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[ABSTRACTI

An ordered and oriented η―componentlink五
in the 3-sphere is said to be achiral if it is aΠ l¨
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§1・ IntrOduction

Deinition

Let L=κl∪ 」52∪ …・∪」くれbe an oriented and
ordered η…component link in 3-sphere S3. A
link L is said to be achiral if there exists an

;千FTζW庸 則;壁TWl翼麗。五_
entations and ordering。

・ λヴ=
O λz=

<ブ ,り ,ブ =1,2,… .,2)

TheoreII1 1

In the case ofれ =4π +3(m is a nOn_negat市e
integer),if L iS achiral as an unordered unori¨

ented η…component link,then λL=0.
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In the case of η≠4η +3
integer),there exists an

link with λL≠ 0。
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(πliS a non…negative

η…component achiral



§2. Results of Flapan and Weaver
for achiral embeddings ofcomplete graphs

a complete graph

an embedding of Й「n

Theorelm 3 [Flapan and Weaver,1992]

In the case of η≠4π +3(n is a nOn_negative
integer),κγl iS achirally embeddable。

Sketch proof)

・ θ :κ4π

・ P:a plane in R3

・ σ :a circle on P

・ ′:a perpendicular line

・ α:G―)σ:an order 4 autollllorphism of σ
such that the orbit of every ver―

tex under α has length 4

Place the vertices of θ on θ so that the 90°
rotation about′ induces the same permutation
of vertices as α.     
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.∫ :R3→ RR3:the co]mposition of the 90° rot…
ation about′ with the reflection

through the plane P

・ el,...,ep: representatives fronl each edge or‐

bit

・El,_.,ら :ellipSoids such that symmetric
about′ and P and meet at the
circle CI containing the vertices

the upper half― ellipsoid of 17j

the lower half‐ ellipsoid of Ej
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Fig。 2



(1)α
2(θ
づ)=e`

Embed cづ in Ett SO that it is invariant under

the 180° rotation∫2 abOut`.And embed α(cづ )
as the image of this edge underノ ,contalned
in E「

(2)(22(cづ )ラ
/Cづ

Let vertices υ and υ be the ends ofθづ。 Consider
the sellllicircles A alld B of θ with end points
υ and α2(υ),the antipodal point of υo Without
loss of generality,υ  and υ are both contained
in」へ。α2(υ)and α

2(υ
)are bOth contalned in B.

Embed Q in Ett SO that it is dittoint from its

illlage under∫2.Embed α(ct),α 2(cづ ),α3(ct)aS the

ilnages of eづ under∫ ,ノ
2,ノ3 reSpectively.

Then we have an achiral embedding」 (4燒・

ltteJ dcel)

Fig。 4α2(4)≠ らFig。 3 oL2(.)=鳥
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For Й亀鶴+1, flrst we embed a subgraphス「4m
of K4π+l aChirally as stated above. lrhen add
the flnal vertex at the point where the plane P

intersects a line′ ,with straight edges connect―
ing this vertex to all the other vertices. lrhis

embedding is achiral.

For」(4272+2,embed subgraph」(4燒 Of κ4悦+2 aS
stated aboveo Let EO be all additional symmet…

ric ellipsoid that is contained in the interior of

all the other」 Ej. Then add the remaining two
vertices at″∩Eま alldで∩E『。Connect these last
two vertices to each other by a line segment in

イand to the other 47し vertices by intersections

Of Eま With Vertical planes.We have an achiral

embedding ofス「4772■2・

Fig。 5
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§3◆ Sketch proof of TheoreII1 2

TheoreII1 2

In the case of η≠4%+3(m is a nOn_negat市 e
integer),there e対sts an η…component achiral
link with λL≠ 0.

