J, or K = 05.



MK 0 € brald (K)  m[K:01) g 2 bridge()-|



Definition. K € K, m(K) = m(K : 01)
multiplicity of K, m(K) € N

Remark. m(K) < n < dn(K,01) <log.2n.
Proposition. K €

(1) m(K) =1« K =0;.
(2) m(K) =2 < K is a (2, p)-torus knot.

(3) m(K) =3 < K # 01, K is not a (2, p)-torus knot, and
(a) K is a closed 3-braid, or

(b) K is a connected sum of some 2-bridge knots.



'M(K):B



Proposition. K:Montesinos knot = m(K) < 4.

M Montesinos knot ) $4



§3. Multiplicity category of spatial graphs and its distance

SG: finite graphs embedded in S3 , G, G, € SG

f:S% — S3: degree 1 map such that f(Gy) C G,

(f, G1, G2) is a morphism from G; to Gy

Gi1, G, G3 € SG

f:S% — S3: degree 1 map such that f(Gy) C G,

g :S® — S3: degree 1 map such that g(G,) C Gs
gof:S®— S3 degree 1 map such that go f(Gy) C G3
(g,G2,G3)0(f,G1,Go) = (gof, G, Gs)



Hom(Gi, Gy) : the set of morphisms from G; to G,

Proposition. Csc = (SG, {Hom(Gy, G2)}6,.6,e5G,0) is a

category.
Csq : multiplicity category of spatial graphs

(f, Gl, G2) S HOHl(Gl, G2)

m(f, Gy, G2) = sup{|f "} (y) N Gilly € Gz}

Proposition. m is a multiplicity on Cgc with FMP.



Example.




Proposition. (SG, d,,) is a pseudo-metric space.
dm : multiplicity distance of spatial graphs

G, Gy: trivalent graphs in S3
dit(Gi, G2): IH-distance defined by A. Ishii and K. Kishimoto

Proposition. Gi, Gy: trivalent graphs in S3,

dm(G1, G2) < 2(log.3)din(G1, G2).
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Thank you
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