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Preliminaries

An embedding of a graph is linked if it contains a non-trivial link

AN

A graph is intrinsically linked if every embedding of the graph is linked

A graph is intrinsically knotted if every embedding contains some
non-trivial knot

A graph is minor minimal if it has a property but no minors do
Intrinsic linking and knotting are measures of complexity
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Edge Theorems
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intrinsically knotted
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Theorem

A graph on n vertices (where n > 6) with at least 4n — 9 edges is
intrinsically linked

Conjectured by Sachs in 1984

Theorem

A graph on n vertices (where n > 7) with at least 5n — 14 edges has K7 as
a minor

Theorem

A graph on n vertices (where n > 6) with at least 4n — 9 edges has K as
a minor

Both shown by Mader in 1968
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Edge Theorems

Now suppose deg(a) = 6.
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Edge Theorems

Now suppose deg(a) = 6.

Consider the induced subgraph of the vertices adjacent to a

If there are at least 13 edges, a theorem by Bollobas tells us there is a Kz
minor

Each vertex here has at least degree 4, so there are at least 12 edges

Assume there is no path in the rest of the graph connecting v; to v», v3 to
Vg4, Or V5 to vg

There are n — 14 3(6) = n+ 17 vertices

There are 4n — 9 — 6+ 12 = 4(n + 17) — 71 edges

one of the 8 subgraphs must have 4n; — L%J = 4n; — 8 edges
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Edge Theorems

If deg(a) =7 we are in a very similar situation to deg(a) =6
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Deficient graphs

In this paper we also have classification theorems for 0,1, and 2 deficient
graphs.
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Deficient graphs

In this paper we also have classification theorems for 0,1, and 2 deficient

graphs.

A k—deficient graph is a complete graph or a complete partite graph with
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Lemma
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Koy ,m,...n, — k has a minor of the form Kp, yn, ns,....n, — k-

k 1] 2 3 4 5 >6
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Deficient graphs

Lemma (Sachs)
The graph G + Ki is intrinsically linked if and only if G is non-planar J
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Deficient graphs

Lemma (Sachs)

The graph G + Ki is intrinsically linked if and only if G is non-planar

Lemma (Blain et. al. and Ozawa et. al.)

The graph G + K> is intrinsically knotted if and only if G is non-planar
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Deficient graphs

k 1] 2 3 4 5 6 >7
knotted 55133313222 22221|221111]| Al
4321422132211 ]|31111,1
441332132111
3311
not knotted || 6 | 44 | 3,3,2 | 2,222 | 22,211 | 2,1,1,1,1,1 | None
n22|4211|22111
n31]|3221|nl111]1
n2,1,1
n111

Table: Intrinsic knotting of k-partite graphs. (Blain et. al.)
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Deficient graphs

k 1 2 3 4 5 6 >7
linked 7-e | 4,4-e | 4,3,1-e 2,2,2,2-e 2,2,1,1,1-(bc) | 2,1,1,1,1,1-e All
332 | 321,1(bc) | 3,1,1,1,1-(b,c)
4,2,2-e 4,2,1,1-e 4,1,1,1,1-e
3,3,1,1-e 3,2,1,1,1-e
3,2,2,1-e 2,2,2,1,1-e
not linked 6-e | n3-e | 3,2,2-e 2,2,2,1-e 2,2,1,1,1-(a,b) | 1,1,1,1,1,1-e | None
n,2,1-e n1,1,1-e 2,2,1,1,1-(c,d)
331e | 3,21,1-(ab) | 3,1,1,1,1-(ab)
3,2,1,1-(a,c) 2,1,1,1,1-e
3,2,1,1-(c,d)
Table: Intrinsic Linking of 1 Deficient Graphs.
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n,2,1-e n1,1,1-e 2,2,1,1,1-(c,d)
331e | 3,21,1-(ab) | 3,1,1,1,1-(ab)
3,2,1,1-(a,c) 2,1,1,1,1-e
3,2,1,1-(c,d)
Table: Intrinsic Linking of 1 Deficient Graphs.
K 1 2 3 7 5 6 7 >8
knotted 8e | 55 | 333e | 3222e 22221 221111-(bc) | 2111,1,1,1e Al
432e | 4221e | 321,11(bc) | 3,1,1111-(bc)
441e | 3321e 42,111 321,111
4,311 3,3,1,1,1e 2,2,2,1,1,1-e
3,2,2,1,1-e 4,1,1,111-e
not knotted 7-e n,4-e 3,3,2-e 3,3,1,1-e 3,2,1,1,1-(c,d) 2,2,1,1,1,1-(a,b) 1,1,1,1,1,1,1-e None
n22e | 2222e | 32111-(ab) | 221,1,11-(cd)
n3le | 3221-e | 32111-(ac) | 31,1,1,11(ab)
n21,1-e 2,2,2,1,1-e 21,1,1,1,1
n11,11e

Table: Intrinsic knotting of 1 deficient graphs.
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