Sketch proof)

Case l:construction of a 4η 2‐compOnent achi¨

ral link

We consider a diagram of the achiral em―
bedding of 174m in§ 2. Fig.7 is a diagram of an

achiral embedding of κ8・
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We

Fig.8.

e争

replace vertices with circles as shown in

一

Fig.8

Next, we replace edges
shown in Fig。 9.

with Jfl or〃 2 aS
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By an edge υづυづ.(1≦ づ≦鶴,1≦ J≦ 2m),we
denote the representatives under α. Replace
υ
`υ

j十ブWith Jfl,α (υづυ由づ)With〃2,α
2(υ
じυttJ)With

Jfl,and α3(υ
`υ

づ十′)With耳2・ We have a diagram
composed of circles and edges.

on a diagram as
band sum along
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Band sunl along an edge

▲ 颯

Fig。 10(In the Case ofm=2)

We consider the operation
shown in Fig。 1l and call it a

an edge.

Fig。 11



We operate the band
connecting two circles.

diagram.

Rotating the diagram
mirror image ofit. That

a4ηι―compOnent achiral

sums along all edges
Then we have a link

by 90°, we have the
link is an exalnple of

link with λ五≠ 0.

Fig。 12 8…component achiral link
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Case 2: construction of a(4π +1)¨COrrlponentl (〕

achiral link

We consider a diagran■ ofthe achiral embed―

ding of κ4鶴+l in§ 2.

■ om a vertex銑
(づ =1,2,… .,4m),an edge

υ2υ4鶴+l gOes out between edges υづυ
[づ
+2π]and υづυ[じ+2鶴+11,

where[ん]=た ifん ≦ 4m alld[λ ]=ん -4m ifた >4π
for a positive numberた。

鋳

Fig。 13(In the Case ofm=1)
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11
We replace vertices with circles. And for
づ = 1,2,・ … ,7ち We replace edges υ4m+lυt and
α2(υ4m+lυ
`)With∬

1'S,α (υ4m+lυづ)and α3(υ4π+lυづ)
With」げ2'S alld the other edges as in Case l.

We operate the band sums along all edges
connected circles.

Then we have an achiral link diagram。

Fig.14 5… component achiral link



Case 3: construction of a(4鶴 +2)―conapOnent 1 2
achiral link

We consider a diagraln ofthe achiral embed…

ding of Йr4m+2 in§ 2.

n『Om a vertex υづ(1≦ づ≦ 2m),edges υづυを+2m,
2/1づυ4π+2,υづυ4m+land υづυレ+2m+司 g00ut in this order
in the counterclockwise direction.

From a vertex υづ(2π +1≦ づ≦ 4m),edges
υづυレ+2πl,υ″υ4燒+1,υづυ4m+2 and υづυレ+2m+司 g00ut in
this order in the counterclockwise direction.

We suppose that υ4π+l and υ4れ+2 are in an
ε…neighborhood as shown in Fig。 15.
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%
Fig。 15(In the Case ofm=1)



Hopfl〔3First,we replace υ4m+l and υ4π+2 With a
link θ4π+1∪ θ4m+2・

3ぃゃ1

協

Fig。 16
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edgeas  4We connect ptto υづand c to υづby an
shown in Fig。 17.

Fig。 17 shows in the case of πし=3.

% :υ 12

れ :…
neighb・
「
h●●A

ヽミ。

%

%
Fig。 17

An edge p.υ
` is under p」

υ′(づ >グ)and over
CLπ+1・

%υづis over%%(づ >プ)and under σ4m+2・
pttυんis over 9ιυJ(た ,ι =1,2,・ …,4ηι)in an ε…neighborhood.
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Next,we replace a vertex υづ(1:≦ づ≦4π)with1 5
a circle as in Case l.And we replace pづυづwith
Jfl and 9`υづwith Jf2(づ =1,2,… .,4m).The Other
edges are replaced as in Case l.

Finally9 we operate the band sums along all

edges connecting two circles. 」へnd we have a
diagram of a(4鶴 +2)―compOnent link。

Fig。 18 6-component achiral link

Rotating the diagram by 90° and flyping a
component ofa Hopflink in an ε…neighborhood,
we have a rrlirror image of the diagranfn.


